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Squared exponential
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Gaussian Processes
Gaussian Process

GP is a stochastic approximation method based on Gaussian
distributions

Squared exponential

GP can express uncertainty of the prediction in a new point x:
it gives a probability distribution of the output value
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Gaussian Processes
Gaussian Process

Squared exponential

@ given a set of N training points Xy = (x;...xy)", x; € RY,
and measured = (1, 9n)
of a function f being approximated

=f(x), i=1,...,N
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Gaussian Processes
Gaussian Process

@ given a set of N training points Xy = (x;...xy)", x; € RY,
and measured = (1, 9n)
of a function f being approximated

=f(x), i=1,...,N

GP considers vector of these as a sample
from N-variate Gaussian distribution

~ N(07 CN)
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Gaussian Processes
Gaussian Process

X =(x;...xy)", x; € R? N training data points
= (y1,...,o8) 7, yi=/f(x;) measured function values

€ R" considered to be a realisation of a N-dimensional
Gaussian distribution with a covariance matrix Cy and zero
mean
~ N(0, Cy)
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Gaussian Processes
Gaussian Process

X =(x;...xy)", x; € R? N training data points
= (y1,...,o8) 7, yi=/f(x;) measured function values

€ RY considered to be a realisation of a N-dimensional
Gaussian distribution with a covariance matrix Cy and zero
mean

~ N(0,Cy)

Covariance Cy is determined by

@ covariance function cov(x;, x;) and its hyperparameters

@ training data points Xy
forming the density of the Gaussian  p(y|Xy)
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Gaussian Processes
Gaussian Process covariance

covariance Cy is given by

Cy =K+ 0’1
where K is a matrix of covariance function values
and o is the signal noise.
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Gaussian Processes
Gaussian Process covariance

covariance Cy is given by

Cy =K+ 0’1
where K is a matrix of covariance function values
and o is the signal noise.

Covariance functions are defined on pairs from the input space
(K)j = cov(x;,X}), X;j € R

expressing the degree of correlations between two points’
values; typically decreasing functions on two points distance

1
cov(xi,x;)

Al ;)
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Gaussian Processes
Gaussian Process covariance

The most frequent covariance function is squared-exponential

(K)yj = cov™F (x;, %) = exp(ﬁ(xi —x) " (% — ;)
with the parameters (usually fitted by MLE)
e - (scales the correlation)
@ ( — characteristic length scale
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Gaussian Processes
Gaussian Process prediction

Making predictions
Prediction y* in a new point x* is made by adding this new point
to the matrix X,y and vector
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Gaussian Processes
Gaussian Process prediction

Making predictions
Prediction y* in a new point x* is made by adding this new point
to the matrix X,y and vector

This gives an (N + 1)-dimensional Gaussian with density

1

I+
(2m)V T det(Cyy1) eXP(—E N+1CN1YN+1)

p(yn+1 [ Xng1) = Vi
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Gaussian Processes
Gaussian Process prediction

Making predictions
Prediction y* in a new point x* is made by adding this new point
to the matrix X,y and vector
This gives an (N + 1)-dimensional Gaussian with density

1
(27T)N+1 det(CN+1)

1 _
pyn+1 | Xnt1) = 7 exp(—5 N1Cy L)

where Cy_ is the covariance matrix

C k

which is Cy extended with
@ k — covariances between x* and Xy
@ x + o —variance of the new point itself (with added signal
noise)
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Gaussian Processes
Gaussian Process prediction

Making predictions
Because y is known and the inverse Cy .}, can be expressed
using inverse of the training covariance Cy !,
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Gaussian Processes
Gaussian Process prediction

Making predictions
Because y is known and the inverse Cy .}, can be expressed
using inverse of the training covariance Cy !,

the density in a new point marginalize to 1D Gaussian density

. 1 (" = In1)?
PO | X1, yv) o exp <—2(2+)
syN+1
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Gaussian Processes
Gaussian Process prediction

Making predictions
Because y is known and the inverse Cy .}, can be expressed
using inverse of the training covariance Cy !,

the density in a new point marginalize to 1D Gaussian density

; 1" = Ing1)?
p(y" | Xn41,yn) o exp <—22+
syN+1

! with the mean and variance
given by
Iver = k'Cylyy,
X 2 _ T —1
: Syyyr = K~ k' Cy 'k
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Urychleni evoluéni optimalizace pomoci
gaussovskych procesi

Zbynék Pitra

Fakulta jaderna a fyzikalné inzenyrska, CVUT

2014



Evoluc¢ni algoritmy

Nahradni modelovani
GENACAT
Gaussovské procesy jako ndhradni model

Testovani
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Optimalizace katalyzatort pro specifickou reakci

@ Prostory o velké dimenzi (az 50)
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Motivace

Optimalizace katalyzatort pro specifickou reakci
@ Prostory o velké dimenzi (az 50)
@ Diskrétni a spojité proménné

@ Mnoho omezeni



Evoluéni a genetické algoritmy

Chovani organism( v umélém prostredi = kvalita feseni —
fitness funkce

Jedinec ~ pripustné reseni
Populace = mnozina jedincl

Vybér populace a nasledny vyvoj

Typy: Genetické algoritmy, Evoluéni programovani, ...



Genetické algoritmy

Schéma

Nultd populace

Vybér nékolika jedinci

Vznik dalSi generace: kfizeni, mutace, reprodukce
Ohodnoceni novych jedinci

Kontrola ukoncovaci podminky

Konec algoritmu
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Genetické algoritmy

e Vyhody:
e Odolnost vici uviznuti v lokdlnim optimu
e Dobré vysledky u problémd s rozsahlymi mnozinami
pripustnych reseni
o Nevyhody:
e Problém s nalezenim presného optima
o Velké mnozstvi vyhodnocovani cilové funkce



Nahradni modelovani

@ Metoda vyuZivajici model misto skutecnych dat

@ Aproximace neznamé funkce f : Q — C9 z omezeného poctu
dat {x1, -+ ,xx} C Q, kde Q C R

@ Gaussovské procesy, neuronové sité, ndhodné lesy, atd.



Nahradni modelovani

Hledani nejlepsi aproximace

£* = arg min arg min A (5, E’Q, D)

teT  6eO
?Lg — aproximacni funkce s parametrizaci 6 a typem modelu t
N\ — odhad kvality modelu
€ — chybova funkce
D = {(x1,f (x1)), ..., (xk, f (x))}
© — parametricky prostor f
T — mnozina typl modeld



Nahradni modelovani

Genetické algoritmy a nahradni modelovani

@ Neni tfeba vzdy vyhodnocovat skutecnou fitness funkci
@ Rizeni evoluce zaloZené na

e jedincich

e generacich



GENACAT

Systém pro genetickou optimalizaci

o Leibnitziv institut pro katalyzu (LIKAT) v Némecku

@ Automatické generovani uzivatelem definovanych genetickych
algoritmi

@ Nahradni modelovani pomoci neuronovych siti a gaussovskych
procesli



Gaussovské procesy

Gaussovsky process je ndhodny proces, kde libovolna kone¢na
podmnozina ndhodnych veli¢in ma sdruzené gaussovké rozdéleni.

@ Hyperparametry:
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Gaussovské procesy

Gaussovsky process je ndhodny proces, kde libovolna kone¢na
podmnozina ndhodnych veli¢in ma sdruzené gaussovké rozdéleni.

@ Hyperparametry:
e Volné parametry kovariancni funkce gaussovského procesu
e Optimalizovdny pomoci maximalni vérohodnosti

@ Vlastnosti:

o Nepotrebuji preddefinovanou strukturu
e Aproximace libovolnych funkci
o Nastavitelné kovarianéni funkce s jejich hyperparametry



GENACAT

Hlavni schéma

Aktualn

Soufadnice
jedinct

i populace

Fitness
jedincu

T

Souradnice Fitness

Kfizeni
Mutace

Model

jedincl jedincl

?

Selekce

Nova konstrukce|

modelu

Aktualizace
modelu

L1

NE

Stejny typ

modelu?

ANO

Skute¢na fitness

Uzivatel

Volba typu

modelu

Rizeni evoluce




Nahradni model s gaussovskymi procesy

Geneticky algoritmus s gaussovskymi procesy

repeat until (UKONCOVACI PODMINKA je spinéna) do

ActualPop := posledni generace jedincll z databaze;

Empirical := vsichni jedinci ohodnoceni skutecnou fitness;

Model := gplearnmodel( Empirical);

if fizeni zalozené na jedincich
then ZVYS pocet jedincti pro pfehodnoceni modelem;

for Gen := 1 to pozadovany pocet generaci
VYPOCITEJ pocCty jedinc ActualPop v pfipustnych mnohosténech;
ChosenPol:= mnohostény vybrané diskrétni optimalizaci;
NewPop:= gpsimrun(ChosenPol);
ZAPIS NewPop do database;
ActualPop:= NewPop;

end

PREHODNOT nékteré jedince z posledni NewPop skuteénou fitness;

end



Nahradni model s gaussovskymi procesy

Spojita optimalizace - gpsimrun

Vstup: ChosenPol (vybrané mnohostény), Model (natrénovany
model),Ker (zadana jadra)

for mnohostény M z ChosenPol
Ker(M).= VYHLEDEJ jadro z Model pro M,
if ActualPop(M) je neprézdna
then GENERUJ novou populaci NewPop(M) genetickymi operacemi
z ActualPop(M);
else GENERUJ NewPop(M) ndhodné;
end

Vystup: nova populace NewPop



Nahradni model s gaussovskymi procesy

Trénovaci procedura - gplearnmodel

Vstup: Empirical (Empirical data), p (minimalni velikost shluku), Ker
(zadana jadra)

n = p*x/(x1);
ROZDEL Empirical do k shluka cl, aby velikost (c/) > n
for i=1to k
Err(i,Ker):= kernelError(cl(i),Ker);
MainKer(i):= Ker(i), kde Err(i,Ker) je minimalni;
Hyp(MainKer,i):=argmax, (vérohodnost(cl/(i)));
end

Vystup: MainKer a Hyp(MainKer) pro kazdy shluk c/



Nahradni model s gaussovskymi procesy

Procedura pocitajici chybu

Vstup: ¢/ (shluk), x (ndsobnost kfizové validace), Ker (zadand jidra)

for Ker
PROVED x-nasobnou kF¥izovou validaci c/, kde v kazdém foldu:
Hyp(Ker):= odhad hyperparametri 6;
Hyp(Ker):= argmax, (vérohodnost(cl));
Err(Ker):= primérna chyba z kfizové validace;
end

Vystup: Err chyby pro shluk ¢/ a vSechna jadra z Ker



GENACAT

Nastaveni gaussovskych procest

u gpsetlearnmodel

— Cluster 7

Uniform setting for all clusters

@ Individual setting for each cluster

setting:

== =

Gaussian process model parameters

Cluster: 7 v.

— Kernel

Available Kernels

covLINard
covSEard
covPoly,1
covPoly,5
covhlaternise, 5
covPPiso,2
covPPiso,3
covioise
covSEiso

o~

Remove all

Chosen Kernels.

covLIN
covLINone
covConst
covSEisoU
covPoly 2
covPoly,3
covPoly 4
covMaterniso,1
covMaterniso,3
covPPisc,D
covPPie,1

Clusters size: 29

—— X-fold cross validation——

15

— Number of hyperparametres —

10

D Show ten best kernels




Testovani na empirickych datech

Nejvhodnéjsi katalyzator pri vyrobé HCN
0. — 7. generace

ZlepSovani modelu v zavislosti na rostouci trénovaci mnoziné

3 modely - minimalni pocty jedincl ve shluku

e 30 jedinci
o 100 jedinct
e bez shlukovani



Testovani na empirickych datech

30 jedincid na 4. generaci

Minimalni velikost shluku: 30, 4. generace
80 T T T T T
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Testovani na empirickych datech

100 jedincd na 4. generaci

Minimalni velikost shluku: 100, 4. generace
80 T T T T T

701 ~ i

50 -

301 #/¢/++++ + 4 4

Fitness odhadnutd modelem
N
o
\
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0 10 20 30 40 50 60 70 80



Testovani na empirickych datech

Bez shlukovani na 4. generaci

Minimalni velikost shluku: maximum, 4. generace
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Testovani na empirickych datech

30 jedincd na 5. generaci

Minimalni velikost shluku: 30, 5. generace
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Testovani na empirickych datech

30 jedincd na 7. generaci

Minimalni velikost shluku: 30, 7. generace
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Testovani na empirickych datech

MSE v zavislosti na minimalnim poctu jedinct ve shluku

MSE podle nastaveni shlukovani
220 T . . :

200} B 30 «

= 100
N
180} = vsichni i

160 B

140 i

MSE

80 B

601 b

40 I I I I

Generace



Testovani na funkci valero

Optimalizace umélé funkce valero

15. generaci

Porovnani genetického algoritmu bez ndhradniho modelu a
algoritmu s ndhradnim modelem s gaussovskymi procesy
Rizeni evoluce

e generacni

e zaloZené na jedincich
@ vybér nejlepsich jedincu
@ vybér reprezentanti
@ kombinace



Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni - vybér nejlepsich

560

5401

Nejlepsi fitness
IS IS a a
(2} o] o N
o (=] o [=]
. . . :

IS

N

o
T

B

n

(=]
T

400t ———GA

GP - nejlepsi jedinci

380
0

Generace



Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni - vybér reprezentantu

560

5401 == -

T

500

480} 84 -= PREN

AVl

460 ; ’ :

Nejlepsi fitness
~

440+ ; ’ 1

420 " 14 B

400t - ———GA H

""" GP - reprezentanti

380 L L
0 5 10 15

Generace




Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni - vybér nejlepsich + reprezentanti

560

5401

T

500

480

460

Nejlepsi fitness

440

420

400F 1 - - —GA
""" GP - reprezentanti a nejlepsi jedinci
T

380 L
0 5 10 15
Generace



Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni - vybér nejlepsich + nahodny

560

5401

Nejlepsi fitness
IS IS a a
(2} o] o N
o (=] o [=]
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o
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Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni

560

5401

T

500

480

460

Nejlepsi fitness

440

420

= = GP - nejlepsi jedinci

I GP - reprezentanti

400 @ e GP - n&hodni a nejlepsi jedinci

GP - reprezentanti a nejlepsi jedinci
T

5 10 15
Generace



Testovani na funkci valero

Zavislost fitness funkce na generaci - generacni fizeni

540
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Nejlepsi fitness
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Testovani na funkci valero

Zavislost fitness funkce na poctu vyhodnoceni - generaéni fizeni

Nejlepsi fitness
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Testovani na funkci valero

Zavislost fitness funkce na poctu vyhodnoceni - generaéni a individudlni fizeni

560

5401

480

460

Nejlepsi fitness

440

420

400 | = = = GP - nejlepsi jedinci[]
/A GP - generace

380 L L
0 500 1000 1500

Ohodnocenf funkci valero




Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni - opakované trénovani

560

Nejlepsi fitness

400y .- - - -GA H

""" GP - nejlepsi po generaci
380 1 1 1 1 T T T T
1 2 3 4 5 6 7 8 9 10

Generace




Testovani na funkci valero

Zavislost fitness funkce na generaci - individualni fizeni - opakované trénovani a bez

opakovani

Nejlepsi fitness

400k = = = GP - nejlepsi jedinci
----- GP - nejlepsi po generaci
380 | L 1 1 L L L L
1 2 3 4 5 6 7 8 s 10

Generace



Testovani na funkci valero

Porovnani testovanych nastaveni

620 T
*

600 b
g 5801+ 1
<
©
€ 560 R
S
3
% 540 E
k=l
g 5200 |
(5]
2
S s00f | T GA ,
-g, GP - nejlepsi jedinci
© 480 *  GP - reprezentanti B
"% GP - nahodni a nejlepsi jedinci
c 4601 0 GP - reprezentanti a nejlepsi jedinci %

GP - generace
4401 % GP - opakovani 7

420 1 1 1 1 1 1 1 1
505 510 515 520 525 530 535 540 545 550

Median nejlepsi fithess



Shrnuti vysledkil testovani

@ Dobré vysledky na empirickych datech
@ Nahradni model s gaussovskymi procesy urychluje konvergenci

@ Nejvétsi urychleni — vybér nejlepsich jedincl



Moznosti dalSiho rozvoje systému GENACAT

@ Rozsifeni moznosti fizeni evoluce

e Dalsi typ ndhradniho modelu



Dékuji za pozornost!
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