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Abstract. Max pooling layers are the basic building blocks of convo-
lutional neural networks. The theoretical characterization of their com-
putational power is therefore a question of central interest. This paper
deals with the representability of the max pooling layer by neural net-
works (NNs) employing the ReLU activation function. We provide two
upper bounds on the size (number of ReLU neurons) and depth (number
of layers) of the NNs that implement the maximum MAXn of n nonnega-
tive numbers. We show that the MAXn function can be computed either
by a NN of size n and logarithmic depth, or by a NN of quadratic size and
constant depth for bounded input numbers of limited precision, where
the constant depth depends on the magnitude of the weights. As a lower
bound, we prove that no NN of depth 2 can compute the maximum of
more than two nonnegative numbers. This confirms that the max pooling
layer cannot be replaced by just two convolutional layers.

Keywords: Convolutional neural network · Max pooling · ReLU · Com-
putational power

1 Introduction

Convolutional neural networks (CNNs) have revolutionized the field of computer
vision and have since been applied to various other domains [8]. A critical compo-
nent within these architectures are pooling layers that progressively downsample
the spatial dimensions of feature maps. The pooling layers primarily enhance ef-
ficiency in terms of computation and memory, improve the network’s robustness
to variations, distortions and noise in input data, remove redundant information,
and mitigate overfitting [3]. Among various pooling strategies, max pooling is
the most widely used. The practical effectiveness and theoretical benefits of max
pooling have been investigated in numerous studies, e.g. [11, 4, 9].

A natural question arises whether pooling layers can be expressed using the
same unified mathematical formulation as ReLU neurons in convolutional layers
(with fully connected layers as a special case) [9]. Such a formulation would make
the computation of CNNs as well as their theoretical analysis more uniform. For
average pooling, this is straightforward: the average of n real-valued inputs can
be computed as a weighted sum, with each input assigned a weight of 1/n. In
this paper, we focus on whether max pooling layers can be expressed similarly.
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Specifically, we investigate whether the maximum MAXn of n nonnegative real
numbers can be computed by a neural network (NN) that employs the ReLU
(rectified linear unit) activation function. A formal definition of NNs which allow
layer-skipping connections [12], is introduced Section 2. Note that the inputs to
max pooling in CNNs are nonnegative reals since they represent the outputs from
the previous convolutional layer produced by the nonnegative ReLU function.

We present two upper bounds on the depth (number of layers) and size (num-
ber of ReLU neurons) of the NNs that implement MAXn (Section 3), providing
a basic estimate of the computational complexity of max pooling. We show that
MAXn can be computed either by a NN of size n and depth ⌈log2 n⌉+ 1 (The-
orem 1), or by a NN of quadratic size and constant depth for bounded input
numbers of limited precision (Theorem 2), where the constant depth depends on
the magnitude of the weights. By using Theorem 2, we present examples of NNs
that compute MAXn with decreasing weights for different b-bit unsigned inte-
ger and floating-point data types (specified in the IEEE 754 standard). These
constructions have already been employed in the practical AppMax method of
estimating the error of energy-efficient CNNs (with reduced bitwidth) based
on linear programming where max pooling layers are replaced by convolutional
ones [15]. As a lower bound (Section 4), we prove that no NN of depth 2 can
compute the maximum of more than two nonnegative numbers (Theorem 3).
This confirms that the max pooling layer cannot be replaced even by two con-
volutional layers.

Recent work has extensively studied the expressivity and approximation
power of deep neural networks with ReLU activations (DNNs), both in theory [1,
2, 7, 9, 14] and in practical settings with floating-point arithmetic [13]. Arora et
al. [1] showed that DNNs which compute exactly continuous piecewise linear
functions, can represent any such function on Rn, including MAXn extended
to negative inputs, using a DNN of depth ⌈log2(n + 1)⌉ + 1. In Theorem 1, we
derive a similar upper bound using a compact formula for MAX2 that involves
only one ReLU, improving formally previous constructions [1, Lemma D.3], [7,
Theorem 1.1], and [9, Theorem 2], by reducing the required network size from
4(2n− 1) to n for nonnegative inputs and with skip-layer connections.

Hertrich et al. [7] conjecture that the classes of functions computable by
neural networks (NNs) for increasing number of layers, form a strict hierarchy
up to the mentioned logarithmic upper bound which would thus be tight. They
show this conjecture to be equivalent to the logarithmic lower bound on the
depth of NNs that has to be greater than k + 1 to implement the maximum
max(x1, . . . , xn, 0) of n = 2k real numbers x1, . . . , xn (including negative ones)
and zero. This lower bound is known only for k = 1 [10] (i.e. max(x1, x2, 0) can-
not be computed in depth 2) which is closely related to our Theorem 3 providing
a lower bound for MAX3 restricted to three nonnegative reals (more relevant
to CNNs) and thus representing a stronger result. The lower bound was im-
proved to k = 2 (i.e. max(x1, x2, x3, x4, 0) cannot be implemented in depth 3) by
a computer-based proof [7], but only for the so-called H-conforming NNs whose
neurons realize linear functions when restricted to input numbers x1, x2, x3, x4, 0
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with a fixed ordering. This result for H-conforming NNs was achieved also by
a combinatorial proof not requiring excessive computational verification and fur-
ther strengthened to nonconstant depth Ω(log log n) [5]. Finally, the matching
lower bound ⌈log2(n + 1)⌉ + 1 was achieved for integer weights [6] whereas the
depth ⌈log3(n+1)⌉+1 is required for NNs whose weights are decimal fractions [2].

2 A Formal Model of NNs with the Rectifier

In this section, we define a formal model of (artificial) feedforward neural net-
works (NNs) with the ReLU (rectified linear unit) activation function. From
a formal point of view, this model covers any CNN without max pooling layers,
which consists of ReLU neurons.

The architecture of a NN N is thus a general connected directed acyclic graph
(V,E), where V is a set of computational units, called (ReLU) neurons, and
E ⊂ V ×V is a set connections (edges). The set V can be partitioned in a unique
minimal way into a sequence of d+ 1 pairwise disjoint layers counted from zero
so that neurons in any layer are connected only to neurons in subsequent layers,
where d is the depth of N . The zeroth input layer X = {1, . . . , n} ⊂ V is
composed of n = |X| input neurons which are not counted in the size s = |V \X|
of N . For our purposes of computing the maximum of inputs we assume that
the dth output layer contains only one output neuron m ∈ V . Each connection
(i, j) ∈ E is labeled with a real weight parameter wji ∈ R and each neuron
j ∈ V is associated with a real bias wj0 ∈ R. We define the weight of N as
max(i,j)∈E |wji|. For any neuron j ∈ V , we denote by j← = {i ∈ V | (i, j) ∈ E}
the set of units in N from which connections lead to j, which represent the
inputs to j. Thus, j← = ∅ for every j ∈ X, and m /∈ j← for all j ∈ V .

The NN N computes a function N : Rn
≥0 → R≥0 from a set of n-tuples

of nonnegative real numbers to nonnegative reals by evaluating the nonnegative
real states (outputs) yj ∈ R≥0 of neurons j ∈ V layer by layer. At the beginning,
the argument (x1, . . . , xn) ∈ Rn

≥0 is presented as an external input to N via its
input neurons, that is, yj = xj for every j ∈ X. The real excitation ξj ∈ R of
a non-input neuron j ∈ V \X in the next layer is computed as a weighted sum
of its inputs including its bias:

ξj = wj0 +
∑
i∈j←

wjiyi , (1)

provided that the states yi have already been determined for all units i ∈ j← in
previous layers. Then the output yj from neuron j is computed by applying the
ReLU activation function (rectifier) R : R → R to its excitation ξj ,

yj = R(ξj) = max(0, ξj) . (2)

By the connectivity of N , the state ym of the output neuron m ∈ V is eventually
evaluated, which provides the output ym = N (x1, . . . , xn) from N , for the input
(x1, . . . , xn).
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3 Upper Bounds

In the following theorem, we show a simple construction of a NN that computes
the MAXn function returning the maximum of n nonnegative real numbers. It is
based on a observation that the MAX2 function can be easily calculated by ReLU
neurons, which is recursively used to implement MAX4, MAX8, MAX16, etc.
This results in a logarithmic number of layers and linear number of neurons
having unit weights, which provides a basic upper bound on the computational
complexity of max pooling.

Theorem 1. The maximum of n ≥ 2 nonnegative real numbers x1, . . . , xn ∈
R≥0 can be computed by a unit-weight NN of size n and depth ⌈log2 n⌉+ 1.

Proof. For simplicity of notation, assume that n = 2k is the power of two for
some integer k ≥ 1, while the argument is similar if it is not the case. The idea
of the proof is based on the fact that the maximum of two nonnegative real
numbers x, y ≥ 0 can be simply calculated by the ReLU function R as

max(x, y) = R(x− y) + y (3)

according to (2). This is used in the NN N to compute the maximum of n nonneg-
ative reals x1, . . . , xn ≥ 0, which form the leaves of a binary tree of logarithmic
depth. Its internal nodes recursively determine the maximum of two numbers by
(3) over pairs, fours, eights, etc., as illustrated in Figure 1 for n = 8. We also
provide a precise formal specification of N , including complex index formulas
suitable for computer implementation [15]. Let x0i = xi for i ∈ {1, . . . , n} and

xℓi = max (xℓ−1,2i−1, xℓ−1,2i) for ℓ ∈ {1, . . . , k}, i ∈
{
1, . . . , n

2ℓ

}
(4)

which ensures xk1 = max(x1, . . . , xn). By plugging (3) into (4), we obtain yi =
y0i = xi for i ∈ X = {1, . . . , n},

yℓi = R

ℓ−1∑
j=0

(
yj,(2i−1)2ℓ−j−1 − yj,i2ℓ−j

) for ℓ ∈ {1, . . . , k}, i ∈
{
1, . . . , n

2ℓ

}
, (5)

and ym =

k∑
j=0

yj,2k−j = R

 k∑
j=0

yj,2k−j

 = max(x1, . . . , xn) . (6)

For each ℓ ∈ {0, . . . , k}, this establishes n
2ℓ

neurons (ℓ, i) ∈ V in the ℓth layer
of N for i ∈ {1, . . . , n

2ℓ
}, and one output neuron m ∈ V , which provides the

maximum ym = N (x1, . . . , xn) = max(x1, . . . , xn) according to (6). Clearly, the
size of unit-weight N is

∑k
ℓ=1

n
2ℓ

+1 = n (excluding the inputs) and its depth is
k + 1 = log2 n+ 1, which completes the proof. ⊓⊔

The main drawback of the NN in Theorem 1 is its logarithmic depth and
sparse connections, making it inefficient for evaluation, e.g. via matrix opera-
tions. A natural question is whether the depth can be reduced to a constant
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<latexit sha1_base64="ez9P/BHYNmXaijVR1tuu0PjNpAQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5RI8BLx4jmAckS5idzCZDZmfXmV5hWfITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmtzO/88S1EbF6wCzhfkRHSoSCUbRSt5IN8po3rQxKZbfqzkHWibckZViiOSh99YcxSyOukElqTM9zE/RzqlEwyafFfmp4QtmEjnjPUkUjbvx8fu+UXFplSMJY21JI5urviZxGxmRRYDsjimOz6s3E/7xeiuGNnwuVpMgVWywKU0kwJrPnyVBozlBmllCmhb2VsDHVlKGNqGhD8FZfXiftWtWrV+v3tXKjvoyjAOdwAVfgwTU04A6a0AIGEp7hFd6cR+fFeXc+Fq0bznLmDP7A+fwB/cuPQg==</latexit>y21
<latexit sha1_base64="tkS/AxoCs2geJqKwTxJxvVloEu4=">AAAB73icbVBNS8NAEJ34WetX1aOXxVbwVJIcqseCF48V7Ae0oWy2m3bp7ibuboQQ+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9djY2t7Z3dkt75f2Dw6PjyslpR8epIrRNYh6rXog15UzStmGG016iKBYhp91wejv3u09UaRbLB5MlNBB4LFnECDZW6tWyYe77s9qwUnXr7gJonXgFqUKB1rDyNRjFJBVUGsKx1n3PTUyQY2UY4XRWHqSaJphM8Zj2LZVYUB3ki3tn6NIqIxTFypY0aKH+nsix0DoToe0U2Ez0qjcX//P6qYlugpzJJDVUkuWiKOXIxGj+PBoxRYnhmSWYKGZvRWSCFSbGRlS2IXirL6+Tjl/3GvXGvV9tNoo4SnAOF3AFHlxDE+6gBW0gwOEZXuHNeXRenHfnY9m64RQzZ/AHzucP/1GPQw==</latexit>y22

<latexit sha1_base64="iEhOREdgTvv9YfoJvtbT/qoL2bQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp7JboXosePFYwX5Au5Rsmm1Dk+yaZIVl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Hbud5+o0iySDyaNqS/wWLKQEWys1Kumw+zKm1WH5YpbcxdA68TLSQVytIblr8EoIomg0hCOte57bmz8DCvDCKez0iDRNMZkise0b6nEgmo/W9w7QxdWGaEwUrakQQv190SGhdapCGynwGaiV725+J/XT0x442dMxomhkiwXhQlHJkLz59GIKUoMTy3BRDF7KyITrDAxNqKSDcFbfXmddOo1r1Fr3NcrzUYeRxHO4BwuwYNraMIdtKANBDg8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AP9Sj0M=</latexit>y31

<latexit sha1_base64="GRZesjiF8sxfoGJGdYQSHXcin+o=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscREwAQuZG+Zgw17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGL1EFCNgktsG24EPiQKaRQI7AaTm7nffUSleSzvzTRBP6IjyUPOqLFSt/o0yLxZdVCuuDV3AbJOvJxUIEdrUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+dDLlCZsTUEsoUt7cSNqaKMmMTKtkQvNWX10mnXvMatcZdvdJs5HEU4QzO4RI8uIIm3EIL2sBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+JfY8F</latexit>x1
<latexit sha1_base64="+8zhXv03tzsjGZpl1Qn3A5pBNFI=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscREwAQuZG/Zgw17e5fdOSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3Mz97iPXRsTqHqcJ9yM6UiIUjKKVutWnQVafVQfliltzFyDrxMtJBXK0BuWv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfx3MhSaM5RTSyjTwt5K2JhqytAmVLIheKsvr5NOveY1ao27eqXZyOMowhmcwyV4cAVNuIUWtIHBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+LA48G</latexit>x2

<latexit sha1_base64="uUjhnPaXHmjL402+z+XGAgS4K0E=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruYoEcSLx4xkUcCGzI7DDBhdnYz02skGz7CiweN8er3ePNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3M799iPXRkTqAacx90M6UmIoGEUrtctP/fRqVu4XS27FXYCsEy8jJcjQ6Be/eoOIJSFXyCQ1puu5Mfop1SiY5LNCLzE8pmxCR7xrqaIhN366OHdGLqwyIMNI21JIFurviZSGxkzDwHaGFMdm1ZuL/3ndBIc3fipUnCBXbLlomEiCEZn/TgZCc4ZyagllWthbCRtTTRnahAo2BG/15XXSqla8WqV2Xy3Va1kceTiDc7gED66hDnfQgCYwmMAzvMKbEzsvzrvzsWzNOdnMKfyB8/kDjImPBw==</latexit>x3
<latexit sha1_base64="vqOw6ai7ryj8sjiGQ133mWnYNno=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IrvEoEcSLx4xkUcCGzI7DDBhdnYz02skGz7CiweN8er3ePNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3M799iPXRkTqAacx90M6UmIoGEUrtctP/fRqVu4XS27FXYCsEy8jJcjQ6Be/eoOIJSFXyCQ1puu5Mfop1SiY5LNCLzE8pmxCR7xrqaIhN366OHdGLqwyIMNI21JIFurviZSGxkzDwHaGFMdm1ZuL/3ndBIc3fipUnCBXbLlomEiCEZn/TgZCc4ZyagllWthbCRtTTRnahAo2BG/15XXSqla8WqV2Xy3Va1kceTiDc7gED66hDnfQgCYwmMAzvMKbEzsvzrvzsWzNOdnMKfyB8/kDjg+PCA==</latexit>x4

<latexit sha1_base64="PbXfvZmp/nHjgowu9FdWgO+ZldU=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IrskokcSLx4xkUcCGzI7DDBhdnYz02skGz7CiweN8er3ePNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3M799iPXRkTqAacx90M6UmIoGEUrtctP/fRqVu4XS27FXYCsEy8jJcjQ6Be/eoOIJSFXyCQ1puu5Mfop1SiY5LNCLzE8pmxCR7xrqaIhN366OHdGLqwyIMNI21JIFurviZSGxkzDwHaGFMdm1ZuL/3ndBIc3fipUnCBXbLlomEiCEZn/TgZCc4ZyagllWthbCRtTTRnahAo2BG/15XXSqla8WqV2Xy3Va1kceTiDc7gED66hDnfQgCYwmMAzvMKbEzsvzrvzsWzNOdnMKfyB8/kDj5WPCQ==</latexit>x5
<latexit sha1_base64="xCWtnnoE7MZl8etVqy9DYCh3nc8=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylOC0DNpYRTCIkR9jbzCVL9vaO3T0xHPkRNhaK2Pp77Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJWyeZYthiiUjUQ0g1Ci6xZbgR+JAqpHEosBOOb2Z+5xGV5om8N5MUg5gOJY84o8ZKnepTP/en1X654tbcOcg68ZakAks0++Wv3iBhWYzSMEG17npuaoKcKsOZwGmpl2lMKRvTIXYtlTRGHeTzc6fkwioDEiXKljRkrv6eyGms9SQObWdMzUivejPxP6+bmeg6yLlMM4OSLRZFmSAmIbPfyYArZEZMLKFMcXsrYSOqKDM2oZINwVt9eZ206zXPr/l39UrDX8ZRhDM4h0vw4AoacAtNaAGDMTzDK7w5qfPivDsfi9aCs5w5hT9wPn8AkRuPCg==</latexit>x6

<latexit sha1_base64="tsmNmYhuszIRGlKqXUxLBv1yCks=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IrscwCOJF4+YyCOBDZkdemHC7OxmZtZINnyEFw8a49Xv8ebfODwOClbSSaWqO91dQSK4Nq777eS2tnd29/L7hYPDo+OT4ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUSleSwfzDRBP6IjyUPOqLFSp/w0yOqz8qBYcivuAmSTeCtSghWag+JXfxizNEJpmKBa9zw3MX5GleFM4KzQTzUmlE3oCHuWShqh9rPFuTNyZZUhCWNlSxqyUH9PZDTSehoFtjOiZqzXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nvZMgVMiOmllCmuL2VsDFVlBmbUMGG4K2/vEna1YpXq9Tuq6VGbRVHHi7gEq7Bgzo04A6a0AIGE3iGV3hzEufFeXc+lq05ZzVzDn/gfP4AkqGPCw==</latexit>x7
<latexit sha1_base64="xnF+JRzWbry1IfwfSd+QfYHwd9I=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IrsckCOJF4+YyCOBDZkdZmHC7OxmptdINnyEFw8a49Xv8ebfODwOClbSSaWqO91dQSKFQdf9dnJb2zu7e/n9wsHh0fFJ8fSsbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79ziPXRsTqAacJ9yM6UiIUjKKVOuWnQVaflQfFkltxFyCbxFuREqzQHBS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNCPzU8oWxCR7xnqaIRN362OHdGrqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz7s3F/7xeimHdz4RKUuSKLReFqSQYk/nvZCg0ZyinllCmhb2VsDHVlKFNqGBD8NZf3iTtasWrVWr31VKjtoojDxdwCdfgwQ004A6a0AIGE3iGV3hzEufFeXc+lq05ZzVzDn/gfP4AlCePDA==</latexit>x8

Fig. 1. An example of a depth-4 NN of 8 (non-input) neurons, that computes the
maximum of n = 8 nonnegative real numbers according to Theorem 1, where the solid
and dashed arrows depict the connections with the weights 1 and −1, respectively.

number of layers. The following theorem shows this is indeed possible with
a quadratic number of neurons, but only under an additional assumption that
the maximum value and the gap between the largest and second largest num-
bers are bounded. These bounds then control the tradeoff between the depth
and weight of NNs implementing the MAXn function.

Theorem 2. Let x1, . . . , xn ∈ R≥0 be n ≥ 2 nonnegative real numbers. Denote
by µ1 = max{x1, . . . , xn} and µ2 = max

(
{0}∪({x1, . . . , xn}\{µ1})

)
their largest

and second largest (or zero) values, respectively. Then for any integer r ≥ 0, the
maximum µ1 of x1, . . . , xn can be computed by a NN Nr of size rn2 + n + 1,
depth 2r + 2, and weight max(1,

√
w) such that

(w + 1)r ≥ µ1

µ1 − µ2
if µ1 > 0 , or w = 1 otherwise. (7)

Proof. Let yi = y0i = xi for i ∈ X = {1, . . . , n},

yℓj = R(ξℓj) where ξℓj = yℓ−1,j −
√
w

∑
i∈X\{j}

R
(√

w (yℓ−1,i − yℓ−1,j)
)
, (8)

for every ℓ ∈ {1, . . . , r} and j ∈ {1, . . . , n}, and

ym =

n∑
k=1

R

yrk −
k−1∑
j=1

yrj

 . (9)

We will show that the formulas (8) and (9) including the rectifier (2), implement
the maximum ym = max(x1, . . . , xn).

We first prove that

µ1 ∈ {yr1, . . . , yrn} ⊆ {0, µ1} . (10)
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For µ1 = 0, we have {x1, . . . , xn} = {0} implying {yr1, . . . , yrn} = {0} by (8),
which ensures (10). Thus, let µ1 > 0. For r = 0, condition (7) entails µ2 = 0,
which proves (10). Moreover, let r ≥ 1. For notational simplicity, we assume the
index notation that meets

µ1 = xn = xn−1 = · · · = xj0 > µ2 = xj0−1 ≥ · · · ≥ x1 ≥ 0 (11)

for some j0 ∈ {2, . . . , n}, without loss of generality as the following argument
for (10) holds for any ordering of the inputs. By induction on ℓ, we extend the
assumption (11) to

µ1 = yℓn = yℓ,n−1 = · · · = yℓ,j0 > yℓ,j0−1 ≥ · · · ≥ yℓ1 ≥ 0 . (12)

for every ℓ ∈ {0, . . . , r}. Clearly, (11) implies (12) for ℓ = 0.
Further assume that (12) holds for ℓ− 1 where 0 < ℓ ≤ r, that is,

µ1 = yℓ−1,n = yℓ−1,n−1 = · · · = yℓ−1,j0 > yℓ−1,j0−1 ≥ · · · ≥ yℓ−1,1 ≥ 0 . (13)

Then equation in (8) reduces to

ξℓj = (w(n− j) + 1)yℓ−1,j − w

n∑
i=j+1

yℓ−1,i for j ∈ {1, . . . , n} , (14)

since

R(
√
w (yℓ−1,i − yℓ−1,j)) =

{
0 for i ∈ {1, . . . , j − 1}√
w (yℓ−1,i − yℓ−1,j) for i ∈ {j + 1, . . . , n} (15)

by induction hypothesis (13) according to (2). It follows from (14) and (13) that
ξℓj = (w(n− j) + 1)µ1 − w(n− j)µ1 = µ1 for j ∈ {j0, j0 + 1, . . . , n} and

ξℓj−ξℓ,j−1 = (w(n−j+1)+1)(yℓ−1,j−yℓ−1,j−1) ≥ 0 for j ∈ {2, . . . , n} , (16)

which implies that (12) holds for ℓ, due to the rectifier (2) is nondecreasing. This
completes the induction.

It follows from (16) for j0 ≤ n that for each ℓ ∈ {1, . . . , r},

ξℓj0 − ξℓ,j0−1 ≥ (w + 1) (yℓ−1,j0 − yℓ−1,j0−1) (17)

which reduces to
ξℓ,j0−1 ≤ (w + 1) yℓ−1,j0−1 − wµ1 (18)

due to y0j0 = yℓj0 = ξℓj0 = µ1 > 0 for all ℓ ∈ {1, . . . , r}, according to (12).
Suppose first there is ℓ0 ∈ {1, . . . , r} such that yℓ0−1,j0−1 = 0. Then ξℓ0,j0−1 ≤
−wµ1 < 0 by (18), which ensures yℓ0,j0−1 = R(ξℓ0,j0−1) = 0. By applying
this argument inductively, we obtain yℓ,j0−1 = 0 for all ℓ ∈ {ℓ0, . . . , r}, which
implies (10) according to (12).

On the other hand, if yℓ−1,j0−1 > 0 for each ℓ ∈ {1, . . . , r}, then yℓ−1,j0−1 =
ξℓ−1,j0−1 due to (2). This means yℓ−1,j0 − yℓ−1,j0−1 = ξℓ−1,j0 − ξℓ−1,j0−1 for all
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<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R

<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R

<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R

<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R

<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R

<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R
<latexit sha1_base64="srOnrgo5HhmzRhSaFVgIab0JnTM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKpCSxscQPkAQI2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjPPjwXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6yhRDFssEpHq+FSj4BJbhhuBnVghDX2Bj/7keu4/PqHSPJIPZhpjP6QjyQPOqLHSffmuPCiW3Iq7AFknXkZKkKE5KH71hhFLQpSGCap113Nj00+pMpwJnBV6icaYsgkdYddSSUPU/XRx6oxcWGVIgkjZkoYs1N8TKQ21noa+7QypGetVby7+53UTE9T7KZdxYlCy5aIgEcREZP43GXKFzIipJZQpbm8lbEwVZcamU7AheKsvr5N2teLVKrXbaqlRz+LIwxmcwyV4cAUNuIEmtIDBCJ7hFd4c4bw4787HsjXnZDOn8AfO5w9kJI0x</latexit>

R

<latexit sha1_base64="GRZesjiF8sxfoGJGdYQSHXcin+o=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscREwAQuZG+Zgw17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGL1EFCNgktsG24EPiQKaRQI7AaTm7nffUSleSzvzTRBP6IjyUPOqLFSt/o0yLxZdVCuuDV3AbJOvJxUIEdrUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCa/9jMskNSjZclGYCmJiMv+dDLlCZsTUEsoUt7cSNqaKMmMTKtkQvNWX10mnXvMatcZdvdJs5HEU4QzO4RI8uIIm3EIL2sBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+JfY8F</latexit>x1
<latexit sha1_base64="+8zhXv03tzsjGZpl1Qn3A5pBNFI=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscREwAQuZG/Zgw17e5fdOSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3Mz97iPXRsTqHqcJ9yM6UiIUjKKVutWnQVafVQfliltzFyDrxMtJBXK0BuWv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfx3MhSaM5RTSyjTwt5K2JhqytAmVLIheKsvr5NOveY1ao27eqXZyOMowhmcwyV4cAVNuIUWtIHBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+LA48G</latexit>x2

<latexit sha1_base64="uUjhnPaXHmjL402+z+XGAgS4K0E=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruYoEcSLx4xkUcCGzI7DDBhdnYz02skGz7CiweN8er3ePNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3M799iPXRkTqAacx90M6UmIoGEUrtctP/fRqVu4XS27FXYCsEy8jJcjQ6Be/eoOIJSFXyCQ1puu5Mfop1SiY5LNCLzE8pmxCR7xrqaIhN366OHdGLqwyIMNI21JIFurviZSGxkzDwHaGFMdm1ZuL/3ndBIc3fipUnCBXbLlomEiCEZn/TgZCc4ZyagllWthbCRtTTRnahAo2BG/15XXSqla8WqV2Xy3Va1kceTiDc7gED66hDnfQgCYwmMAzvMKbEzsvzrvzsWzNOdnMKfyB8/kDjImPBw==</latexit>x3

<latexit sha1_base64="OEY0UsynRAZcZ+hKhmDQNinbW20=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5RI8BLx4jmAckS5idzCZDZmfXmV5hWfITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmtzO/88S1EbF6wCzhfkRHSoSCUbRSt5INcs+bVgalslt15yDrxFuSMizRHJS++sOYpRFXyCQ1pue5Cfo51SiY5NNiPzU8oWxCR7xnqaIRN34+v3dKLq0yJGGsbSkkc/X3RE4jY7IosJ0RxbFZ9Wbif14vxfDGz4VKUuSKLRaFqSQYk9nzZCg0ZygzSyjTwt5K2JhqytBGVLQheKsvr5N2rerVq/X7WrlRX8ZRgHO4gCvw4BoacAdNaAEDCc/wCm/Oo/PivDsfi9YNZzlzBn/gfP4A/ESPQQ==</latexit>y11
<latexit sha1_base64="EDEORe2TAbIZs6tRdueuBLrYN9k=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5RI8BLx4jmAckS5idzCZDZmfXmV5hWfITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmtzO/88S1EbF6wCzhfkRHSoSCUbRSt5INcq82rQxKZbfqzkHWibckZViiOSh99YcxSyOukElqTM9zE/RzqlEwyafFfmp4QtmEjnjPUkUjbvx8fu+UXFplSMJY21JI5urviZxGxmRRYDsjimOz6s3E/7xeiuGNnwuVpMgVWywKU0kwJrPnyVBozlBmllCmhb2VsDHVlKGNqGhD8FZfXiftWtWrV+v3tXKjvoyjAOdwAVfgwTU04A6a0AIGEp7hFd6cR+fFeXc+Fq0bznLmDP7A+fwB/cqPQg==</latexit>y12
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Fig. 2. An example of a depth-6 NN N2 (r = 2) of 22 (non-input) neurons, that
computes the maximum of n = 3 nonnegative real numbers according to Theorem 2,
where the solid and dashed, thick or thin arrows depict the connections with the weights√
w and −

√
w, or 1 and −1, respectively.

ℓ ∈ {2, . . . , r}, which entails ξrj0 − ξr,j0−1 ≥ (w + 1)r(µ1 − µ2) according to
(17) and (11). Hence, ξr,j0−1 ≤ µ1 − (w+ 1)r(µ1 − µ2) ≤ 0 due to (7), implying
yr,j0−1 = 0 which ensures (10) by (12) also in this case. This completes the proof
of (10) and terminates the validity of notational assumption (11).

According to (10), there exists k0 = min{k ∈ {1, . . . , n} | yrk = µ1} and
yrj = 0 for all j ∈ {1, . . . , k0 − 1}, which means yrk −

∑k−1
j=1 yrj ≤ 0 for all

k ∈ {1, . . . , n} \ {k0}, whereas yrk0
−

∑k0−1
j=1 yrj = yrk0

= µ1 > 0. This shows
that formula (9) provides the correct maximum ym = µ1 due to (2).

Finally, the formulas (8) and (9) can be evaluated by a NN Nr of depth
2r + 2 with the input layer X ⊂ V and one output m ∈ V implementing the
outer sum in (9) so that ym = Nr(x1, . . . , xn) = µ1. Namely, for each ℓ ∈
{1, . . . , r}, the (2ℓ − 1)th layer in Nr contains n2 − n neurons that implement
R
(√

w (yℓ−1,i − yℓ−1,j)
)

from (8) for every j ∈ {1, . . . , n} and i ∈ X \ {j}, which
are used by n neurons in the (2ℓ)th layer for computing yℓ,j according to (8)
for j ∈ {1, . . . , n}. The (2r + 1)th layer of Nr is composed of n neurons that
evaluate the summands R

(
yrk −

∑k−1
j=1 yrj

)
in (9) for k ∈ {1, . . . , n}. Figure 2
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depth of Nr 4 (N1) 6 (N2) 8 (N3) 10 (N4) 12 (N5) 22 (N10) 32 (N15)

16-bit ushort 256.00 15.97 6.28 3.88 2.87 1.43 1.05
32-bit uint 65536.00 256.00 40.31 15.97 9.14 2.87 1.85
64-bit ulong 4294967296.00 65536.00 1625.50 256.00 84.45 9.14 4.28

Table 1. The weights (rounded up to hundredths) of Nr that computes MAXn by
Theorem 2, in terms of its depth, for different b-bit unsigned integer data types.

depth of Nr 8 (N3) 22 (N10) 44 (N20) 102 (N50) 302 (N150) 1002 (N500)

16-bit half (e = 4) 101.59 3.88 1.74 1 1 1
32-bit single (e = 7) 7.90E13 14766.09 121.52 6.75 1.62 1
64-bit double (e = 10) 1.83E105 3.79E31 6.16E15 2068279.89 127.41 4.17

Table 2. The weights (rounded up to hundredths or to three significant digits) of Nr

that computes MAXn according to Theorem 2, in terms of its depth, for different b-bit
floating-point data types with e-bit exponents.

shows an example of N2 (r = 2) for n = 3 inputs. Altogether, the size of Nr is
r(n2 − n+ n) + n+ 1 = rn2 + n+ 1 and its weight is max(1,

√
w) according to

(8) and (9), which completes the proof. ⊓⊔

For example, Theorem 2 provides a depth-4 NN N1 of size n2 + n + 1 that
computes the MAXn function and has the weight max

(
1,
√
µ2/(µ1 − µ2)

)
due

to (7). In general, however, the assumption (7) of Theorem 2 cannot be guaran-
teed in advance. This means that the NN Nr in Theorem 2 can fail to compute
the maximum for large numbers or very close numbers violating this assumption
under which Nr was constructed. Nevertheless, the condition (7) can be ensured
when the input real values to Nr are represented in the computer using data
types within a constant number b of bits. Tables 1 and 2 show the tradeoffs
between the weight and depth of Nr for increasing r when the unsigned integer
and floating-point data types, respectively, are used with different usual b-bit
precision where b = 16, 32, 64 (including e = 4, 7, 10 bits, respectively, for the
floating-point exponent). Namely, for the b-bit unsigned integer data types, we
know that µ1 ≤ 2b−1 and µ1−µ2 ≥ 1, which means that the weight max(1,

√
w)

of Nr in Theorem 2 meets its assumption (7) for w = r
√
2b − 1− 1. For the b-bit

floating-point data types in the IEEE 754 standard, including e bits for the ex-
ponent, we have µ1 ≤ 22

e

(1−2−b+e+1) and µ1−µ2 ≥ 2−2
b−b+e+4, which ensures

that the weight max(1,
√
w) of Nr in Theorem 2 satisfies its assumption (7) for

w = r
√
22e+1−3(2b−e−1 − 1) − 1. For even lower bitwidths employed in approx-

imate energy-efficient DNNs [15], max pooling can be implemented using only
a few convolutional layers with small weights. For example, for b = 4 bits using
either integer or microfloat data types, Theorem 2 provides a four-layer NN N1

with the weight w < 4.
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4 Lower Bound

In this section, we present a lower bound on the depth of NNs computing the
MAXn function. In the following theorem, we will prove that two layers of ReLU
neurons are not enough to implement MAX3, which means that the maximum
pooling layer cannot be replaced in CNNs even with two convolutional layers.

Theorem 3. There is no depth-2 NN that computes the maximum of more than
two nonnegative real numbers.

Proof. On the contrary, suppose there is a depth-2 NN N which contains three
input neurons X = {1, 2, 3} ⊂ V reading nonnegative real inputs xi ≥ 0 for
i ∈ X, one hidden layer U ⊂ V , and one output neuron in the second layer, that
computes

max(x1, x2, x3) = N (x1, x2, x3) = R

w0 +
∑
j∈U

wjR(ξj)

 (19)

including the excitation

ξj = wj0 +
∑
i∈X

wjixi for j ∈ U , (20)

where w0, wj0 ∈ R and wj , wji ∈ R for j ∈ U and i ∈ X, are real biases and
weights, respectively. For simplicity of initial notation, formula (19) assumes
without loss of generality that there is no direct connection in N leading from
its input to its output (this case will be resolved later anyway), because otherwise
such an edge could be split into two connections by a hidden neuron added to U ,
one with the original weight and the other with the unit weight. Clearly, U ̸= ∅.
In addition, let wj ̸= 0 and {wji | i ∈ X} ̸= {0} for all j ∈ U . Moreover,
we assume that x1, x2, x3 are positive reals since if (19) cannot be achieved for
x1, x2, x3 > 0, then even more so for x1, x2, x3 ≥ 0. Hence, formula (19) reduces
to

max(x1, x2, x3) = w0 +
∑
j∈U

wjR(ξj) (21)

due to (2), N (x1, x2, x3) ∈ {x1, x2, x3}, and x1, x2, x3 > 0.
In the three-dimensional Euclidean space E3, the planes wj0+

∑
i∈X wjixi =

0 for every j ∈ U , cut its positive octant (xi > 0 for all i ∈ X) into p open
convex polytopes Pr ⊂ E3 for r ∈ {1, . . . , p}. Each such a polytope Pr is thus an
intersection of open half-spaces

wj0 +
∑
i∈X

wjixi

{
> 0 if j ∈ Ur

< 0 if j ∈ U \ Ur
(22)

for some Ur ⊂ U . For each r ∈ {1, . . . , p}, equation (21) can be rewritten by (2),
(20), and (22) as max(x1, x2, x3) = Wr0 +

∑
i∈X Wrixi for all (x1, x2, x3) ∈ Pr,

where Wr0 = w0 +
∑
j∈Ur

wjwj0 and Wri =
∑
j∈Ur

wjwji for i ∈ X . (23)



10 J. Šíma, J. Cabessa

Since Pr is open and max(x1, x2, x3) ∈ {x1, x2, x3}, there is ir ∈ X such that
xir = max(x1, x2, x3) for all (x1, x2, x3) ∈ Pr, which means

Wri =

{
1 if i = ir
0 otherwise for i ∈ X ∪ {0} . (24)

Consider that one moves from a polytope Pr to an adjacent polytope Ps

for some r, s ∈ {1, . . . , p}, through a single plane wk0 +
∑

i∈X wkixi = 0 where
k ∈ U belongs to the symmetric difference Ur△Us due to (22), say k ∈ Ur \ Us

(possibly after exchanging the indices r and s). This plane can be represented by
more neurons j ∈ Ur△Us whose weights differ by multiplicative real constants
Cjk ̸= 0:

wji = Cjkwki for i ∈ X ∪ {0} . (25)

We know by (22) that

Cjk

{
> 0 if j ∈ Ur \ Us

< 0 if j ∈ Us \ Ur .
(26)

It follows from (23) and (25) that

Wri −Wsi =
∑
j∈Ur

wjwji −
∑
j∈Us

wjwji

=
∑

j∈Ur\Us

wjCjkwki −
∑

j∈Us\Ur

wjCjkwki = Ckwki (27)

for i ∈ X ∪ {0}, where

Ck =
∑

j∈Ur\Us

wjCjk −
∑

j∈Us\Ur

wjCjk . (28)

First suppose that ir ̸= is, then Wrir −Wsir = 1 due to (24), which ensures
Ck ̸= 0 by (27). Thus,

wki =
Wri −Wsi

Ck
=


1
Ck

if i = ir
− 1

Ck
if i = is

0 otherwise
for i ∈ X ∪ {0} , (29)

according to (27) and (24). Hence, wkir = −wkis and wk0 = wki = 0 for i ∈
X \ {ir, is}, which implies wjir = −wjis and wj0 = wji = 0 for i ∈ X \ {ir, is},
for every j ∈ Ur△Us, due to (25). By (20) and (2), this gives

R (ξj) =

{
wjirR (xir − xis) if wjir > 0
−wjirR (xis − xir ) if wjir < 0

for j ∈ Ur△Us . (30)

On the other hand, for ir = is, we know Wri −Wsi = 0 for i ∈ X ∪ {0}, due
to (24), which means Ck = 0 by (27), since {wki | i ∈ X} ≠ {0}. Hence,

C ′k =
∑

j∈Ur\Us

wjCjk =
∑

j∈Us\Ur

wjCjk (31)
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follows from (28). We have∑
j∈Ur△Us

wjR(ξj) =
∑

j∈Ur\Us

wjCjkR(ξk)−
∑

j∈Us\Ur

wjCjkR(−ξk)

= C ′k (R(ξk)−R(−ξk)) = C ′kξk = C ′kwk0 +
∑
i∈X

C ′kwkixi (32)

according to (20), (25), (26), (2), and (31).
Finally, for the remaining neurons j ∈ U which represent the planes wj0 +∑

i∈X wjixi = 0 that do not intersect the positive octant, we have either ξj < 0
for all inputs to N , which means R(ξj) = 0, or ξj > 0 for all inputs, implying

R(ξj) = ξj = wj0 +
∑
i∈X

wjixi . (33)

We plug (30), (32), and (33) into (21) which reduces to

max(x1, x2, x3) =
∑
i∈X

aixi +
∑
i,j∈X
i ̸=j

aijR(xi − xj) (34)

for some nine real constants a1, a2, a3, a12, a21, a13, a31, a23, a32 ∈ R, due to (24).
Now, consider the following seven inputs (1, 1, 2), (1, 1, 3), (2, 2, 1), (2, 3, 2),

(2, 3, 3), (3, 1, 3), and (3, 2, 2) to N , which must satisfy (34). This generates the
following system of seven linear equations in the nine real variables a1, a2, a3, a12,
a21, a13, a31, a23, a32 ∈ R:

a1 + a2 + 2a3 + a31 + a32 = 2 2a1 + 3a2 + 3a3 + a21 + a31 = 3

a1 + a2 + 3a3 + 2a31 + 2a32 = 3 3a1 + a2 + 3a3 + 2a12 + 2a32 = 3 (35)
2a1 + 2a2 + a3 + a13 + a23 = 2 3a1 + 2a2 + 2a3 + a12 + a13 = 3

2a1 + 3a2 + 2a3 + a21 + a23 = 3

that can be checked by the Rouché-Capelli theorem to have no solution, which
provides a contradiction and completes the proof. ⊓⊔

5 Conclusion

We investigated the computational power of max pooling in CNNs by express-
ing the MAXn function using ReLU-based NNs. Theorem 1 constructs a NN of
size n and depth ⌈log2 n⌉ + 1 that implements MAXn, successfully used in the
practical AppMax method [15]. Theorem 2 shows that for bounded input num-
bers with limited precision (constant-bit data types), MAXn can be computed
with quadratic size and constant depth which decreases as weight magnitude
increases, quantifying a depth-weight trade-off in CNNs. This construction can
also be applied to approximate, energy-efficient DNNs with reduced bitwidths
for floating-point numbers [15]. Furthermore, Theorem 3 proves that no NN of
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depth 2 can compute the maximum of 3 nonnegative numbers. Extending this re-
sult to constant depth is the main open problem, which would establish the strict
depth hierarchy of NNs [7]. Overall, these findings address whether max pooling
layers offer greater computational power and efficiency than convolutional ones.
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