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O Motivated by several practical applications, we consider @ incompressible fluids
with viscosity depending on shear rate and on pressure. The latter dependence, in
particular, leads to difficulties in both theory and numerical simulations. We will
focus on isothermal steady flows of a subclass of such fluids; @ briefly discuss the
known results on existence of weak solutions; @ show the connection of the
viscosity—pressure relation with the inf-sup inequality and the stable Galerkin
discretization; @ mention the relation of inf-sup inequality to the pressure
boundary conditions. ® We will advert to open problems and disclose some
troubles occurring in numerical experiments (motivated by the lubrication
problems).
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside (0, T)x Q:

divye = 0
o,v+divivev)—divS = —-Vr+f,
S = 2u(r, D)) D(v)
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Applications

. lubrication problems, journal bearing
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Viscosity and volume variation with pressure for squalane
(representing a low viscosity paraffinic mineral oil, see S. Bair, Tribology Letters, 2006).
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Viscosity for SAE 10W /40 reference oil RL 88/1,
(partly) by Hutton, Jones, Bates, SAE, 1983
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside (0, T)x Q:
divyv = 0
o,v+ divivev)—divS = —-Vr+f,
S = 2u(m, |D(v)|2) D(v)

Viscosity formulas used in applications

B o | ~ exp(am),
v=v(m,|D(v)|") = { N (1+|D(v)|2)p7_27 1<p<?2
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside (0, T)x Q:
divyv = 0
o,v+divivev)—divS = —-Vr+f,
S = 2u(m|DW)P)DW)

Problem well-posedness—first observations
v =v(m)
» M. Renardy, Comm. Part. Diff. Eq., 1986.
» F. Gazzola, Z. Angew. Math. Phys., 1997.

» F. Gazzola, P. Secchi, Navier—Stokes eq.: th. and num. meth. 1998.
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside (0, T)x Q:
divyv = 0
o,v+ divivev)—divS = —-Vr+f,
S = 2u(m, |D(v)|2) D(v)

Problem well-posedness—first positive results

85 p—2 85 p—2

—~(1 H7 <1 HE 1 2
S5~ +oRT [P <naiof T 1<p<
» Milek, Ne&as, Rajagopal, Arch. Rational Mech. Anal., 2002.

» Hron, Mdlek, Netas, Rajagopal, Math. Comput. Simulation, 2003.
» Malek, Rajagopal, Handbook of mathematical fluid dynamics, 2007.
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside (0, T)x Q:
divv 0
o,v+ divivev)—divS = —-Vr+f,

S = 2u(r,|D(v)*)D(v)

on the boundary (0, T)x 9Q =Tp Uy UTp:

v-n=0and —Tn=o0ov on Iy
vV =Vp on I'D if rpI@,
—Tn = b(v) onlp then [, mdx =0

» Bulitek, Malek, Rajagopal, Indiana Univ. Math. J., 2007
> Bulitek, Mélek, Rajagopal, SIAM J. Math. Anal., 2009
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside Q:
divyv = 0
divivev)—divS = —-Vr+f,
S = 2u(m|D(v)])D(v)

on the boundary 9Q =Tp Uy UTp:

v-n=0and —Tn=o0ov on [y
vV =Vp on FD if rp:@,
—Tn = b(v) onp then [, mdx =0

» Franta, Mélek, Rajagopal, Proc. Royal Soc. A, 2005
» M. L., Nonlin. Anal.: Real World App., 2009
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside Q:
divyv = 0
divivev)—divS = —-Vr+f,
S = 2u(m|D(v)])D(v)

on the boundary 9Q =Tp Uy UTp:
v-n=0and —Tn=o0ov on Iy
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Incompressible fluids with viscosity depending
on pressure and shear rate

Mathematical formulation
inside Q:
divyv = 0
divivev)—divS = —-Vr+f,
S = 2u(m|D(v)])D(v)

on the boundary 9Q =Tp Uy UTp:

v-n=0and —Tn=o0ov on [y
vV =Vp on I'D if rpI@,
—Tn = b(v) onp then [, mdx =0

> Stebel & M. L., Appl. Mat.—Czech., in print; 2009 preprint NCMM
» Stebel & M. L., Math. Comput. Simulat., submitted 2009 preprint NCMM
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Basic a priori estimates

Weak formulation
(g, divw), =0
([VV]Vv W)Q + (S(Tr’ D(V))7 D(W))Q - (ﬂ-vdiv W)Q = (f7 W)Q - (b(V), W) Ip
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Basic a priori estimates

Weak formulation
(g, divw), =0
(S(ﬂ—v D(V))’ D(W))Q - (7T7div W)Q = (fv W)Q - (b aW) Tp

Test eq. by solution

(S(m,D(v)), D(v))q ~ ID(v)|” + 1

D), < K = IVllp + ISl < K
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Basic a priori estimates

Weak formulation

(g,divw), =0
(S(ﬂ-’ D(V))7 D(W))Q - (Wvdiv W)Q = (fv W)Q - (b ’W) p

Inf-sup inequality and boundedness of 9,.S

divw
0<p< inf sup M
GELY () weWlr () lallp lwl1,p
—
Bllrller < [1S(m DW)pr + [If + bl < K
M. Lanzendorfer et al. (ICS AS CR) Incompressible piezoviscous fluids

January 13, 2011 10 / 14



Basic a priori estimates

Weak formulation

(g, divw), =0
(5(m, D(v)),D(w))q — (m,divw)q = (f,w), — (b

Inf-sup inequality and boundedness of 0, S

g
0<p< inf sup M
ger? (@) wew?? (@) I9llp 1Wll1p

Pressure uniquelly determined by velocity?

Bllrt =2 IS(r*, D(v)) = S(x2, D))l <

IN

/as

A

S ||771 - 7T2Hp’

v))dm
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Basic a priori estimates

Weak formulation
(g, divw), =0
(S(Tr’ D(V))7 D(W))Q - (ﬂ-vdiv W)Q = (f7 W)Q - (b 7W) Tp

Inf-sup inequality and boundedness of 0,S

0<p< inf sup M
geLY . (2) weW}r (Q) lallp[Iwll,p

Pressure and velocity uniquelly determined?
Blrt —a*ll2 < |S(xt,D(v!)) = S(x*, D(v?))|l2
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Basic a priori estimates

as 2\ P=2 85 2y B2

— ~ 2 — < 7

ST |BcnaronT  1<p<o

write ' ‘ ‘
S = S(@.DW)), i=172
! —2
AV VP = //(1+\D(v1)+sD(v2—v1)|2)pT|D(v1—v2)|2dsdx
QJo

then the assumptions imply
IS* = §%|l2 < o1 d(v!,v?) + oIt — 7r2||2,
2
d(Vl,V2)2S 7(51_S2aD1_D2) +72||7T 2”5

oo
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Basic a priori estimates

Weak formulation
(g, divw), =0
(S(ﬂ-’ D(V))7 D(W))Q - (ﬂ-vdiv W)Q = (f7 W)Q - (b 7W) Tp

Inf-sup inequality and boundedness of 0,S

0<p< inf sup M
geLY . (2) weW}r (Q) lallp[Iwll,p

Pressure and velocity uniquelly determined?
Blrt =7l < |IS" = 8%l < o1 d(v!,v?) +ollwt — 7%
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Basic a priori estimates

Weak formulation
(g, divw), =0
(8(m,D(v)),D(w))g — (7, divw)q = (f,w)q — (b ,w)r,

Inf-sup inequality and boundedness of 0,S

i
0cs< inf oup (T dvwlo
st @ wewp @ l9llIwlle

Pressure and velocity uniquelly determined?
Blat =72l < |8 =822 < o1d(v!,v?) +pllrt — 7|2

ag
- ( + 1) e
o0

IN
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Discrete problem—numerical approximation

Galerkin approximation

Vh - Wll;g(Q)a Qh - LIbJ,C(Q)

Find v, € V4, 7 € Qp, such that:
(gn,divwg) =0
(S(ﬂ-h’ D(vh))’ D(Wh))Q - (ﬂ-hv div Wh)Q = (f — b, Wh)Q

hold for all wy, € Vh, gn € Qp.
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Discrete problem—numerical approximation

Galerkin approximation

Vh - Wll;g(Q)a Qh - LIbJ,C(Q)
Find v, € V4, 7 € Qp, such that:
(gn,divwg) =0
(S(ﬂ-h’ D(vh))’ D(Wh))Q - (ﬂ-hv div Wh)Q = (f — b, Wh)Q

hold for all wy, € Vh, gn € Qp.

Discrete inf-sup condition

~ divw
0< (< inf sup (g, divw)g
9€Q wev, lallyllwll1,p
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Summary
» B (14 |D|2)F’T_2 p < 2 shear-thinning setting.
» inf-sup inequality (3 > O) discrete inf-sup condition (3 > 0), boundary conditions

|85’ <71+ |DP)5F * to deal with pressure non-linearity
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Summary

> 8—3 ~ (14 |D|2)F’T_2 p < 2 shear-thinning setting.
» inf-sup inequality (3 > O) discrete inf-sup condition (5 > 0), boundary conditions
> |85’ <y (1+|DJ? ) * to deal with pressure non-linearity

» 3 >0 = 3 discrete solution (7, vs) and

lvall1,p + IS (7h, vi)llpr + Bllmallr < K
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Summary

1+ |D|2)pT_2 p < 2 shear-thinning setting. (oo, o1)

v

inf-sup inequality (8 > O) discrete inf-sup condition (3 > 0), boundary conditions

v

|85’ <71+ |DP)5F * to deal with pressure non-linearity

» 3 >0 = 3 discrete solution (7, vs) and

lvall1,p + IS (7h, vi)llpr + Bllmallr < K

> v < ﬂgﬁgl = (mn, vs) unique, 7 < =22~ = (m,v) at most one

00+0'1
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Summary

1+ |D|2)pT_2 p < 2 shear-thinning setting. (oo, o1)

v

inf-sup inequality (8 > O) discrete inf-sup condition (3 > 0), boundary conditions

v

|85’ <71+ |DP)5F * to deal with pressure non-linearity

» 3 >0 = 3 discrete solution (7, vs) and

lvall1,p + IS (7h, vi)llpr + Bllmallr < K

> o < ﬂgﬁgl = (mn, vh) unique, Yo < ﬁgoMl = (m,v) at most one

> Y < B57%. = I weak solution (m,v) and [|v|[1, + [|S(7, V)| + Bl7| < K
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Summary

1+ |D|2)pT_2 p < 2 shear-thinning setting. (oo, o1)

v

inf-sup inequality (8 > O) discrete inf-sup condition (3 > 0), boundary conditions

v

|85’ <71+ |DP)5F * to deal with pressure non-linearity

» >0 = 3 discrete solution (7, v4) and

vallp + 1S (mn, va)lor + Bllmallr < K

> o < ﬂgﬁgl = (mn, vh) unique, Yo < ﬁgoMl = (m,v) at most one

> Y < B57%. = I weak solution (m,v) and [|v|[1, + [|S(7, V)| + Bl7| < K

> o < ,800+Ul = a priori error estimates
— < inf — inf -
Iv=villip £ inf, v =willip+ inf 7= qill
2/p’

lm = mnllr 5 inf {7 = qnllr + v — vl

~
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Flow in a converging channel
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Applications: lubrication problems, journal bearing
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Applications: lubrication problems, journal bearing

Flow in a converging channel
Barus model v = exp(ar), o = 0.306

Cells pe

o 5 = E £ DA
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Applications: lubrication problems, journal bearing

Flow in a converging channel
Barus model v = exp(ar), a = 0.3061

Cells mu

=] 5 = £ DA
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Applications: lubrication problems, journal bearing
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Thank you for your attention!
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