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1 Introduction

Functions which we need to minimize are often nonsmooth since they contain absolute
values or point maxima of smooth functions. Typical examples are the norms || f(x)]||;
and || f(x)]« of a smooth mapping f : R* — R™. Generalizations of these functions are
composite non-smooth functions of the form

T
F(z) = maxp; f(2), (1)
where p; € R, 1 < i <[, and f : R® — R™ is a smooth mapping (see [4]). In this
way we can express nonsmooth functions maxi<i<m fi(2), [|/(@)]lcos ||f+(@)|loos || f(2)]]1,
|l f+(2)]]1, where fi(z) = [max(fi(z),0),...,max(f,(x),0)]", by a suitable choice of the
matrix P = [p1,...,p.
In this contribution we focus our attention on a different class of structured non-smooth
functions, the so-called generalized minimax functions (see [16] and references therein)
defined by the following way.

Definition 1 We say that F(x) is a generalized minimazx function if

F(z) =h(Fi(x),...,F,(z)), Fix)= max fij(z), 1<i<m, (2)

where h : R™ — R and fi; : R* — R, 1 <1 <m, 1 < j < n,;, are smooth functions
satisfying the following assumptions.

Assumption 1. Functions Fj(z), 1 < ¢ < m, are bounded from below on R": there are

F; € R such that Fi(z) > F;, 1 <i<m, for all z € R".

Assumption 2. Function h(z) is twice continuously differentiable and convex satisfying
Oh(2)/0z; > h; >0, 1<i<m, (3)

forevery z € Z = {2z € R™ : z; > F;, 1 < i < m} (vector z € R™ will be called the

minimax vector).

Assumption 3. Functions f;;j(z), 1 < i < m, 1 < j < n;, are twice continuously
differentiable on the convex hull of the level set

LF)={z€R":F(z)<F, 1<i<m}

for a sufficiently large upper bound F and they have bounded the first and second-order
derivatives on convL(F): there are g and G such that ||V fi;(2)|| < g and ||V2f;(2)|| < G
forall 1 <i<m,1<j<mn;and z € convL(F).

Sometimes, we use the following stronger assumption instead of Assumption 1.

Assumption 4. Functions f;;(z), 1 <i <m, 1 < j <mn;, are bounded from below on R™:
there is F7 € R such that f;;(z) > F, 1 <i<m, 1< j <mn,, for all z € R". Note that
Assumption 4 implies Assumption 1.



Conditions put on the function h(z) are relatively strong, but many functions satisfy
them, e.g., the sum of maxima

m
3
=1

It is clear that we can express all the nonsmooth functions mentioned above in this way.
Since | f;(x)| = max(f;(z), — fi(x)), function (2) covers the case when

F(x) = h(|fi(@)],- - [fm(@)])-

The expression of functions ||f(z)|]1, ||f+(x)||; by (2) is much easier in comparison with
(1), since the matrix P contains 2™ columns in these cases.

Unconstrained minimization of function (2) is equivalent to the nonlinear programming
problem: Minimize the function

h(z1,. ., 2Zm) (4)

with constraints

(conditions Oh(z)/0z; > h; > 0,1 < i < m, for z € Z are sufficient for satisfying equalities
zi = Fi(x), 1 <i <'m, at the minimum point). The necessary first-order (KKT) conditions
for a solution of (4)-(5) have the form

3w The) =0 =50 1gizm )
i—1j=1 i

where u;;, 1 <i <m, 1 < j <n;, are Lagrange multipliers.
Nonlinear programming problem (4)-(5) can be solved by using the primal interior point
method. For this reason we apply the Newton minimization method to the barrier function

m  n;

Bu(z,2) = h(z) +pY > oz — fi;(x), 0<p<n, (8)

=1 j=1

assuming p — 0, where ¢ : (0,00) — R is a barrier which satisfies the following condition.

Condition 1. ¢(t), t € (0,00), is a twice continuously differentiable function such that ¢(t)
is decreasing, strictly convex, with lim; .o p(t) = 0o, ¢'(f) is increasing, strictly concave,
with lim; ., ¢'(t) = 0, and t¢'(t) is bounded.

The following additional condition is useful for studying the global convergence.

Condition 2. ¢(t), t € (0,00), is bounded from below: there is ¢ < 0 such that ¢(t) > ¢
for all ¢ € (0,00) (the non-positive value ¢ < 0 was chosen to simplify proofs in Section 5
and Section 6).

The most known and frequently used logarithmic barrier p(t) = logt™' = —logt satis-
fies Condition 1, but does not satisfy Condition 2, since logt — oo as t — oo. Therefore,
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additional barriers have been studied (see [11] and references therein). As examples, we
can introduce function

o(t) =log(t™ "+ 1), tec(0,00), (9)

which is positive (¢ = 0), or function

o(t) = —logt, 0<t<l, (10)
o(t) = —(t Tt —4t7V243), t>1, (11)

which is bounded from below (¢ = —3). Both functions satisfy Condition 1 and Condi-
tion 2. Note that (8) implies

By(xz,z) > h(z)+maye, m= ini, (12)

if Condition 2 holds.

A primal interior point method is based on the fact that it is easy to find a vector
z € R™ satisfying constraints (5). Hence, it is not necessary to introduce slack variables,
add equality constraints, use a penalty function and iterate the Lagrangian multipliers. In
the subsequent sections, we describe two approaches which differ in the determination of
the minimax vector z € R™ and the Algorithm which implements the second approach.
We use the notation

Ayj(z) = Vfij(z),  Gij(z) = V2 fy(@),
for 1 <i<m,1 <5 <n;, and focus our attention on the problems whose structure allows
us to use the sparse matrix technique.

The paper is organized as follows. In Section 2, we derive basic equations of the Newton
method applied to the nonlinear KKT system of the interior point subproblem. Section 3
contains a description of the primal interior-point method (i.e. interior point method that
uses explicitly computed approximations of Lagrange multipliers instead of their updates).
In Section 4, we introduce the basic algorithm and give more details concerning its im-
plementation covering numerical differentiation, variable metric updates, and a barrier
parameter decrease. In Section 5 and Section 6, we study theoretical properties of the pri-
mal interior-point method. Using standard weak assumptions, we prove that this method
is globally convergent if a bounded barrier is used. Then, using stronger assumptions, we
prove that it is globally convergent also for the logarithmic barrier. Finally, in Section 7
we present results of computational experiments confirming the efficiency of the primal
interior point method for special cases of generalized minimax problems.

2 lterative determination of the minimax vector

The necessary conditions for (z,z) to be a minimum of function (8) have the form

m  n;

VoBu(z,2) = =YY Ay(x)¢ (2 — fi;(x)) =0 (13)

i=1j=1
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and 0B, (. 2)
T,z .
#_ +/LZ¢ fl] ) 7 1§Z§m7 (14)

where h;(z) = 0h(2)/0z;, 1 <i < m. For solving this system of n 4+ m nonlinear equations
we can use the Newton method whose iteration step can be written in the form

Wz, z) —Ai(z)vy(z, 2) . —Ap(x)vg,(x, 2) Az
—vl(z,2)AT(2)  hi(2) + efoi(z,2) ... him(2) Az
—v%(m,z)A%(az) hml(z) - )—l—e' O (T, 2) Azm

> A (), z;

hi(z) — efui(z, 2

_ : (15)
hon(2) — €L (2, 2)
where
W(z,z) = iiG” T)uij(x, z) —f-f:iAij(x)Uij(l‘az)Ag(x)
i=1j=1 i=1j=1
— iiGw x)u(z, 2) +§:Ai(x>‘/i(xvz>AzT(x)a
i=1 j=1 i=1
, " 82}2,(2)
uij(z,z) = —p'(zi — fij(x)),  wij(x, 2) = pe" (2 — fiy(x)),  hij(z) = 020z’
i0Z;

(note that w;;(z,2) > 0, v;j(x,z) > 0 by Condition 1) for 1 <i <m, 1 < j < n,, and
where A;(z) = [An(2), ..., A, (v)], Vi(z, 2) = diag(via (2, 2), ..., vin, (T, 2)),

wir(z, 2) vir(z, z) 1
wi(z,z) = ;o vz, 2) = ,oei= ...

Win,; (T, 2) Vin, (2, 2) 1

for 1 <4 < m. This formula can be easily verified by the differentiation of (13) and (14)
by x and z. Setting

C(z, z) = [Ai(z)vi(x, 2), ..., A () om(, 2)],  g(x, 2) = Z Aj(x)u;(z, 2),
Az hi(2) — eluy(x, 2)
Az=1| ... |, clz,z2)= ,
Az, B (2) — €L up (2, 2)

H(z) = V?h(z), V(z,2)=diag(elvi(z, 2),...,elvn(z,2)),
we can rewrite equation (15) in the form

[ W(z,z) —C(x, z) }
—CT(x,2) H(z)+V(x,2)

Az
Az

9(z, 2)
oz, z)

(16)
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Now let us have a large-scale (the number of variables n is large), but partially separable
(the functions f;j(z), 1 <i < m, 1 < j < n;, depend on a small number of variables)
problem. Then we can assume that the matrix W (x, z) is sparse and it can be efficiently
decomposed. Two cases will be investigated.

First, if m is small (for example in the minimax problems, where m = 1), we use the
fact that

] -

-cT H+V -

w-t-w-lcc™w-tc - H-v)"t[ctw-t —w-le(ct™wiC - H - V)t
—(CcTw-lc-H-v)lcTw! —(CTw-c-H-V)!

(we assume that W is nonsingular, since it can be slightly perturbed if it is singular). The
solution is determined from the formulas

Az=(C"WIC - H-V) {(CTW g +e), (17)

Ax =W HCAz — g). (18)
In this case we need to decompose the large sparse matrix W of order n and the small
dense matrix CTW~1C' — H — V of order m.

In the second case we assume that the numbers n;, 1 < i < m, are small and the matrix
H(z) is diagonal (as in the sums of absolute values) so the matrix

W(x,z) — C(z,2)D  (z,2)C" (2, 2), D(x,2) = H(z)+V(x,2),

is sparse (matrix D is positive definite, since H(z) is positive semidefinite by Assumption 2
and diagonal matrix V(x,z) has positive diagonal elements). Then we can use the fact
that

w  —c]t
-cT D -
(W —CcD 1Ty (W —cD-tcTy-1cp—t

D'CT(W — D7 '0T)"t D 4 DICT(W — ¢DOT) oD |

The solution is determined from the formulas
Az = —(W —CD'CT) (g + CD ¢, (19)

Az =D HCTAz — ¢). (20)

In this case we need to decompose the large sparse matrix W — CD~'C7T of order n. The
inversion of the diagonal matrix D of order m is trivial.

In every step of the primal interior point method with the iterative determination of
the minimax vector we know the value of the parameter p and the vectors x € R", z € R™
such that z; > Fi(x), 1 < i < m. Using (17)—(18) or (19)—(20), we determine direction
vectors Az, Az and select a step-size « in such a way that

B, (z + aAz, 2+ alAz) < B,(z, 2) (21)



and z; + aAz; > Fi(x + aAx), 1 <i < m. Finally, we set 27 = x + oAz, 2t = 2 + aAz
and determine a new value u*™ < p.

Inequality (21) is satisfied for sufficiently small values of the step-size «, if the matrix
of system (16) is positive definite.

Theorem 1 Let the matriz G = 3372, 37 Gyj(x)uij(x, 2) be positive definite. Then the
matriz of system (16) is positive definite.

Proof. The matrix of equation (16) is positive definite if and only if the matrix D = H+V
as well as its Schur complement W — C'D~'CT are both positive definite. The matrix D =
H+V is positive definite since H is positive semidefinite and V' is positive definite. Now we
use the fact that the matrix V= — D~ is positive semidefinite, since the matrix H = D—V
is positive semidefinite (see [10]). Thus o7 (W —CD'CT)v > oI (W —CV~1CT)v Vv € R™
so it suffices to prove that the matrix W — CV~*C7 is positive definite. But

W —CVT'CT = G+ Y (AVAT — AViei(e] Vie) " (AVie)")
1=1

the matrices A;V;AT — A;Vie; (el Vie;) 71 (AiVie)T, 1 < i < m, are positive semidefinite by
the Schwarz inequality and the matrix G is positive definite by assumption. O

3 Direct determination of the minimax vector

Minimization of the barrier function can be considered as the two-level optimization

z(x; p) = arg m}i%n B,(z,2), (22)
zER™
v* = arg min B(z;p),  Blx;p) 2 By(x, 2(x; ). (23)

Equation (22) serves for the determination of the optimal vector z(z; u) € R™ correspond-
ing to a given vector x € R". Assuming z fixed, function B, (x, 2) is strictly convex (as a
function of vector z), since it is a sum of convex function h(z) and strictly convex functions
pe(zi — fij(x)), 1 <i<m, 1 <j<mn,; Asastationary point, its minimum is the solution
of the set of equations (14). We prove existence and uniqueness of this solution for the
logarithmic barrier, for which ¢'(t) = —1/t.

Theorem 2 The system of equations

S o 9nz) :
hi(z) —j; Aol 0, hi(z)= D, 1<i<m, (24)

with x € R™ fized, has the unique solution z(x;p) € Z C R™ such that

Fi(r) <z < zi(x;p) <z, 1<i<m, (25)
with B

zi = Fi(z) + p/hi,  Zi = Fi(x) + nip/ b,
where h; > 0 are bounds used in (3) and h; = hi(Zy, ..., %Zm).
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Proof. Let z; = Fy(z) + niu/h;, hi = hi(Z1, ..., Zm), 2; = Fi(x) + p/h; for 1 <i < m. If
(24) holds, then

T b
h, — <0 i — Fi(x) < nju/h;
b TE@ S = =z (x) < nip/
and I
hi————>0 =z —Fjx)>p/h;,
o 5= Fia) 2 o/

which proves (25). Choosing an arbitrary (sufficiently small) number € > 0, the function
B, (z, z) attains its minimum on the compact set

Z(xyp)={z€ R™: z; —epu/h; < 2z; <z +enu/h;, 1 <i<m}Cint Z,

since it is continuous on int Z. Now we will show that this minimum cannot lie on the
boundary of Z.(x;u). It is clear that for every point of this boundary there is at least
one index 1 < i < m such that either z; = 2, — eu/h; or z; = %Z; + en;u/h; holds. If
2 = z; — €/ h;, then

0B, (x,2) i i — o
—o— = h(2) - ) ———F = < hi— =
0> S P R s
= Ez — A — = — 5hi < 0,
(1 —¢e)u/h; l—¢

so a small increase of the variable z; can decrease the function value of B, (z,z2). If z; =
Z; + engu/h;, then

— =} - 7 2 hl T
7 f eh

> 0,

= (A +e)np/h;  1+e¢
so a small decrease of the variable z; can decrease the function value of B,(z,z). The
above considerations imply that the minimum of the function B, (z, z) is an interior point
of the set Z.(x; ) and since B,(z, z) is continuously differentiable on Z.(z; p), necessary
conditions (24) have to be satisfied. Since the number € > 0 can be chosen arbitrarily, the
solution satisfies inequalities F;(z) < z; < z;(x; u) < Z;, 1 <@ < m. The uniqueness of this
solution follows from the strict convexity of B, (z, z). O

Similar results can be obtained for other barriers as well. Using barrier (9), we get
equations

.Z_m a = 1 <m
) - e R » LsEm

and inequalities of the form (25) with bounds

20/ h; 2n01/h;

11+ 4u/m, 14 /1 + dnip/h;

z; = Fi(x) +



see [11] (where also a bounded barrier similar as (10)—(11) is investigated).

System of equations (14) can be solved by the Newton method started, e.g., from the
point z such that z; = Z;, 1 < i < m. If the Hessian matrix of the function h(z) is diagonal,
then system (14) is decomposed on m scalar equations, which can be efficiently solved, e.g.
by methods described in [7], [8] (see [11]).

If we are able to find a solution of system (14) for an arbitrary vector z € R", we
can restrict our attention to the unconstrained minimization of the function B(z;u) =
B, (z, z(x; 1)), which has n variables. It is suitable to know the gradient and the Hessian
matrix of this function.

Theorem 3 One has

m

VB(x;p) = > Ai(@)ui(z; p) = A(z)u(z; p), (26)

=1

where A(z) = [A1(z), ..., An(2)], u(z; p) = Wl (z;p), ... ul (x;0)]T, and also

V2B(w; 1) = W(as i) — Clas o) (H (2w ) + V(s 1)~ CT (3 o), (27)

where W (x;p) = Wz, 2(z;p)), Clasp) = Clz,z(x;p), Viesp) = Viw,z(x;p)), and
wi(z; p) = wi(x, z(z;p)), 1 <i < m (see the previous section). If the matriz H(z(x;p)) is
diagonal, we can express (27) in the form

m

ViB(z;p) = +ZA1 (; ) A} ()

- Ailz )Vi(fv,u)eief‘/i(fau)AiT(x)

z; 0?h(z(w; 1))/ 02F + eI Vi(w; p)e;’ (28)

where G(z;p) = G(z, z(x; 1)) and Vi(z;p) = Vi(z, z(x; 1)), 1 < i < m (see the previous
section).

Proof. Differentiating function

B(w; 1) = h(=(a; ) +uiz¢ ) = fy(@), (29)
we obtain
VB ) = iah(é; ))321((9:;u ijilu] v ) <az¢(a:;;u) B 3fgg£$)>
- f:l:i:lAm)uij(x;u) - f:lAmw )
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by (14), where

wij(zs p) = —pe'(zi(zsp) — fij(2)), 1<i<m, 1<j<n. (30)

Formula (27) can be derived by an additional differentiation of relations (14) and (26) using
(30). A simpler way is based on the use of formula (19). Since (14) implies ¢(z, z(z; p)) = 0,
we can substitute ¢ = 0 into (19) to obtain the relation

Az =~ (W(z,2) = C(x,2) (H(z) + V(z,2)) " C"(x, z))_l g(z, 2)

with z = z(z; p), which confirms a validity of formula (27) (more details are given in [11]).
O

To determine the Hessian matrix inverse, we can use relations (17)-(18) which, after
substitution c¢(z, z(z; u)) = 0, give
(V2B(x;0)) " = W asp) = W ) O p)

(O (s )W () C (3 1) = H (s ) = V(w3 p1))
Ct (; )W (5 ). (31)

1

If system (14) is not solved with a sufficient precision, we use (19)—(20) rather than (27)
and (17)—(18) rather than (31), where the actual vector ¢(z, z(z; u)) # 0 is substituted.

In every step of the primal interior point method with the direct determination of the
minimax vector we know the value of the parameter p and the vector x € R". Solving
system (14) we determine the vector z(z; u), using Hessian matrix (27) or its inverse (31)
we determine a direction vector Az and select a step-size « in such a way that

B, (z + aAzx, z(x + aAx; ) < B (x, z(x; 1)) (32)

(the vector z(z+aAx; p) is obtained as a solution of system (14), in which x is replaced by
x + aAz). Finally, we set 7 = x + aAz and determine a new value u* < p. Conditions
for the direction vector Ax to be descent are the same as in Theorem 1. It suffices when
the matrix G(x; u) is positive definite.

4 Implementation

In this section, we restrict our attention on the direct determination of the minimax vector.
There are two possibilities, the line search implementation or the trust-region implementa-
tion. The first one was used in [11] for large-scale minimax optimization and the second one
in [12] for large-scale l; optimization. These papers contain all necessary details concerning
both implementations. Here we briefly describe the line search implementation realized by
the following algorithm, in which the direction vector d = Az is modified in such a way
that

—g"d > eollglllldll,  clgll < llall < ellgll, (33)



where g = A(x)u(z; 1) and o, ¢, ¢ are suitable constants.

Algorithm 1.

Data:

Input:
Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Termination parameter ¢ > 0, precision for the nonlinear equation solver
0 > 0, bounds for the barrier parameter 0 < p < i, rate of the barrier
parameter decrease 0 < A < 1, restart parameters 0 < ¢ < ¢ and g9 > 0,
line search parameter ; > 0, rate of the step-size decrease 0 < (3 < 1, step
bound A > 0, way of direction determination D (D =1 or D = 2).

Sparsity pattern of matrix A(z). Initial estimation of vector .

Initiation. Set p = [. If D = 1, determine the sparsity pattern of matrix
W = W(x;u) from the sparsity pattern of matrix A(z) and carry out a
symbolic decomposition of W. If D = 2, determine the sparsity pattern of
matrices W = W (xz; u) and C' = C(z; ) from the sparsity pattern of matrix
A(z) and carry out a symbolic decomposition of matrix W — CD~1CT.
Compute values f;j(x), 1 <i <m, 1 < j <mny, Fi(r) = maxi<j<n, fij(x),
1 <i<m,and F(z) = h(Fi(z),...,F,(x)). Set k := 0 (iteration count)
and r := 0 (restart indicator).

Termination. Solve nonlinear equations (14) with precision J to obtain
vectors z(x;p) and w(z;p). Compute matrix A = A(zx) and vector
g = g(a;p) = Alx)u(z; ). If p < pand ||g|| < &, then terminate the
computation. Otherwise set k := k + 1.

Approzimation of the Hessian matriz. Set G = G(z;p) or compute an
approximation G of the Hessian matrix G(z;pu) by using either gradient
differences or variable metric updates (more details are given below).

Direction determination. If D = 1, determine vector d = Az from (17)-(18)
by using the Gill-Murray decomposition of matrix W. If D = 2, determine
vector d = Az from (19)-(20) by using the Gill-Murray decomposition of
matrix W — CD~1CT.

Restart. 1f r = 0 and (33) does not hold, select a positive definite diagonal
matrix D, set G = D, r := 1 and go to Step 4 (more details are given in
[11]). If » = 1 and (33) does not hold, set d := —g (the steepest descent
direction). Set r := 0.

Step-length selection. Define the maximum step-length @ = min(1, A/||d||).
Find a minimum integer [ > 0 such that B(z+ 8'ad; p) < B(z; pu)+e18'agd
(note that nonlinear equations (14) has to be solved at all points = + f/ad,
0 <j <l1). Set x := z+F'ad. Compute values f;;(z),1 <i<m,1<j<n,,
Fi(z) = maxi<j<p, fij(x), 1 <i<m, and F(z) = h(Fi(z),..., Fn(x)).

Barrier parameter update. Determine a new value of the barrier parameter

p > o (not greater than the current one) by one of the procedures described
below. Go to Step 2.
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In Step 3 of Algorithm 1 we assume that G = G(z; u), where G(z; p) is either given
analytically or determined by using automatic differentiation, see [5]. In practical com-
putations, G is frequently an approximation of G(x; ) obtained by using either gradient
differences or variable metric updates. In the first case, GG is computed by differences
Az + dwj)u(z; p) — A(z)u(x; u) for a suitable set of vectors wj, j = 1,2,...,n, where
n < n if G is sparse. Determination of vectors wj, j = 1,2,...,n, is equivalent to a graph
coloring problem, see [3]. The corresponding code is proposed in [2]. In the second case,
G is defined by the expression

m n;

G =) > uij(z; )Gy, (34)

i=1j=1

where approximations Gy; of V2f;;(x) are computed by using variable metric updates
described in [6]. In our implementation we use safeguarded scaled BFGS updates. Let
R C R", 1 <1 <m,1 < j < n; be subspaces defined by independent variables of
functions f;; and Z;; be matrices whose columns form canonical orthonormal bases in these
subspaces (they are columns of the unit matrix of order n). Then we can define reduced
approximations of the Hessian matrices éi] = ZTG iZij, 1 <1 <m,1 <75 <mn. New
reduced approximations of the Hessian matrices, used in the next iteration, are computed
by the formulas

5 2 T A ~ T
0 1 [~ GijSij$i;Gij Yij¥Y%j5 o~
G’Lj - o G’L] - ~T &~ + "'T"’ 5 SZ]yZ] > O,
Vij 5;;GijSij SijYij
N N e
G = G, $i;%i; <0,

where
Sij =2t =), Gy =25V fi@at) = Vfx), 1<i<m, 1<j<n,

and where either 7;; = 1 or 7;; = 55@]5@]/55% (we denote by + quantities from the next
iteration). The particular choice of 7;; is determined by the controlled scaling strategy
described in [13]. In the first iteration we set éij = [;;, where I;; are unit matrices of
suitable orders. Finally, G; = G;;Z};, 1<i<m,1<j5<n;.

Restart in Step 5 of Algorlthm 1 assures that the direction vectors are uniformly descent
and gradient-related ((33) holds). If Assumptions 1-3 are satisfied, then the Armijo line

search (Step 6 of Algorithm 1) guarantees that a constant ¢ exists such that

Bk pn) — Bl ) < —cllglaw; m)|I* Yk € N, (35)

see [4] (note that g(zx; ux) = VB(x; uk) by Theorem 3). If only Assumptions 1-2 hold,
the Armijo line search implies weaker inequality

B(xpy1; pr) — By, ) <0 VEk € N. (36)

Restarts are sometimes used when Gy = G(zy; x), since Gy, can be indefinite in this case.
If Gy, is determined using partitioned variable metric (safeguarded BFGS) updates, then
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G}, is positive definite and restarts are unnecessary. More details concerning restarts are
given in [11].

A very important part of Algorithm 1 is the barrier parameter update. There are two
requirements, which play opposite roles. First, u — 0 should hold, since this is the main
property of every interior-point method. On the other hand, round-off errors can cause that
zi(x; ) = Fi(z) when pu is too small (since Fy(x) < z;(z; u) < Z;(z; p) and Z;(z; p) — Fi(x)
as p — 0 for all barriers mentioned in Section 1), which leads to a breakdown (division by
zi(z; p) — Fi(xz) = 0 in computation of ¢'(z;(z; ) — Fi(x))). Thus a lower bound p for the
barrier parameter has to be used (we recommend the value g = 107 in a double precision
arithmetic).

Algorithm 1 is also sensitive to the way in which the barrier parameter decreases.
Denoting by s;j(x; ) = zi(z;p) — fij(z), 1 < i < m, 1 < j < n,, slack variables, we
can see from (30) that w;;(z; p)sij(z;p) = p, 1 < i <m, 1 < j <mn,, if the logarithmic
barrier is used. In this case, interior-point methods assume that p decreases linearly (see
[17]). We have tested various possibilities for the barrier parameter update including simple
geometric sequences, which proved to be unsuitable. Better results were obtained by the
following two procedures, where g(zy; pix) = A(xr)u(xy; i) and g is a suitable constant.

Procedure A.

Phase 1: If ||g(xr; pe)|| > g, we set ppy1 = pu, i.e., the barrier parameter is not
changed.

Phase 2: If ||g(xw; )| < g, we set

prisr = ma (finen, g1, 10en| F i)l (37)

where F(z11) = h(Fi(xgs1), .., Fu(Tgs1)), € is the machine precision,
and

fins1 = min [max(\, /(o + 1)), max((|g(ar; pe)|?, 1075)] . (38)
The values g = 107'%, X\ = 0.85, and ¢ = 100 are chosen as defaults.

Procedure B.

Phase 1: If ||g(zg; pa)||* > ppg, we set ppi1 = py, i.e., the barrier parameter is not
changed.

Phase 2: Tf ||g(xx; p) ||* < phig, we set

purr = max(p, [|gu (s ) [|°). (39)
The values = 107" and p = 0.1 are chosen as defaults.

The choice of g in Procedure A is not critical. We can set g = oo but a lower value is
sometimes more suitable. Formula (38) requires several notes. The first argument of the
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minimum controls the rate of the barrier parameter decrease, which is linear (geometric
sequence) for small k£ (term Aug) and sublinear (harmonic sequence) for large k (term
pr/(opr—+1)). Thus the second argument, which assures that p is small in the neighborhood
of the solution, plays an essential role for large k. Term 102" assures that y = p does not
hold for small k. This situation can arise when ||g(xy; pi)|| is small, even if x; is far from
the solution. The idea of Procedure B follows from the requirement that B(x;u) should
be sufficiently minimized for a current value of p. Thus the parameter pu; is changed only
if ||g(xk; pr )| is sufficiently small.

5 Global convergence for bounded barriers

In this section, we first assume that function ¢(t) is bounded from below, § =& = p =0
and all computations are exact. We will investigate an infinite sequence {z}3° generated
by Algorithm 1.

Lemma 1 Let Assumption 1, Assumption 2, Condition 1, Condition 2 be satisfied. Let
{2k} and {pui}5° be sequences generated by Algorithm 1. Then sequences {B(xy; py)}5°,
{z(zg; i) }5°, and {F(x)}5° are bounded. Moreover, there is L > 0 such that

B(@hy1; 1) < B(wgqas i) + L(pg — pra) Vk € N. (40)

Proof. (a) Since function ¢(t) is bounded from below, Assumption 1, Assumption 2,
Condition 2 and (12) imply that

B(w;p) > h(z(w;p)) + i@ > W(Ey, ... F,,) +mfig = B,

h
Furthermore, using (25), we obtain z; > F;(xz) > F;, 1 <i < m, and the boundedness from
below is proved.

(b) Differentiating function (29) and using (14) one has

OB(vip) & Oh(x(; >>az@<x g 0z:(x; 1)
o N ; 0z; i ;;SO zilws ) = (@) o
EY g i) — @) =33 g (aalas ) — fy(2) = T,
i=1j=1 i=1j=1

(c) Using the mean value theorem and (b), we obtain

B(2hi1; pes1) — B(wgyas i) = i Z @ (2i(Tpg1; fir) — fz'j(x)) (M1 — fix)

A
< Mo (k1 — pr) = Lpe — frgr)

3

which together with (36) gives B(Tgi1; pipr1) < B(xg; px) + L — pes1) Yk € N. Thus

B(xg; px) < B(y; ) + L — pw) < B(xy; 1) + L 2B VkeN.

13



Furthermore, using (12), Assumption 2, Condition 2 and (a), one has

B

v

B(xy; i) > h(z(xw; ) + M > B+ Zﬁi(zi(l’kﬁ%) - F;)
> B+ hi(zi(wp; ) — F;), 1<i<m,

which gives Fj(zy) < zi(xp;pux) < (B —B)/h; + F; for 1 <i < m and k € N. Thus the
boundedness from above is proved. O

The assertion of Lemma 1 does not depend on bounds § and G, since we do not
use Assumption 3. Thus an upper bound F (independent of g and G) exists such that
F(xy) < F for all k € N. This bound can be used for the definition of the level set in
Assumption 3.

Lemma 2 Let assumptions of Lemma 1 and Assumption 3 be satisfied. Then the values
{1 }5°, generated by Algorithm 1, form a non-increasing sequence such that py — 0.

Proof. In Phase 1, the value of p is fixed. Since the function B(z;p) is continuous,
bounded from below by Lemma 1, and since (35) (with p, = p) holds, it can be proved
(see [4]) that ||g(xg; p)|| — 0 if Phase 1 contains an infinite number of consecutive steps.
Thus a step (with index /) belonging to Phase 1 exists such that either ||g(x;; )| < g in
Procedure A or ||g(z;; p)||* < pp in Procedure B. This is a contradiction with the definition
of Phase 1. O

Theorem 4. Let assumptions of Lemma 1 and Assumption 3 be satisfied. Consider a
sequence {x}7° generated by Algorithm 1 (with 6 =& =p =0). Then

,};rgoZZuw(xk; )V fig () = 0, > wig(ns px) = ha(2(wr; 1)),
i=1j=1 =1

wij(wes ) 20, zi(w; ) — fig(zr) = 0,
S wi (s ) (23 (s ) — fig () = 0
for1<i<mand1<j<n,.
Proof. (a) Equalities eTu;(xy; ux) = hi(z(zx; pr)), 1 <7 < m, hold since § = 0. Inequali-
ties wij(xg; o) > 0 and z;(xy; pg) — fij(xx) > 0 follow from (30) and (25).
(b) Since (35) and (40) hold, we can write
B(@gs1; 1) — B(ag; pe) = (B i) — B(hs15 pin))

+ (B(xps1; ) — By )
< L (e — prr1) — cllg(@w; )],

14



which (since limy_o px = 0 by Lemma 2) implies

B < lim B(wig; pier) < Blay ) + LY (e — pesr) — ¢ 3 [l )|
k=1 k=1

= Bz ) + Ly — e 9w ) |12,
k=1

where B is a lower bound defined in the proof of Lemma 1. Thus one has
e 1
> Nlg(ew; m)ll” < —(Blwr; i) = B+ Lyn) < oo,
k=1

which implies that g(@y; ue) = 302, 255 wij(wr; )V fij(z) — 0.

(c) Let 1 <i<mand 1 < j <n, be chosen arbitrarily. Using the definition of w;;(zx; 1)
and boundedness of t¢'(t), we obtain

wij(we; i) (2o ) — fig(on)) = = (ziows i) — fig(wn)) (zi(e; ) — fij ()
< cup—0
by Lemma 2 (¢ is an upper bound for —t¢/(t)). O

Corollary 1. Let assumptions of Theorem 4 hold. Then every cluster point x € R™ of the
sequence {xy}{° satisfies KK'T conditions (6)-(7), where z and u (with elements z; and u;;,
1<i<m,1<j<n;) are cluster points of sequences {z(xg; ux)}3° and {u(xg; ug) }3°.

Now, assuming that the values J, €, 4 are nonzero, we can prove the following theorem
informing us about the precision obtained, when Algorithm 1 terminates.

Theorem 5. Consider the sequence {xy}3° generated by Algorithm 1. Let assumptions of
Lemma 1 and Assumption 3 hold. Then, choosing 0 >0, £ > 0, u > 0 arbitrarily, there is
an index k > 1 such that

lg(ers )l < & Thi(2(@rs i) — D wig(wr; )| < 6,
j=1
wij(wp; ) >0, 2zi(wg; ) — fij(zw) >0,
wij (T ) (zi(T; o) — fij(z)) <ep
foralll <i<m and1 < j <n; (note that ¢ = 1 for all barriers mentioned in Section 1).

Proof. The inequality |h;(z(zg; pr)) — eTui(ap; )| < 8 follows immediately from the fact
that equations elu;(xy; ) = hi(2(zp; ux)), 1 < i < m, are solved with the precision .
Inequalities w;;(xg; i) > 0, zi(x; p) — fij(zx) > 0 follow from the definition of w;;(x; px)
and from (25) as in the proof of Theorem 4. Since uy — 0 by Lemma 2 and g(xg; px) — 0 by
Theorem 4, there is an index k£ > 1 such that py, < pand ||g(zg; ue)|| < € (thus Algorithm 1
terminates at the k-th iteration). Using the definition of wug;(x; tx), we obtain

wig(Trs pe) (26 (s pw) — fig(wn)) = — s (zi(wr; pr) — fij (@) (zi(@n; ) — fig(xn))
< Cug < CH.
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6 Global convergence for the logarithmic barrier

In this section, we first assume that ¢(t) = —logt, § = ¢ = p = 0 and all computations
are exact. We will investigate an infinite sequence {xy}° generated by Algorithm 1.

Lemma 3 Let Assumption 2, Assumption 4 be satisfied and o(t) = —logt. Then B(x; )
is bounded from below.

Proof. Using (8), Assumption 2 (convexity of h(z) and (3)) and Assumption 4, we can
write

m n;

Bla;p) = h(z(z;p) —pY > log (zi(x; p) — fij(x))

iljl

> h(Fy,....F +Z (2w ) = Ey) = > maplog (zi(x; ) — F)
i=1
> Z (il ) = F) = 3" mipulog (i ) — F)
i=1 i=1
where H = h(Fy,...,F,,) — >, h; (F; — F). Convex functions v;(t) = h;t — n;ulog(t)

have unique minima at the points ¢; = n;u/h;, 1 <i < m. Thus

Blwip) > H+Y bt (1 —log (”h“>>
-1 Iy hy
> H+ Zﬁi min (O, it (1 — log (nm)))
i=1 h; h;
> H—l—;thmm (O, 2nqp (1 — log (27;”))) 2 p
i=1 = i

Now we clarify the dependence of z(x; ) and B(z; i) on the parameter p.

Lemma 4. Let Assumption 2 be satisfied and z(x; 1) be a solution of linear system (24).

Then OB (z: mo n;
éi’/“‘) S Z:Z:log (zi(w5 ) — fij(x)) -

If Hessian matriz H(z(x; p)) is diagonal, then 0z(x;u)/0p > 0.

Proof. (a) Differentiating the function

B(a; p) = h(z uZZlog zi(@; p) — fij(@))

i=1j5=1
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and using (24), one has

0B(x; ) _ Oh(z )821 Til) O 0z;(z; 1)
= LT XX h@ o
S30Y log (i) — figla)
i=1j=1
= —Zilog (zi(z; ) — fij(z)) .
i=1j=

(b) Differentiating equation (24), which has the form

Oh(z(z; 1) & Iz _
o i vy e B

we obtain

" O?h(z(x; ) (9zk (z; 1) 0zi(xyp) & 1 B
kZ::l 02,0z, _'_z_: (2i(z; :u) fzj( ))? Ou ; zi(x; ) — fz;(x) =0

which gives

k=1 O O

n 82 x; 0z(x; 1 i 1
> ha(2(; 1) Ozilip) (va 3 u) Oilz; ) Zuw ;1) uh( 2(x; 1)),

or

(i (o) + ¥ ) ) = PREEED)

If Hessian matrix H(z(z;u)) is diagonal, then also H(z(x;pu)) + V(z; p) is diagonal with
positive diagonal elements, which together with (3) imply that 0z(z; u)/Op > 0. O

Now we prove that B(x;u), z(z;u), and F(x) are bounded and B(x; 1) is a Lipschitz
continuous function of p.

Lemma 5. Let assumptions of Lemma 3 be satisfied and Hessian matrizc H(z(x;p)) be
diagonal. Let {x}5° and {ux}° be sequences generated by Algorithm 1. Then sequences
{B(zg; 1) }3°, {2(xk; i) }5°, and {F(xg)}3° are bounded. Moreover, there is L > 0 such
that

B(@g1; pieg1) < B(@pgr; ) + L(p — perr)  VE € N. (41)

Proof. Boundedness from below simply follows from Assumption 1, inequalities (25) and
Lemma 3.
(a) As in the proof of Lemma 3, we can write

B(x;p) > H+

DN | —

>~ b (ailas ) — )
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1 m m
+ 5 2 bzl p) = F) = 3 naplog (zi(w; p) — E)
i=1 =1

1 13 2n, 2n;
> Ho 33y (aasp) = F) + 53 b= (1 log [ F

21:1 2i:1 h; h;

1 & 1 & ) il 2n; i
> ﬂ—l—fz:ﬁl(zl(x,u)—F)—i——ZQimm 0, 1—-1

22:1 2i:1 h’l hl

h m
> B+5) (alwp) - E),

.
Il
—

where h = min(hy, ..., h,,). Thus

(B(;p) — B). (42)

NgE

0

£)

E

|

&

A
e

(b) Using the mean value theorem and the first part of Lemma 4, we obtain

m n;

B(@gy1; 1) — B(Tppa; ) = Z Z log (i (Trg1; i) — Jij () (e — Hrr1)

i=1j=1

< Y nilog (zi(@egs fir) — F) (e — psr)

=1

ﬁ m
< gz 2i(Thyas fin) — F) (e — frs1), (43)
i=1
where g1 < iy < pp and m = max(ng,...,n,). The last inequality follows from the

relation logt < t/e (where e = exp(1)), which holds for all ¢ > 0. But z;(zp41; i) <
zi(Zg11; i) by the second part of Lemma 4. Thus using (42), we can write

7m
B(ri1; pey1) < BTy ) + EZ zi(Trr1; ) — E) (s — Hres)
1=1
2n
< B(l’kﬂ; ,Uk) + J(B(l’kﬂ; Mk) - E)(Mk — M),

which using (36) implies
B(@psri o) =B < (14 Ak )(B(2r41; i) — B) < (1 + Aok )(B(wg; ) — B),

where A = 21 /(eh) and 0y = piy, — pir+1. Then

=

B(akipe) =B < [[(1+A6:)(B(21; ) — B)

s
Il
—

<
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.
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—
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and since -
SN < AGE— Jim ) < A
the above product is finite. This together with (25) and (42) proves that sequences
{B(zk; 1) }3°, {z(xp; pr) }5°, and {F(zx)}5° are bounded from above.
(c) Using (43) and (25), we can write

> nilog (zi(xesr; fie) — F) (fe — firs1)

B(@pyrs pihr) = B(epi; ) - <
i=1
m - nili
< > nilog (F + hM — F) (e — prr1)
=1 =i
A
= L(pe — pe+1), (44)
for all £ € N, where existence of F follows from boundedness of {F(zy)}3°. O

The assertion of Lemma 5 does not depend on bounds g and G, since we do not
use Assumption 3. Thus an upper bound F (independent of g and G) exists such that
F(x;) < F for all k € N. This bound can be used for the definition of the level set in
Assumption 3.

Lemma 6 Let assumptions of Lemma 3 and Assumption 3 be satisfied. Then the values
{pr}3°, generated by Algorithm 1, form a non-increasing sequence such that py — 0.

Proof. The same as the proof of Lemma 2 (using Lemma 3 instead of Lemma 1). a

Theorem 6. Let assumptions of Lemma 5 and Assumption 3 be satisfied. Consider a
sequence {xy}7° generated by Algorithm 1 (with é = =u=0). Then

m n;

Hm > Y i (g )V fig (@) = 0, iuij(xk;ﬂk) = hi(2(2k; fe))

k=00 il i j=1

wij (e p) >0, zi(@g; pw) — fij(xk) >0,
Jim gy (s ) (2o(2n; pe) = fig(2r)) = 0
for1<i<mand1l <j <n,.

Proof. The same as the proof of Theorem 4 (using Lemma 3, Lemma 5 and Lemma 6
instead of Lemma 1). O

Corollary 2. Let assumptions of Theorem 6 hold. Then every cluster point x € R™ of the

sequence {x}3° satisfies KKT conditions (6)-(7), where z and u (with elements z; and w;;,
1<i<m,1<j<n;) are cluster points of sequences {z(xg; ug)}3° and {u(xg; ug) }3°.
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Now, assuming that the values ¢, ¢, p are nonzero, we can prove the following theorem
informing us about the precision obtained, when Algorithm 1 terminates.

Theorem 7. Consider the sequence {xy}3° generated by Algorithm 1. Let assumptions of
Lemma 5 and Assumption & hold. Then, choosing 0 >0, ¢ > 0, u > 0 arbitrarily, there is
an index k > 1 such that

lg(zns )|l < &5 Thalz(wr; ) — D wig (@ )| < 6,
j=1
wij(wp; ) >0, 2zi(wg; ) — fij(zw) >0,
Wi (Tns pe) (26 (T o) — fig(on)) < p
foralll1<i<mand 1 <j <n,.

Proof. The same as the proof of Theorem 5 (using Lemma 6 and Theorem 6 instead of
Lemma 2 and Theorem 4). O

7 Special cases and numerical experiments

The simplest function of form (2) is the sum

m

F(e) = 3 Fle) =3 max fi(a) (45)

=1

In this case, Oh(z)/0z; = 1, 1 < i < m, for an arbitrary vector z and the matrix H(z) is
diagonal. Using the logarithmic barrier, system of equations (14) decomposes on m scalar

equations
g

. P -
w0 e 1o

whose solutions lie in the intervals

Fi(r) +p < zi(w;p) < Fy(w) + g, 1 <3 <m,

as follows from the proof of Theorem 2 substituting h; = h; = 1. For m = 1 we obtain the
classic minimax problem. A primal interior point method for this problem is described in
[11]. Table 1, taken from [11], contains a comparison of three implementations of the primal
interior point method (P1 uses the logarithmic barrier, P2 uses positive barrier (9), P3
uses bounded barrier (10)—(11)) with the smoothing method SM described in [18], and the
primal-dual interior point method DI described in [9]. All these methods were realized as
the line-search methods with two modifications: NM denotes the discrete Newton method
with the Hessian matrix computed using the differences by the way described in [3] and
VM denotes the variable metric method with the partitioned updates described in [6].
The tests were carried out using a collection of 22 test problems introduced in [14] (the
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source texts can be downloaded from the web page www.cs.cas.cz/"luksan/test.html
as Test 14). In Table 1, NIT denotes the total number of iterations, NFV denotes the total
number of function evaluations, NFG denotes the total number of gradient evaluations, NR
denotes the total number of restarts, NL denotes the number of problems for which the
lowest known local minimum was not found, NF denotes the number of failures, NT denotes
the number of problems for which some parameters of the method had to be tuned, and
Time denotes the total computational time in seconds.

Method | NIT  NFV NFG NR NL NF NT Time
P1-NM | 1675 3735 11109 327 - - 4 192
P2-NM | 2018 6221 12674 605 - - 7 209
P3-NM | 1777 3989 11596 379 1 - 7 211
SM-NM | 4123 12405 32451 823 - - 7 9.64
DI-NM | 1771 3732 17952 90 1 - 10 6.34
P1-VM | 1615 2429 1637 - - - 1 1.05
P2-VM | 2116 3549 2138 2 - - 3 147
P3-VM | 1985 3208 2007 1 - - 3 127
SM-VM | 7244 21008 7266 -1 - 8 9.09
DI-VM | 1790 3925 1790 5 1 - 9 459

Table 1. Test 14: minimax with 200 variables

Table 1 indicates that the logarithmic barrier P1 is the best possibility for practical com-
putations (in comparison with P2, P3) even if it needs stronger assumptions to prove its
global convergence.

If n; =2, 1 <i <m, equations (46) are quadratic and their solution has the form

Zi(x;u):”+fil<z>+fﬁ<x>+JM2+<fﬂ<x>—f,-2<x>>27 Liem )

2 2

This formula can be used in the case when function A : R™ — R contains absolute values

Fi(x) = |fi(@)| = max(fi(z), — f:(x)). Then fu(z) = fi(x) a fiolx) = —fi(x), so that

zi(wip) = p+ 2+ fz), 1<i<m. (48)

The primal interior point method for the sums of absolute values is described in [12].
Table 2 contains a comparison of two realizations of the primal interior point method with
the logarithmic barrier (the trust region realization PT and the line-search realization PL)
with the primal-dual interior point method DI described in [9] and the bundle variable
metric method BM described in [15]. These methods were realized in two modifications:
NM denotes the discrete Newton method with the Hessian matrix computed using the
differences and VM denotes the variable metric method with the partitioned updates (BM
is principally the variable metric method, so it could not be realized as NM). The tests were
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again carried out using a collection of 22 test problems introduced in [14]. The meaning of
the columns is the same as in Table 1.

Method | NIT NFV NFG NR NL NF NT Time

PT-NM 3014 3518 27404 1 - - 4 466
PL-NM 2651 12819 22932 3 1 - 6 524
DI-NM 5002 7229 42462 328 1 - 13 33.52
PT-VM 3030 3234 3051 - - 1 1 144
PL-VM 2699 3850 2721 - - 1 2 142

DI-VM 7138 14719 14719 9 2 - 9 86.18
BM-VM | 34079 34111 34111 22 1 1 11 25.72

Table 2. Test 14: sum of absolute values with 200 variables

Tables 1 and 2 indicate that the primal interior point methods are very suitable for
minimization of generalized minimax functions. They are more efficient than special bundle
methods and also than general primal-dual interior point methods applied to problem (4)—
(5). This is especially caused by the fact that the primal-dual interior point methods require
the introduction of an additional slack vector s € R™ so that the resulting optimization
problem contains n + 2m variables z, z, s, which considerably increases the computational
time.
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