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Abstract:

This report contains a description of subroutines which can be used for testing unconstrained
optimization codes. These subroutines can easily be obtained either by using the anonymous
ftp address ftp://ftp.cs.cas.cz/pub/msdos/opt (file TEST25.FOR) or from the web
homepage http://www.cs.cas.cz/luksan/test.html. Furthermore, all test problems
contained in these subroutines are presented in the analytic form.
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1 Introduction

This report describes subroutines TIUD25, TIUS25, TFFU25, TFGU25, TFBU25, which
contain 82 sparse problems for testing unconstrained optimization codes. Some of these
problems were chosen from [19], but additional problems with sparse Hessian matrices
are included. All subroutines are written in the standard Fortran 77 language. Their
names are derived from the following rule:

e The first letter is T - test subroutines.

e The second letter is either I - initiation, or F - objective function.

e The third letter is either U - initiation of unconstrained problem, or F - compu-
tation of the function value, or G - computation of the gradient vector, or B -
computation of both the function value and the gradient vector simultaneously.

e The fourth letter is either U - universal subroutine, or D - subroutine for problems
with unknown sparsity patterns, or S - subroutine for problems with given sparsity

patterns.

The last two digits determine a given collection (the numbering corresponds to the
UFO system [20], which contains similar collections).

Initiation subroutines use the following parameters (array dimensions are given in

parentheses):

N
M

X(N)
IH(N+1)
JH(M)
FMIN
XMAX
NEXT
IERR

input

output
output
output
output
output
output
input

output

number of variables,

number of elements of the sparse Hessian matrix,

vector of variables,

pointers of diagonal elements of the sparse Hessian matrix,
column indices of nonzero elements of the sparse Hessian matrix,
lower bound of the objective function value,

maximum stepsize,

number of the problem selected,

error indicator (0 - correct data, 1 - N is too small).

Although N is an input parameter, it can be changed by the initiation subroutine when
its value does not satisfy the required conditions. For example, most of the problems
require N to be even or a multiple of a positive integer.

Evaluation subroutines use the following parameters (array dimensions are given in

parentheses):
N input
X(N) input
F output
G(N) output
NEXT input

number of variables,

vector of variables,

value of the objective function,
gradient of the objective function,
number of the problem selected.



2 Test problems for general unconstrained optimiza-
tion

Calling statements have the form

CALL TIUD25(N,X,FMIN,XMAX,NEXT,IERR)

CALL TIUS25(N,M,X,IH,JH,FMIN,XMAX,NEXT,IERR)
CALL TFFU25(N,X,F,NEXT)

CALL TFGU25(N,X,G,NEXT)

CALL TFBU25(N,X,F,G,NEXT)

with the following significance:

TIUD25 - initiation of vector of variables X, which has dimension N.
TIUS25

initiation of vector of variables X and the pattern of the sparse Hessian
matrix IH, JH.

TFFU25 - evaluation of the general objective function value F at the point X.
TFGU25 - evaluation of the general objective function gradient G at the point X.
TFBU25 - evaluation of the general objective function value F and gradient G at the

point X.

We seek a minimum of a general objective function F'(z) from the starting point
Z. For positive integers k and [, we use the notation div(k,[) for integer division, i.e.,
maximum integer not greater than k/l, and mod(k,[) for the remainder after integer
division, i.e., mod(k,l) = l(k/l — div(k,l)). The description of individual problems
follows.

Problem 1. Chained Rosenbrock function [7].

n

F(z) = Y [100(z] | —2:)® + (2,21 — 1),

=2

Ti = _127 HlOd(l',2) = ]-7 Ti = ]'07 HlOd(Z',Q) :0

Problem 2. Chained Wood function [7].

k
F(z) = ) [100(z7; —2i)* + (ioy — 1)* + 90(xF,; — wive)?
j=1

+ (Tig1 — 12+ 10(2; 4+ @iga — 2)* + (2 — 2i42)%/10],
i = 25, k = (n—2)/2,
T, = =3, mod(i,2)=1, i<4, 7; = —2, mod(i,2) =1, i >4,
T, = —1, mod(:,2) =0, i <4, z; = 0, mod(i,2) =0, i>4.

Problem 3. Chained Powel singular function [7].

k
F(z) = Y {(%’—1 +102;)? + 5(xip1 — Tig2)® + (2 — 2w441)" + 10(2i-1 — Ii+2)4} ;

j=1



i = 2, k = (n—2)/2,
T; 3, mod(i,4) =1, 7; = -1, mod(:,4) = 2,
Z; = 0, mod(i,4)=3, = = 1, mod(i,4) =0.
Problem 4. Chained Cragg and Levy function [7].

k
F(l’) = Z {(6Xp(l‘i_1) — fL’Z‘)4 + 100(.17Z — ZEZ‘_|_1)6 + tan4(xi+1 - IH_Q) + J]?_l + (CL’H_Q - 1)2} s
j=1
i = 2, k = (n—2)/2,
T, = 1, i=1, T, = 2, 1>1.

Problem 5. Generalized Broyden tridiagonal function [22].
F(ZL‘) == Z |(3 — 21'Z>ZEZ — Ti—1 — Tj41 + ]_lp,
i=1

p = T7/3, xg=2xu1 =0,
7, = -1, i>1.

Problem 6. Generalized Broyden banded function [22].

n p
F(z) = Z (2+5x?)xi+1+2xj(1+xj) ,
=1 jeJ;
p = 7/3, Ji={j:j#1i, max(l,i—5) <j<min(n,i+ 1)},

Problem 7. Seven-diagonal generalization of the Broyden tridiagonal function [7].

n/2

F(z) = Z| — 223 — T — T H 1P+

=1

i + l’z+n/2

I

p = 7/37 xo = Tpy1 = 0,

Problem 8. Sparse modification of the Nazareth trigonometric function.

2
1.7

F([E) = Z(n+i—Z(aijsinzijbijcosxj)) s
N

J€Ji
a;; = 5[l +mod(s,5)+ mod(y,5)], b= (i+7)/10,
Ji = {j max(l,i—2) <j<min(n,i+2)}U{j:|j—i =n/2},

Problem 9. Another trigonometric function.

F(x) = Z( (1—cosz;) + > awsmxj—i-bmcosxj)>,

JjeJ;
a;; = 5[1+mod(s,5) +mod(j,5)], b= (i+j)/10,
Ji = {j max(l,i—2) <j<min(n,i+2)}U{j:|j—i =n/2},



Problem 10. Toint trigonometric function [26].
F(z) = 1 zn: > agsin(by + ¢ + cja;j),
N ey,
a; = 5[14mod(i,5) 4+ mod(4,5)], by = (i+4)/10,
¢ = 1+4i/10, ¢;=1+7/10,
Ji = {j max(1,i—2) <j<min(n,i +2)}U{j:|j—i =n/2},
T o= 1, i>1

Problem 11. Augmented Lagrangian function [7].

2
5 5
F(z) = > qexp (H SEiJrlj) + 10 (Z xl_;— 10— )\1)
j=1

icJ j=1

+ (xz;giCi,Q — 5271‘,15131‘ — )\2)2 + (33?74 + :c?,g +1-— )\3)2‘| },

A1 = —0.002008, Xy = -—0.001900, X3 = —0.000261,
J = {i, mod(i,5) = 0},

Fo= -2, mod(i,5) =1, i<2, T =—1, mod(i,5) =1, i>2,
Z; = 2, mod(i,b) =2, i<2, T =-—1 mod(ib) =2, i>2
T, = 2, mod(i,5) =3, 7; = —1, mod(i,5) = 4,

7, = —1, mod(i,5) = 0.

Problem 12. Generalization of the Brown function 1 [7].

n

F(z) = > [(@ir—3)7 + (o1 — 2:)* + exp(20(zi-1 — 21))]

i=2
z; = 0, mod(3,2) =1, = = -1, mod(:,2) =0.

Problem 13. Generalization of the Brown function 2 [7].

Fl) = 3 |@i) ™ + (@) ],

=2
T; = _17 mOd(272):1a T, = 1, HlOd(Z,Q):O

Problem 14. Discrete boundary value problem [22].

F@) = Y [200— 21 — o + B2 + ih+ 1)%/2]

i=1
h = 1/(n+1), xy = xpy1 =0,
7, = ih(1—ih), i>1.

Problem 15. Discretization of a variational problem [26].

P = 23 [<xi<xi e/ + 20 S (exp(is) — expla))/ (s — m] ,

=0
h = 1/(n+1), zy = xp11 =0,
7, = ih(1—ih), i> 1.



Problem 16. Banded trigonometric problem.

F(z) = > i[(1—cosz;)+sinz;_y —sinw1],
i=1
Ty = Tp1 = 07

Problem 17. Variational problem 1 [9].

This problem is a finite difference analogue of a variational problem defined as a
minimization of the functional

F) = [ 1 Ba’:z(t)—{—exp(:ﬁ(t))—l dt,

where 2(0) = 0 and z(1) = 0. We use the trapeziodal rule together with 3-point finite
differences on a uniform grid having n + 1 internal nodes. The starting point is given
by the formula Z; = x(¢t;) = ih(1 — ih), where h = 1/(n + 1).

Problem 18. Variational problem 2 [9].

This problem is a finite difference analogue of a variational problem defined as a
minimization of the functional

F(z) = /0 1 [#2(t) — 2(t) — 2t (1)) dt,

where 2(0) = 0 and z(1) = 0. We use the trapeziodal rule together with 3-point finite
differences on a uniform grid having n + 1 internal nodes. The starting point is given
by the formula 7; = z(t;) = ih(1 — ih), where h = 1/(n + 1).

Problem 19. Variational problem 3 [9].

This problem is a finite difference analogue of a variational problem defined as a
minimization of the functional

F(z) = /O 1 [#%() + (1) + 22 (t) exp(21)] dt,

where z(0) = 1/3 and z(1) = exp(2/3). We use the trapeziodal rule together with
3-point finite differences on a uniform grid having n 4 1 internal nodes. The starting
point is given by the formula Z; = z(¢;) = (thexp(2) + 1)/3, where h = 1/(n + 1).
Problem 20. Variational problem 4 [9] (Calvar 3 [10]).

This problem is a finite difference analogue of a variational problem defined as a
minimization of the functional

1
Fa) = [ [exp(-222@)(2(0) - 1)] dt,
0
where 2(0) = 1 and z(1) = 0. We use the trapeziodal rule together with 3-point finite
differences on a uniform grid having n + 1 internal nodes. The starting point is given

by the formula Z; = z(¢;) = 1 — ih, where h = 1/(n + 1).

5



Problem 21. Variational problem 5 [9] (Calvar 1 [10]).

This problem is a finite difference analogue of a variational problem defined as a
minimization of the functional

Flz) = /0 1 {mQ(t) + (b arctan () — log /1 + x'Q(t)} dt,

where z(0) = 1 and x(1) = 2. We use the trapeziodal rule together with 3-point finite
differences on a uniform grid having n + 1 internal nodes. The starting point is given
by the formula ; = x(t;) = th + 1, where h = 1/(n + 1).

Problem 22. Variational problem Calvar 2 [10].

This problem is a finite difference analogue of a variational problem defined as a
minimization of the functional

F@) = [ 1000 () — #2(6))? + (1 — ()]

where 2(0) = 0 and z(1) = 0. We use the trapeziodal rule together with 3-point finite
differences on a uniform grid having n + 1 internal nodes. The starting point is given
by the formula 7; = x(¢;) = ih(1 — ih), where h = 1/(n + 1).

Problem 23. Extended Rosenbrock function [22].

fk(l‘) = 1O($i - $k+1) ) mOd(ka 2) =1
frlx) = zp1—1 , mod(k,2) =0
o= —12, mod(l,2)=1, & = 1.0, mod(l,2)=0

Problem 24. Extended Powell singular function [22].

) = 5 f),
k=1
fr(x) = xp + 10284 ,  mod(k,4) =1,
felx) = V5 (w42 —wrys) ,  mod(k,4) =2,
fe(@) = (Tpy1 — 22p42)? ,  mod(k,4) =3,
fi(x) = V10 (w —ax43)® ,  mod(k,4) =0,
T = 3, mod(l,4) =1, r; = -1, mod(l,4) =2,
r = 0, mod([,4)=3, 1z = 1, mod(l,4)=0.
Problem 25. Broyden tridiagonal function [22].
o) = 5 f),
k=1
fe(x) = (3—2xp)x) — Tp—1 — 22441 + 1,
m = n, Tog=2=Tp1 =0,
T = -1, [>1
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Problem 26. Problem 201 in [25].

Problem 27. Generalized

F(x)

fi()

x

Problem 28. Generalized

1 & o

5};]%@)

xp — 1 , k=1,
10(k — 1)(zp —2p-1)®, 1<k<n,
—-1.2, 1<l<n, x=-1, l=n.

Broyden tridiagonal function [16].

— 5D
k=1
= (3—217k)$k+1—1’]€ 1 — Tgka1,
= n, Zg==Tpy1 =0,
= -1, I>1.

Broyden banded function [16].

1 m
F(z) = 52
filz) = @+5ap)ar+1+ > a;(1+y),
Jj€Jk
m = n, Jy={j:j#k max(l,k—5)<j<min(n,k+1)},
o= —1, 1>1.

Problem 29. Chained Freudenstein and Roth function [28].

F) = 53 R
k=1
fr(z) = zi+ 21050 — xi41)wip1 —2) — 13, mod(k,2) =1,
fi(z) = zi+ 21 ((1+ 2ip1) T — 14) — 29, mod(k,2) =0,
m = 2(n—1), 1=div(k+1,2),
7 o= 05, l<n, & = -2, l=n.
Problem 30. Wright and Holt zero residual problem [29].
Fz) = 5 Z
k=1
folz) = (2 - ?)C,
a = 1, k<m/2, a = 2, k>m/2,
b = 5—div(k,m/4), ¢ = mod(k,5)+ 1,
m = 5n, i=mod(k,n/2)+1, j=1i+n/2,
T = sin’(l), [>1.



Problem 31. Toint quadratic merging problem [28].

Problem 32.
F(x)

fr()
fi()

fr()
fi()

3

&I

l

Problem 33.

Problem 34.

1 & o
= 3 kZ::l fi(2)
= 2+ 3w (T — 1) + 27,5 — 1 ,  mod(k,6) =1,
= (i +xi1)*+ (e —1)* —2503—3  , mod(k,6) =2,
= T;iTii1 — TiyoTit3 ,  mod(k,6) =3,
= 20;Tit9 + Tit1Tip3 — 3 ,  mod(k,6) =4,
= (2 + i1 + Tigo +xi3)* + (x; —1)? ,  mod(k,6) =5,
= i1 TipaTirs + (Tips — 1)° — 1 ,  mod(k,6) =0,
= 3(n—2), i=2div(k+5,6)—1,
— 5 I>1.
Chained exponential problem [16].
= 32 A
= 4-— exp(xz) — exp(xit1) , mod(k,2)=1, i=1,
= 8 —exp(3x;—1) — exp(3x;)
+ 4 —exp(x;) — exp(Tiy1) , mod(k,2)=1, 1<i<mn,
= 8—exp(3x;—1) —exp(3x;) , mod(k,2)=1, i=n,
= 6 —exp(2x;) —exp(2z,41) , mod(k,2) =0,
= 2n—1, i =div(k +1,2),
— 02, I>1
Chained serpentine function [17].
1 m
Fw) = 53 R
k=1
fe(z) = 10Q2z;/(1+27) —2i41) , mod(k,2) =1,
felx) = z;—1 ,  mod(k,2) =0,
m = 2n-—1), i=div(k+1,2),
o= 08, 1>1.
Chained and modified problem HS47 [17].
1 & o
(x) = 2 /; fi(2)
() = 10(x? — 2441) ,  mod(k,6) =1,
() = mjo—1 ,  mod(k,6) =2,
(z) = (43— 1) ,  mod(k,6) =3,
(z) = (zia—1)° ,  mod(k,6) =4,



Problem 35. Chained and modified problem HS48 [17].

fe(x) =
fi(z)

I =

SRS
\_/\_/\_/\S/\_/\_/\_/
I

3
I

T =

-1, [>1.

Y

W)
k=1

10(aF — i41)

= Tip1+ 1’?+2$12+3 —20
6(div(n —5,3) + 1),

10(37@2“ — Tit2)

($i+2 - xi+3)2

(Tip3 — $i+4)2

x; + SL’?Jrl + Tiyo — 30

?

I

)

2
Tit1 — Tiyo T Tig3 — 10

LiTita — 10

7(div(n — 5,3) + 1),

-1, [ >1.

Y

Problem 36. Sparse signomial function [17].

fi()

m
x
xy
x

x

1m
k=1

3

4

v — S 0°/9) T1 sign(@isq)|irg|®,

p=1

q=1

4(div(n —4,2) + 1),

—-0.8 , mod(,4) =1,
1.2 ,  mod(l,4) =2,
—1.2 , mod(l,4) =3,
0.8 ,  mod(l,4) =0,

yp = 14.4,
1Yo = 6.8,
ys = 4.2,
ys = 3.2.

Problem 37. Sparse exponential function [17].

1 L,
ikglfk(x)a

F(x)

fr()

m
Zy
x
xy

x

3

p=1

A(div(n —4,2) + 1

-0.8
1.2
—-1.2
0.8

Y

9

)

Y

4

q=1

~—

yi — > _(p*/j) exp ZquQ/(m)) :

y1 = 35.8,
Yo = 11.2,
ys = 6.2,
ys = 4.4.

9

Y

2 .
Ty + sin(ziy3 — xipq) — 10

bl

i =2div(k +3,4) — 2,

i=2div(k+3,4) — 2,

mod(k,6) = 5,
mod(k,6) =0,

i =3 div(k+5,6) — 2,

mod(k,7) =1,
mod(k,7) = 2,
mod(k,7) = 3,
mod(k,7) = 4,
mod(k,7) =5,
mod(k,7) = 6,
mod(k,7) =0,

j =

j =

mod(k — 1,4) +

mod(k — 1,4) + 1,

1,



Problem 38. Sparse trigonometric function [17].

fi (@),
k=1
4

(@) = ;=D [(=1)75¢" sin(i4q) + j*q cos(wiry)],

F(z) =

N | —

=1
m = 4(div(n—4,2)+1), i=2div(k+3,4) -2, j = mod(k—1,4)+1,
r; = =08 , mod(l,4) =1, 1y =30.6,

T, = 1.2 . mod(l,4) =2, 1y =722,

T; = —1.2 , mod(l,4) =3, y3=124.4,

z; = 0.8 , mod(l,4) =0, y,=1874.

Problem 39. Countercurrent reactors problem 1 [6] (modified).

@) = 5 fi)
k=1

fr(2) a—(1—a)rps — xp(l+4201) k=1,
fr(x) = —(2—@)rpe — (1 + 4dak_q) , k=2,
fi(x) = axp_o— (1 —a)rprs — xp(l + 4xpiq) , mod (k,2) =1, 2<k<n-—1,
fr(x) = axp_o— (2 — a)xpio — xp(l + dxyq) , mod (k,2) =0, 2<k<n-—1,
fe(x) = oaxp_g — xp(1 + 4Tp41) , k=n—1,
fr(x) = azpo—(2—a)— xp(l +4zp_1) , k=n,

a = 1/2,

7, = 01 ,mod(l,8)=1 7 = 02 | mod(l,8) =2,

7, = 03 ,mod(,8)=3, 7 = 04 | mod(l,8)=4,

7, = 05 ,mod(l,8)=5 7 = 04 | mod(l,8) =6,

7, = 03 ,mod([,8)=7 T = 02 ,mod(,8 =0

Problem 40. Tridiagonal system [15].

Fa) = 52 R,
k=1
fk(x) = 4(xk - xz+1> ) k= 1,
fe(@) = Swg(ay —xp—1) — 2(1 —ap) + 4z — 27) , 1<k <n,
fe(z) = Sap(a — mp_1) — 2(1 — x1) , k=n,
T = 12, [>1.

Problem 41. Structured Jacobian problem [11].

3" f2(a)

k=1

Flr) =

N | =

10



fe(r) = =227 4+ 32 — 27441 + 3704 — Tps

— Xp—o+0bx,1—x,+1 k=1,
fe(®) = —227 4+ 3z — Tp_1 — 2Tpp1 + 3Tp_s — Tn_s
— ZTpo+0b5x,1—2,+1 , 1<k< n,
ful@) = =227 + 3k — Tpo1 + 3Tp_a — Tyos
— Xp—o+0bx,1—x,+1 , k=n,
T = -1, [>1.

Problem 42. Modified discrete boundary value problem [17].
1 n
F(z) = 53 fi(a),
24

fr(@) = 2w+ (1/2)h% (zp + hk 4+ 1)° — 241 — 21 + 1,
h = 1/(n+1), zy = x4 =0,
T = lh(lh—1), 1>1.

Problem 43. Chained and modified problem HS48 [17].

o) = 53 f),

fe(z) = 10(z] — 2441) ,  mod(k,7) =1,
(@) = Tip + @ig9 — 2 ,  mod(k,7) =2,
fulx) = mg—1 , mod(k,7) =3,
felx) = mipq—1 ,  mod(k,7) =4,
felx) = =+ 3z ,  mod(k,7) =5,
fux) = w0+ xi03— 21504 , mod(k,7) =6,
fulw) = 10(2fiy — wiva) , mod(k,7) =0,
m = 7(div(n—5,3)+1), i=3div(k+6,7)— 2,
o= -1, I>1.
Problem 44. Attracting-Repelling problem [17].
F) = 5> fi)
k=1
frlx) = z1—1 , =1,
fe(z) = 10(2? — 2441), , k>1 mod(k,2) =0,
fe(@) = 2exp(—(z; — i41)?) + exp(=2(zit1 — 2442)®) , k>1, mod(k,2) =1,
m = 2(n-—1), i=div(k,?2),
r = —-12 , mod(,2)=1, =10, mod(/,2)=0.
Problem 45. Countercurrent reactors problem 2 [6] (modified).
F@) = 5 7,
k=1

11



filx) = o1 — (1 —21)zpe — a(l 4+ 4zg1q) L k=1,
felx) = —(1 —21)Tpe2 — (1 + 4ay) , k=2,
frlx) = ax;— (1 —21)xpe — 2p(1 + 4ap_1) . k=3,
filx) = mapo— (1 —x))zp0 — (1 +425) ,3<k<n-—1,
fe(z) = mwpo — 2p(1 +4ap) y k=n—1,
frlz) = mapo— (1—21) — xp(1 4+ 4xp_4) . k=n,
a = 0.414214,
Z; = 0.1 , mod (i,8) =1, 7, = 0.2 , mod (i,8) =2,
Z; = 03 ,mod (i,8) =3, T = 04 , mod(s,8) =4,
Z; = 05 ,mod (i,8) =5 T = 04 , mod(7,8) =6,
Z; = 03 ,mod (:,8)=7, T = 0.2 , mod(7,8)=0.
Problem 46.
F) = 5 f),
k=1
5it5
fe(z) = 5—(i+1)(1—cosazy) —sinz, — »  coszy,
j=bi+1
i = div(k—1,5), r=1/n, 1>1.
Problem 47. Trigonometric - exponential system (trigexp 1) [27].
1.
F(z) = 5> fi(2)
k=1
fe(®) = 3z} + 2wpy1 — 5 +sin(zy — Tpgr) sin(zg + 2ppr) , k=1,
fe(®) = 32 +2rp41 — 5 +sin(zp — Tpp1) sin(zg + Tpp1)
+ day — xp_qexp(rp_y — zx) — 3 ., 1< k<n,
fe(x) 4y — wp—y exp(Tp—1 — T) — 3 , k=mn,
7 = 0, i>1

Problem 48. Trigonometric - exponential system (trigexp 2) [27].

F@) = 53 R
k=1

ful@) = 3(xp — Tpy2)® — 5+ 2Tp11,

+ sin(xp — Tpr1 — Tpyo) sin(xg + Tpyp1 — Tao)
fe(@) = —6(zp_o — 24)% + 10 — dap_y

2sin(zp_o — Tp—1 — xp) sin(xg_o + Tp_1 — Tg)

+ 3(zk — Tht2)® — 5+ 2xh 41

+ sin(rg — Tpy1 — Trro) SIN(Tg + Tpy1 — Trio)
fe(x) = —6(zp_o — ) + 10 — daj_,

12

, mod (k,2) =1, k=1,

, mod (k,2) =1, 1 <k <mn,



— 2sin(xp_g — xp_1 — xp) sin(xTp_o + Tp_1 — Tg)
felx) = 4dxp — (2p-1 — Tpg1) exp(Tp—1 — Tk — Tpg1) — 3
o= 1, i>1.

Problem 49. Singular Broyden problem [11].

Fw) = 53 fi)

fr(x) = (3 —2xp)xg — 2xp41 + 1)2
ful@) = ((3=2zp)z) — Tpoy — 224y +1)°
fr(2) ((3 = 2xp) g — 2y + 1)

7, = —1, i>1.

Problem 50. Five-diagonal system [15].

) = 5> fi)
k=1

fu() = 4z — xiﬂ) + 1 — $i+2
fe(z) = Sap(ar — mp_1) — 2(1 — ap)

+ Ay = 231) + T — T
fe(z) = Sap(a? — mp_y) — 2(1 — ap)

+ A(zy — wiH) + xZ—l — Tp—2 T Tht1 — xi+2
felx) = Swy(rf — wp-1) — 2(1 — )

+ Az — xiﬂ) FThy — Ty
fe(x) = Sap(ar —mp_1) —2(1 — @) + 27, — Tpo

T o= -2 Q>

Problem 51. Seven-diagonal system [15].

) = 5 fi)
k=1
felw) = Awr — 2310) + Trsr — Tiyo + Tz — Thpy
fe(z) = Sap(ad — mp_y) — 2(1 — xp)
Aoy — 2 ) T T Te — T+ Trye —
fe(z) = Sap(a? — zp_y) — 2(1 — ap)
+ A — Thp) F T~ Teeo F T — T
Tyt Thre — Ty
fe(z) = Sap(2? — zp_y) — 2(1 — xp)
+ Aoy — @) F TR~ T+ T — wi+2
+ T o+ Thio — Thoz — Thys

fk(ilf) = 833]{;(.23% — ilfk;_l) — 2(1 — LBk)

13

, mod (k,2) =1, k =n,
, mod (k,2) =0,

k=1,
,1<k<n,

Jk:n7

,2<k<n-—1,

,k=n—1,

7k:n7

2 _
Tiys , k=2,



i
4
ful@) =
4

4
fe(x) =
4

T, =

4(xy,
Tj_o + Tiyo — Tp_s

8p(2} — wp1) — 2(1 — 21
4(xy
$i—2 — Tk-3

Srp(r} — 1) — 2(1 — a1) + 75| — Tps

2 2 2
— Tjyq) FTpy — Tpoo + Tpy1 — Thyo

2 2
- xkz—i—l) + Ty — Th—2 + Tiy1

2
Tp—2 = Tk-3
-3, i>1.

, k=n—2,

Problem 52. Extended Freudenstein and Roth function [5].

F) = 53 R
k=1
i T+ ((5 = Tpp1) T — 2)ap41 — 13,
fk = Tp_1+ ((.’L’k + 1)1’k — 14)l‘k —29
r; = 90 5 mod(i, 2) = ]_, r; = 60
Problem 53. Extended Cragg and Levy problem [22].

1 n
F(z) = 5> fil2)
23
fu(z) = (exp(zx) —2e1)® . mod(k,4
fe(z) = 10(zp — 211)? ,  mod(k,4
fe(x) = tan®(zp — Tpp1) ,  mod(k,4
felx) = xp—1 ,  mod(k,4
Z, = 1, mod(,4)=1, T = 2
Problem 54. Broyden tridiagonal problem [22].
1 n
Fz) = 5> fi(2)
2=
fk<l’) = l’k<0 5$Ck - 3) + 2$k+1 -1
fk(l") = $k(0 5£Ek - ) + g1 + QZEk_H —
fr(x) = z1(0.5z, —3) — 14+ 24

—1 1> 1.

Y

mod(k,2) =1,
, mod(k,2) =0,

,  mod(i,2) = 0.

7k:7
1 ,1<k<n,

7k:n7

Problem 55. Extended Powell badly scaled function [22].

1 n
F) = 53 R
k=1
felz) = 10000 z), wpsr — 1
fr(x) = exp(—zy_1) + exp(—z;) — 1.0001
T, = 0, mod(s2) =1, T, = 1

14

,  mod(k,2

,  mod(z,2

,  mod(k,2



Problem 56. Extended Wood problem [12].

1 n
Fx) = 5 Kl
24
fr(z) —200x) (7 sy — 27) — (1 — 23) , mod(k,4)=1
fulz) = 200(zg — a2 ) + 2020z, — 1) + 19.8(zp0 — 1), mod(k,4) = 2
fe(z) = —180mk(zpyy — 7) — (1 — 24 ,  mod(k,4) =3,
fe(z) = 180(xp — 23 ) +20.2(x, — 1) +19.8(xp o — 1) ,  mod(k,4) =0,
z; = —3, mod(,2)=1, 7; = —1, mod(:,2) =0.
Problem 57. Tridiagonal exponential problem [5].
1 &
F) = L3 i)
k=1
fe(x) =z — exp(cos(k(zy + zy1))) k=1,
() = xp —exp(cos(k(zp_1 +zx +2441))) , 1 <k <mn,
f@) = m—expleos(h(oer +ox)) k=n,
T = 15 i>1.
Problem 58. Brent problem [4].
1 L,
F(z) = 5 Z
fe(x) = ( L1 — 20k) + iy [4 , k=1,
fe(@) = Bap(wper — 22 + 2pm1) + (21 — 2621)? /4, 1<k <n,
fe(x) = 321(20 — 22p, + 23_1) + (20 — 251)? /4 , k=n,
T; 10, 1 Z 1.
Problem 59. Troesch problem [24].
| LI
) = 03 i),
k=1
fe(x) = 2z + ph?sinh(pzy) — Tpiq , k=1,
fu(z) = 2wy, + ph*sinh(pzy) — 2oy — 21, 1 <k <n,
fe(x) = 2z + ph smh( x) — o1 — 1 . k=n,
p = 10, = 1/(n+1),
T; = ]_, 1 Z 1
Problem 60. Flow in a channel [3].
Lz
F(x) = L f7(@)f(@)



where equation f(z) = 0 is a finite difference analogue of the following nonlinear
ordinary differential equation

" / 1 "

u =Ruu —uu ), R=500
over unit interval © with boundary conditions u(0) = 0, v’ (0) = 0, u(1) = 1, u'(1) = 0.

We use standard 5-point finite differences on an uniform grid having 5000 internal
nodes. The initial approximate solution is a discretization of ug(z) = (z — 1/2)2.

Problem 61. Swirling flow [3].

F(x) = 3 /"(@)f(x),

where equation f(z) = 0 is a finite difference analogue of the following system of two
nonlinear ordinary differential equations

"

u 4 R +wv) =
v+ Rwv +u'v) = 0, R=500

over unit interval  with boundary conditions u(0) = »'(0) = u(1) = u'(1) = 0,
v(0) = —1, v(1) = 1. We use standard 5-point finite differences on an uniform grid

having 2500 internal nodes. The initial approximate solution is a discretization of
up(z) = (x — 1/2)? and vo(z) = v — 1/2.

Problem 62. Bratu problem [13].

F(x) = 3 /"(@)f(x),

where equation f(x) = 0 is a finite difference analogue of the following nonlinear partial
differential equation
Au+ Rexp(u) =0, R=06.8

over unit square () with Dirichlet boundary conditions v = 0 on 0€2. We use standard
5-point finite differences on a uniform grid having 70 x 70 internal nodes. The initial
approximate solution is a discretization of ug(z,y) = 0.

Problem 63. Poisson problem 1 [11].

F(r) = 3" (@)f (),

where equation f(z) = 0 is a finite difference analogue of the following nonlinear partial

differential equation

ud

Tl ety

over unit square € with Dirichlet boundary conditions u(0,y) = 1, u(1,y) = 2—exp(y),
u(z,0) =1, u(z, 1) = 2—exp(z). We use standard 5-point finite differences on a uniform
grid having 70 x 70 internal nodes. The initial approximate solution is a discretization
of ug(z,y) = —1.

Au

16



Problem 64. Poisson problem 2 [21].

F(r) = 3" (@)f (),

where equation f(x) = 0 is a finite difference analogue of the following nonlinear partial
differential equation

Au + sin(27u) + sin (27rgu> + sin (27rgu> + f(z,y) =0,
Y

X

where f(z,y) = 1000((z—1/4)*+(y—3/4)?), over unit square Q with Dirichlet boundary
conditions © = 0 on 0€). We use standard 5-point finite differences on a uniform grid
having 70 x 70 internal nodes. The initial approximate solution is a discretization of

UO(Z’, y) =0.

Problem 65. Porous medium problem [8].

F(r) = 3" (@)f (),

where equation f(x) = 0 is a finite difference analogue of the following nonlinear partial
differential equation

9 ou?
Au+ R 7+f(l’,y), :07 R:5O7
Ox
where f(1/71,1/71) =1 and f(z,y) = 0 for (z,y) # (1/71,1/71), over unit square €2
with Dirichlet boundary conditions «(0,y) = 1, u(l,y) = 0, u(z,0) = 1, u(z,1) = 0.
We use standard 5-point finite differences on a uniform grid having 70 x 70 internal
nodes. The initial approximate solution is a discretization of ug(z,y) = 1 — zy.

Problem 66. Convection-difussion problem [14].

F(x) = 3 /"(@)f(x),

where equation f(z) = 0 is a finite difference analogue of the following nonlinear partial
differential equation

ou  Ou
Au—Ru<8x+ay> + f(z,y) =0, R =20,

where f(z,y) = 2000z(1 — z)y(1 — y), over unit square €2 with Dirichlet boundary
conditions © = 0 on 0€2. We use standard 5-point finite differences on a uniform grid
having 70 x 70 internal nodes. The initial approximate solution is a discretization of

UO(:E7 y) = 0.

Problem 67. Nonlinear biharmonic problem [18].



where equation f(z) = 0 is a finite difference analogue of the following nonlinear partial
differential equation

AAu + R (max(0,u) +sign(z — 1/2)) =0, R =500

over unit square €2 with the boundary conditions v = 0 on 02 and Ju(0,y)/0x = 0,
ou(l,y)/0x = 0, Ou(x,0)/dy = 0, Ju(x,1)/0y = 0. We use standard 13-point finite
differences on a shifted uniform grid having 50 x 50 internal nodes [13]. The initial
approximate solution is a discretization of ug(z,y) = 0.

Problem 68. Driven cavity problem [13].

F(r) = 31" (@)f (@),

where equation f(z) = 0 is a finite difference analogue of the following nonlinear partial
differential equation

OudAu  OudAu
AAu+R|——F——-———5—]=0, R=500
“r <ay gr o 3y> ’
over unit square {2 with the boundary conditions v = 0 on 92 and Ju(0,y)/0x = 0,
ou(l,y)/0x = 0, Ou(x,0)/dy = 0, Ju(x,1)/0y = 1. We use standard 13-point finite
differences on a shifted uniform grid having 50 x 50 internal nodes [13]. The initial

approximate solution is a discretization of ug(z,y) = 0.

Problem 69.
1 n
F(z) = 2 fix),
23
fu(z) = 2xp, — xp1 — 2

+h? (2} 4 2.1074(2.10 " az — 1)z — 10° exp(—3.10"az))
h = 1/(n+1), a =hk, ay;=(a;—1/2)%,
rg = Tpy1 =0, T =>5min(lh,1—1h), [>1.

Problem 70.

F(z) =

DN | —

> fil),
k=1
fe(x) = 2z — 2pp1 — T

+h? (xz exp(zr) + 5.10% exp(—10%az)\/|ay — 1/2|(zps1 — Tp1) + a3> :
h = 1/(n+1), a =hk, ay=(a;—1/2)% az=10°ign(a; —1/2),
Ty = Tpy1 =0, T;=>5min(lh,1—1h), 1 >1.

Problem 71. Problem 202 in [25].

S f2a),

k=1

Flz) =

DN | —

18



fe(x) = xk—xkﬂ 1<k<n,

10 ’
) = m- L k=
KZ) = Tk 10’ n,
T = 2, [>1.

Problem 72. Problem 206 in [25].

F(x)

LS ()

= — k €T s

2k:1

= Tp_1— 2T} + Ty — h? exp(:rk), 1<k<n,

= 1/(7’l—|—1), $0:$n+1:0,
— 1, I>1.

Problem 73. Problem 207 in [25].

F(x)

fr(z)

x

o3 R,

k=1

(3=, /10)xp + 1 — 21 — 22411, 1<k <n,
xn+1:()7

1, I>1.

Problem 74. Problem 208 in [25].

F(x)

fi(x)

I

Xy

1N Lo
= ikglfk(x)a

= I4+a)z+1=) (wi+4a7), 1<k<n,

i€},

= {i:1# k,max(1,k —3) <i <min(n,k+3)},
— 1, I>1.

Problem 75. Problem 212 in [25].

Fw) = 53 A,

fk(x) = Tk ) kzla
fr(x) = cos(xp_1)+axr—1), 1<k<n,

Problem 76. Problem 213 in [25].

F(z)

1 & 2

ikz::lfk(x),

22y, + h2(zp +sin(zy)) — Tpe1 — Tppr, 1<k <n,
1/(n+1), 20=0, z,01=1,

1, ([>1.

Y
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Problem 77.

Problem 78.
F(x)

fr()
h

X

Problem 79.

Problem 80.
F(x)

fr(z)
fi()
h

Xy

Problem 81.

F(z)

Problem 214 in [25].

1 n
P(z) = 5 fula),
24
fr(z) = xk(2+5xi)+1—2xi(l+xi), 1<k<n,
i€ly,
I, = {i:i# kmax(l,k—5) <i<min(n,k+1)},
T = —1, 1[>0.

Ascher and Russel boundary value problem [2].

1 n
= 7ka($)7

23
= Zxk—QhQ(xi%—xmrlQ_}le)—xkl—ka, 1<k<n,
= 1/(n+1), x=0, z,41=1/2,

1, (>1

Allgower and Georg boundary value problem [1].

1 n

211, + 0.3h? [exp(20(zy, + 25(kh — 1))) — exp(—20(zy, + 25kh)) — t4]

—Tk-1 — Tk+1,

sign(kh — 0.009), k>1,
0.01/(n+1), xy=0, x,11 =25,
1, I1>1.

Potra and Rheinboldt boundary value problem [23].

1.
27y, — Tp1 — Tpyp1 + WA (2} + xp + 0.12p1np —1.2)
20 — Tp_1 — Tpy1 + h2(0.2x2_n/2 + 7 + 21 — 0.6),
1/(n/2+4+1), xo=x,41=0,
IN(1—1h), Tppnp=77, 1<1<n/2.

1

AT — Tp1 — Tpy1 — Tp— g — Tpr i + h? exp(xy),

1/(Wn+1), ;=0 for I<1 or [>n,

1, 1<i<n.

20

1<k<n/2,
n/2<k<n,



Problem 82.

1 n
k=1
fo(@) = Az —mp1 — wp — T — T ym T PP — g, 1<k <n,
h = 1/(v/n+1), ;=0 for I<1 or [>n,
T o= 1, 1<l<n.
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