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Recapitulation of Lecture |

Linear system

Consider the problem
Ax — b, b= bexact + bnoisc’ Ac RNXN’ X, be RN,

where
» A is a discretization of a smoothing operator,
» singular values of A decay,
» singular vectors of A represent increasing frequencies,
> b3t is smooth and satisfies the discrete Picard condition,

> b"%€ s unknown white noise,

”bexact” > anoiseH7 but HA—lbexactH < HA_lbnOiseH.

We want to approximate

Xexact _ A—l bexact .
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Recapitulation of Lecture |
Right-hand side
Smooth right-hand side (including noise):

right-hand side B
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Recapitulation of Lecture |
Violation of the discrete Picard condition
Violation of the dicrete Picard condition in the noisy b:

singular values of A and projections uin

10 T T T T T
right-hand side projections on left singular subspaces ulTb
— singular values o,
10° } — ~ noise level




Recapitulation of Lecture |

Solution

Using SVD A= UZVT the filtered solution is

filtered _ N\~ ”jT b filtered _ \/p5—1 1T p
At =3 b = ’
J
where ® = diag(¢1,...,¢n). Particularly in the image deblurring
problem
-
N u! vec(B

Xfiltered ijl o Jaij() Vi, where V; are singular images.

The filter factors ¢; are given by some filter function

qu = ¢(j7A7 ba"'))

forp; =1,j=1,...,N, we get the naive solution.
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Recapitulation of Lecture |
Singular images

Singular images V; (GauBian blur, zero BC, artificial colors):

ORLE-+4 1
= s NN §§ HitH
32 = I EE s



Naive solution

Recapitulation of Lecture |

The naive solution is dominated by high-frequency noise

naive solution




Outline of the tutorial

» Lecture I—Problem formulation:

Mathematical model of blurring, System of linear algebraic
equations, Properties of the problem, Impact of noise.

» Lecture II—Regularization:
Basic regularization techniques (TSVD, Tikhonov), Criteria
for choosing regularization parameters, Iterative
regularization, Hybrid methods.

» Lecture IlI—Noise revealing:
Golub-Kahan iteratie bidiagonalization and its properties,
Propagation of noise, Determination of the noise level, Noise
vector approximation, Open problems.

/ 60



Outline of Lecture Il

» 5. Basic regularization techniques:
Truncated SVD, Selective SVD, Tikhonov regularization.
» 6. Choosing regularization parameters:

Discrepancy principle, Generalized cross validation, L-curve,
Normalized cumulative periodogram.

» 7. lterative regularziation:

Landweber iteration, Cimmino iteration, Kaczmarz's method,
Projection methods, Regularizing Krylov subspace iterations.

» 8. Hybrid methods:

Introduction, Projection methods with inner Tikhonov
regularization.
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5. Basic regularization techniques
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5. Basic regularization techniques
Truncated SVD

The simplest regularization technique is the truncated SVD
(TSVD). Noise affects x"#V¢ through the components
corresponding to the smalest singular values,

naive k UJT b N ujT b
X =) i+ D i
j=1 o; j=k+1 o;
J J
data dominated noise dominated
K ujT boxact K ujT bnoise
=) Tt T
J= O'J J= O'J
N ujT bexact N ujT bnoise
+> L+ Yy L
j=k+1 O-_/ J j=k+1 O‘J J
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Idea: Omit the noise dominated part. Define

N ul' b
= E ¢—J V,
j=1" ;7
J

.
L TSVD(K) — Zk u b
=1 0j

1 for
%= { 0 for

where

A part of noise is still in the solution

a part of useful information is lost

If k is too small xTSVD(K)
if k is too large xTSVD(K)

i<k
Jj>k

Z =k+1

U-T pnoise

k
2 =1

j 5

o V./ !
T pexact

O'j V./

is overregularized (too smooth),
is underregularized (noisy).
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5. Basic regularization techniques

Truncated SVD
The TSVD filter function, kK = 2983:

singular values of A and TSDV filtered projections ulTb

10 T T T T T T
* filtered projections ¢(i) uin
— singular values S;
10° | ~ 7 noise level M
— filter function ¢(i)
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5. Basic regularization techniques
Truncated SVD
The TSVD solution, kK = 2983:

TSVD solution, k = 2983

_The question is
. loal: af Gut

MHemry Dersd Thorean
50 100 150 200 250

300
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5. Basic regularization techniques
Truncated SVD
Advantages:

» Simple idea, simple implementation, simple analysis,
A isreplaced by USTZVT & = diag(/k,On_x),

i.e. the rank-k approximation of A.
Disadvantages:
» We have to compute the SVD of A (or the first k singular
triplets).
» Choice of the regularization parameter k is usualy based on
a knowledge of the norm of b"°"¢ which is
either revealed from the SVD analysis,
or given explictly as an additional information.

» The noise dominated part still contains some information
useful for reconstruction which is lost (step filter function).
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5. Basic regularization techniques
Selective SVD

Similar approach to TSVD is the selective SVD (SSVD).

Consider ||b™*s¢|| is known. Then

Anoise

1/2
”bnoiseH _ ZN (uTbnoise)2 / = S\noise ’uTbnoise’ ~e=
- j=1%J - ? J N ViVE R

because u; represent frequencies and b"*'*® represents white noise.

We define

ul b N ul b

Xx3SVD(e) — Z . J v, = Z ¢j J
lu'bl>e 0o j=1 gj

where

Vs

b = 1 for |uJ-Tb| >
710 for ]uij\ <e
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5. Basic regularization techniques
Tikhonov approach

Classical Tikhonov approach is based on penalizing the norm of
the solution

xTikhonov(})  — argmin{||b—AX||2+)\2||LX||2},

where
» ||b — Ax|| represents the residual norm,
> ||Lx|| represents (LT L)—(semi)norm of the solution,
often L = Iy (we restrict to this case),
or it is a discretized 1st or 2nd order derivative operator,

» ) is the (positive) penalty parameter; clearly

lim XTikhonov()\) — yhaive
A—0
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5. Basic regularization techniques
Tikhonov approach

The Tikhonov minimization problem can be rewritten as
XTHRonY) = arg min{|b — Ax||? + A?||Lx ||}

senef[[2]-[ 4]}

i.e. to get the Tikhonov solution we solve a least squares (LS)

problem
A y b
—AL 10|

In particular, we do not have to compute the SVD of A.
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5. Basic regularization techniques
Tikhonov approach

A solution of the Tikhonov LS problem

A | b
AL X7 o
can be analyzed through the system of normal equations
AT AT [ A 16
Y] AL [T =L 0|
(ATA+ XL L)x= ATb.
With the SVD of A, A= UZVT, and L= Iy = VWT we get
(X2 + NIy)y=XUTb,

where y = VTx and x = Vy.
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5. Basic regularization techniques

Tikhonov approach

Thus _
XlehonOV()\) — V(Z2 + Ale)_leTb,
which gives
Tikhonov(A) __ N gj T
X N ZJ 1 O' +)\2( b)Y
2
N 0%
_ J
B ijl aJ?+A2 - VJ ZJ 1¢J oj VJ’
where
o2 1 for o;> A
R P J .
& o7 + N2 {aj?/)\2 for oj <\’ 0<¢i<l
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5. Basic regularization techniques

Tikhonov approach

The behavior of the Tikhonov filter function:

0 -
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5. Basic regularization techniques
Tikhonov approach
The Tikhonov filter function, A = 8 x 10~%:

singular values of A and Tikhonov filtered projections u;rb

10 T T T T T T
filtered projections ¢(i) u;rb
— singular values o
~ noise level
10° — filter function (i) H

102 I I I I I I I
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5. Basic regularization techniques

Tikhonov approach
The Tikhonov solution, A = 8 x 10™%:

. The question =
. ool at Gut

ll-n Davsd Tharenns -
150 200 250

300
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5. Basic regularization techniques
Tikhonov approach

Advantages:

» Simple idea, with L = Iy simple analysis,

A isreplaced by USTITVT, & = (T2 4 \2fy)"lE2

» We do not have to compute SVD of A (compare with TSVD).

» The solution is given by some LS problem.

» The filter function is smooth (compare with TSVD).
Disadvantages:

» With L # Iy the analysis is more complicated.

» We have to chose the penalty parameter A

(at this moment it is not clear how to do it).
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5. Basic regularization techniques

Summary

We have two basic approaches:
» Truncated SVD (requires a part of the SVD of A)

xTSVDW) — voxr—1yTh, & = diag(/k, On_k),

where k is a truncation (regularization) parameter.

» Tikhonov regularization (leads to a LS problem)
XTikhonOV()\) — V(DZ_]'UTb, b= (22 + )\2/,,)_122,

where X is a penalty (regularization) parameter.

The question is:

How to choose the regularization parameters?

25 /60



5. Basic regularization techniques
Note on monotonicity (TSVD)

The norms of the TSVD solution and the residual

”XTSVD(k) ” H b— AXTSVD(k) ”

)

are nondecreasing and nonincreasing, respectively, with k.

Simply, using SVD,

T'b)?
TSVD(k) 12 _ \ K (4
bR = 3
is nondecreasing with k;
T b)?
AUTSVD(K) 12 — 1] P LA ()
b AW = - oyuTeE =Y

-

is nonincreasing with k (here ® = diag(/k,On—«)).
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5. Basic regularization techniques
Note on monotonicity (Tikhonov)

Similarly the norms of the Tikhonov solution and the residual

(u] b)?

. N :
f()\) = HXlehonov()\)”2 — ijl ¢J2 J -,

9

. N
p(N) = [lb = AXTI 2 = 57 (1~ ;)2(u] b

are increasing and decreasing, respectively, with .

Recall that 0 < ¢; < 1,

O'J2 )\2
¢j=my thus (1—¢j)zw-
Look at dE(N) o))
p
&\ = ek PN = N
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5. Basic regularization techniques

Note on monotonicity (Tikhonov)

First

d 2__& g2 d
o =—xA-ed %

Then N
4 (uTb)2
) =3 D01 )} o
1 J

Jj=
&'(N) <0for A >0, ie &(N\) is decreasing with \.

Analogously

P/()\) = (1- ¢J)2¢J( Tb)

I
™=

Il
—

J
p'(A) >0 for A >0, i.e. p()) is increasing with \.

(1—)° = (1 ~ 6))°¢;.
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6. Choosing regularization parameters
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6. Choosing regularization parameters

Spectral filtering, Error analysis

In general

Jdiltered — sy —1Tp
_ yoy-lyTpexact | ey —1(yT pnoise
— Vor-1yT axexact 1 \ypy—1yT puoise
— (VoVT)xeact 4 oy -1yT proise,

where VOV T is called the resolution matrix.

The absolute error is

xexact _ Xﬁltered — (/N — Vo VT)Xexact _ Vq)z—l UTbnoise7

regularization error perturbation error

regularization error is caused by using filtered inverse,
perturbation error consists of the inverted and filtered noise.
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6. Choosing regularization parameters

Spectral filtering, Over- and undersmoothing

There is no universal approach for chosing the regularization
parameter (k or \), the choice is always problem dependent!
In general:

> If &~ Iy (VOVT = Iy), the regularization error is small, but
the perturbation error (caused by noise) is large.

The solution is undersmoothed.

> If ® ~ 0y (VOVT is far from the identity), inverted noise is
heavily damped, but we lose a lot of original data.

The solution is oversmoothed.

A proper choice of the regularization parameter balances
these two types of errors.
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6. Choosing regularization parameters
Spectral filtering, A proper choice of the parameter
Regularization and perturbation error for TSVD method:

= Perturbation error
- = - Regularization error
: T

0 100 200 300 400 500
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6. Choosing regularization parameters

Discrepancy principle
The discrepancy principle: Let
”bnoise” — Anoise

be known either from the nature of the problem, or we have some
approximation of it, see (Lecture IlI).

We look for a regularization parameter such that

”b _ AXﬁlteredH — 7_Anoise’

for some fixed 7.

Recall that for TSVD and Tikhonov regularization the norms of
the residuals are monotonic in k and ), respectively.

[Morozov: '66], [Morozov: '84].
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6. Choosing regularization parameters

Generalized cross validation (GCV)

Using xfiltered — VoY ~1UT b the residual satisfies
b — Axfiltered _ (/N _ AVcbz—lUT) b= (/N _ UchT) b.

Defining the generalized cross validation (GCV) functional

16— Axltered|2 (v — ®)UT b|?
trace(ly — AVOZ-1UT)2 (N — ZJN:1 ;)2

Gﬁltered ( ) =

we look for its minimum.

(Note: The GCV functional depends on ordering of equations.)

[Chung, Nagy, O'Leary: '04], [Golub, Von Matt: '97], [Nguyen, Milanfar,

Golub: '01].
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6. Choosing regularization parameters

Generalized cross validation (GCV)

In particular for the TSVD and Tikhonov method we have

N
GTSVD (k) = Zj(:/((/+i(:§zb)2’

2
-
ZN u; b
j=1 o}—l—)@
5
z’,\/ _1
j=1 UJ?+)\2

GTikhonov ( )\) _
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6. Choosing regularization parameters

Generalized cross validation (GCV)

The GCV functional for TSVD (left) and Tikhonov (right)

methods:

10° o 107

107 107

10_100 200 400 600 10_11004’ 10° 107 10’

Note: The GCV functional is often flat close to the minimum.
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6. Choosing regularization parameters
L-curve

Both norms
Hxﬁltered H7 ”b _ AXﬁlteredH

are monotonic with respect to the regularization parameter k, A in
TSVD and Tikhonov regularization, respectively.

We plot the norm of the regularized solution agains the norm of
the residual. For emphasizing the point where both norms are
balanced, we use the log-log scale.

Criterion based on this approach is called the L-curve. The
L-curve-optimal parameter then corresponds to the point with
maximal curvature.

Note that for TSDV we have only discrete set of points (parameter
k is discrete). The curvature is defined using an interpolation.

[Calvetti, Golub, Reichel: '99], [Calvetti, Morigi, Reichel, Sgallari: '00],
[Calvetti, Reichel: '04].
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6. Choosing regularization parameters

L-curve

Ideal L-curve for Tikhonov method (often the corner is not sharp).

Here A\ grows from the upper left to the bottom right corner along
the curve:

Solution norm || x, |,

—_
o

—_
o

10

3

10

[
T

b L=1e-5

—1 0 10

Residual norm || Ax, - b I,
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6. Choosing regularization parameters

Normalized cumulative periodogram (NCP)

The last criterion is based on the assumption that the residual
corresponding to the true solution

proise — AXexact

represents white noise. We try to choose a regularization
parameter such that the residual

rﬁltered —b— AXﬁltered

resembles white noise. See also (Lecture III).

The normalized cumulative periodogram (NCP) uses the
statistical properties of Fourier spectrum of white noise.

[Rust: 98], [Rust: '00], [Rust, O’'Leary: '08] (FFT-based),
[Hansen, Kilmer, Kjeldsen: '06] (DCT-based).
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6. Choosing regularization parameters

Normalized cumulative periodogram (NCP)
The NCP transforms the residual rfil*red ¢ RN ysing the discrete
Fourier transform (DFT/FFT algorithm) to get its spectrum

filtered _ f( rﬁltered) — (

p p17p27"'ap1/+1)7—7 v= LN/2J

The periodogram is a vector Cfiltered with coefficients

_pa| £ - |pjta]
Tl 4 el

If the residual consists only of white noise, then by the definiton of
white noise the mean values satisfy

Ellp2l] = Ellpsll = - = Ellpo 1],

and by linearity of E[-], points (j, E[cj]) would be on a straight
line from (0,0) to (v,1).
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6. Choosing regularization parameters

Normalized cumulative periodogram (NCP)

Thus we look for the regularization parameter (k or ) such that
the coefficients of the periodogram cfil*™*d |ie (moreorless) on a
straight line,

‘te 1o ‘te noi 1
MiNk or A H Cﬁltered _ vahltenolseH27 thltenmse — (17 27 o ,V)T.

14

Note that the periodogram is normalized, i.e. ¢, = 1.

White noise LF noise HF noise

o} 64
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6. Choosing regularization parameters
Normalized cumulative periodogram (NCP)
NCP for Tikhonov regularization:

[Hansen: SIAM, FA07, 2010].
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6. Choosing regularization parameters

Further notes

Discrepancy principle: Converges as noise tends to zero, requires
an explicite information about the norm of noise component of b,
the solution tends to be oversmooth.

Generalized cross validation (GCV): No convergence when noise
tends to zero, functional is flat close to the minimum, various
adaptations for structured matrices (BCCB, etc.).

L-curve: No convergence when noise tends to zero, various
adaptations (L-ribbon, etc.), well numerically tracktable (it is
sufficient to compute only a few points of the L-curve), troubles
when using with TSVD because k is a discrete parameter.

Usually we need to solve one system with several values of
the regularization parameter to choose the optimal one.

See also [Bjork: '88], [Bjork, Grimme, Van Dooren: '94].
For comparison see [Hansen: 98], [Kilmer, O'Leary: '01].
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7. lterative regularization
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7. lterative regularization

Introduction

Up to now we have considered direct regularization methods
suitable for small problems (SVD-based methods, Tikhonov
regularization leading to a LS problem which can be solved directly
only in small dimensions).

For solving large ill-posed problems, it is advatagous to use
iterative regularization methods. We briefly introduce several of
them:

> stationary iterative methods (Landweber iteration, Cimmino
iteration, Kaczmarz's method (ART)),

» projection methods (regularizing Krylov subspace iterations).

In all iterative methods the number of iterations plays the role of
the regularization parameter.
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7. lterative regularization

Stationary iterative methods, Landweber iteration
Simultaneous iterative reconstruction techniques (SIRT)
is a class of stationary iterative methods with a general scheme
=X L G ATM(b— AXIEYY, v =1,2,... k,
where M is a symmetric positive definite (SPD) matrix and w is a
relaxation parameter.

For example often used methods are:
» the Landweber iteration with M = I, and
» the Cimminio iteration with M = D = diag(di, ..., dn),

1 1

dj = ;
TN 4]

where a; is the (transposed) jth row of A (column vector).
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7. lterative regularization

Stationary iterative methods, Landweber iteration

The Landweber method
xt = x4 wAT (b — Ax[g_ll), 0=1,2,... k,
with 0 < w < 207 2(A) = 2||AT A||~! gives the approximation
xK = volds-1yTp, o =y — (Iy — wE?)K,
e o) =1 (1-wo?)k.

Using the Taylor expansion for small o;'s we get qSJ[-k] ~ kwo*f.

Thus the Landweber filters decay with the same rate as the
Tikhonov filters (¢; = 07A~2).
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7. lterative regularization
Stationary iterative methods, Kaczmarz's method (ART)

Kaczmarz’'s method or algebraic reconstruction technique
(ART) is an iterative algorithm given by the following scheme

Kl-L0] . le-1],

for j=1,...,N

oy L 1 L
-1l . le-1j-1] +wa B (b; —QJ-TXV Lj-1y,
end
Xt = X[Z_I’N], £=1,2,... k.

The ART method converges quite quickly in the first few
iterations, after this the convergence may become very slow.
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7. lterative regularization
Stationary iterative methods, Kaczmarz's method (ART)

Comparison of relative error decay for Landweber and Kaczmarz's
(ART) method:

Relative errors || x®%8%t _ x[ ll, /1 Xaxactna

10° .
—+Landweber
—e—Kaczmarz (ART)
107"
0 10 20 30 40

[Hansen: SIAM, FA07, 2010].
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7. lterative regularization

Projection methods

In direct techniques we have looked for an approximation of x®xact

which lies in a low dimensional subspace of RN spanned by the
first k right singular vectors of A (TSVD); or which is dominated
by several first right singular vectors of A (Tikhonov).

Thus the approximation is always dominated by the low
frequencies and the high frequecies are dumped.

We try to look for an approximation in an a-priori given low
dimensional subspace W, dominated by low frequencies.
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7. lterative regularization

Projection methods

Consider a subspace
Wy = span(wi, ..., wg) C RV, Wi = [wi, ..., w] € RV*kK

such that WkTWk = I and w; are dominated by low frequecies.
Then we solve
mingew, ||b — Ax||.

This can be reformulated as a projected problem
miny g [0 — (AWi)y |,
or, equivalently,
W/ (AT A)W,y = W,T AT b.
The question is, how to choose the basis w;?
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7. lterative regularization
Projection methods, DCT basis
An example of a suitable basis is the DCT basis

wi = /4 (L,L,...,1)7,

w; = \/% (cos (%,V”) ,COS <W) e COS (W»T’

for j >1
W1 WE W3 Wz WE
02 02 02 02 02
0 0 \ 0 \/ 0 \/\ 0 \/\/
0% 5 0% s 0% s0 00?0 50 10000 50 100
A W W, Wy W
0.2 0.2 0.2 0.2 0.2
0.2 0.2 0.2 02 0.2
O 5 100 O 50 100 O 50 100 O 50 100 O 50 100
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7. lterative regularization

Projection methods, DCT basis
Solutions computed using the DCT basis wy,...,wx, k=1,...,10
(k =9 seems to be the optimal one):

Projected solutions

2lk=1 n 2lk=2 =n 2l k=3 n 2l k=4 2lk=5 1
[ 1 1 [}

1 ey 1l » 1 1 i 1 1 1

F o A\ = \ ’ = ] r il 1 \
of 9 of < of 9 of Y ol A
0 50 100 0 50 100 0 50 100 0 50 100 0 50 100
2 k=86 2| k=7 2| k=8 2\ k=9 2| k=10
1 1 1 1 1
0 0 0 0 0

0 50100 O 50100 ©O 50 100 O 50 100 O 50 100

Note: If there are a-priori known certain properties of the true
solution (symmetry, periodicity, etc.), use this knowledge to choose
basis vectors satisfying these properties.
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7. lterative regularization

Projection methods, Further notes

Note that choosing w; = v; (the right singular vectors of A), we get
exactly the TSVD mehtod. Thus TSVD is an projection method.

Advantage: With fixed set of basis vectors, computations can be
performed quickly. Using e.g. DCT basis we do not have to
compute and store the basis vectors (we compute only the DCT
and the inverse DCT (IDCT) of a vector).

Disadvantage: The basis vectors are not adapted to the particular
problem.

To avoid this disadvatage we introduce the regularizing Krylov
subspace iteration.
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7. lterative regularization

Regularizing Krylov subspace iteration

Specific projection methods are the Krylov subspace methods.
Here the orthonormal basis of a Krylov subspace

Ki(v, M) = span(v, Mv, ..., M"1v),
is used for wj, j = 1,..., k, vectors. For example the choice
v=ATbh, M=ATA,

leads to very popular iterative (regularization) methods CGLS,
LSQR or CGNE, which are mathematically equivalent to applying
CG method on the normal equations AT Ax = ATb.

The regularizing properties of the Krylov subspace methods will be
dicussed in (Lecture Ill) in more details, in particular in the context
of hybrid methods.
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7. lterative regularization

Further remarks

In the iterative regularization (using stationary or projection
methods), the number of computed iterations k plays the role of
the regularization parameter.

As a stopping criterion for the iterative process any of the
previously mentioned approaches can be used, e.g.:

» the discrepancy principle,

» the generalized cross validation (GCV),

» the L-curve criterion,

» the normalized cumulative periodograms (NCP).
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8. Hybrid methods
The best of both worlds
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8. Hybrid methods

Introduction

Hybrid methods combine both previous approaches. Here the
regularization is realized in two steps.

First, the original problem is projeted onto a lower dimensional
subspace using an iterative (projection) method, which by itself
represents a form of regularization by projection, i.e. outer
regularization.

The small projected problem, however, may inherit a part of the
ill-posedness of the original problem and therefore some form of
inner regularization is applied.

Stopping criteria for the whole process are then based on the
regularization of the projected (small) problems.

[O'Leary, Simmons: '81], [Hansen: '98] or [Fiero, Golub, Hansen,
O'Leary: '97], [Kilmer, O'Leary: '01], [Kilmer, Espafiol: '06], [O'Leary,
Simmnos: '81].
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8. Hybrid methods

Projection methods with inner Tikhonov regularization
As an example we introduce the Projection method with inner
Tikhonov regularization. Consider the ill-posed problem Ax = b
and a subspace Wy = span(w, ..., wx). Denote

M = W (ATAW, e Rk where W = [wy, ..., w].
The system of normal equations AT Ax = AT b is projected on W,
My = W/ b, x = Wyy.

The inner Tikhonov regularization can be applied on this small
problem

yTikhonov(d) — 5pg myin{HWka — My |? + X[ly[I*}.

This leads to a small LS problem that can be easily solved directly
for many values of A.
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Summary

We have described the following regularization methods:

» the direct regularization techniques (TSVD, Tikhonov
regularization) suitable for solving small ill-posed problems;

» stationary regularization methods (Landweber and Cimmino
iterations, Kaczmarz's (ART) method);

» projection regularization methods including regularizing
Krylov subspace iterations;

» hybrid methods combining the previous techniques.

All regularization techniques require to choose a good
regularization parameter, that can be find using, e.g., the
discrepancy principle, the generalized cross validation, the L-curve
criterion, or the normalized cumulative periodograms.
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