CORE PROBLEM WITHIN LINEAR APPROXIMATION
PROBLEM AX ~ B WITH MULTIPLE RIGHT-HAND SIDES*

IVETA HNETYNKOVAT, MARTIN PLESINGER!, AND ZDENEK STRAKOS$

Abstract. This paper focuses on total least squares (TLS) problems AX ~ B with multiple
right-hand sides. Existence and uniqueness of a TLS solution for such problems was analyzed in
the paper [I. Hnétynkovd, M. Plesinger, D. M. Sima, Z. Strakos, and S. Van Huffel (2011)]. For
TLS problems with single right-hand sides the paper [C. C. Paige and Z. Strakos (2006)] showed
how a necessary and sufficient information for solving Az ~ b can be revealed from the original data
through the so-called core problem concept. In this paper we present an extension of this concept
to problems with multiple right-hand sides. The presented data reduction is based on the singular
value decomposition of the system matrix A. We show minimality of the reduced problem; in this
sense the situation is analogous to the single right-hand side. Some other properties of the the core
problem, however, can not be extended for the multiple right-hand sides.
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1. Introduction. Consider a linear approximation problem

AX =~ B, or, equivalently, [B|A] [ Sévd } ~ 0, (1.1)

where A € R™*" X ¢ R™™? B ¢ R™*? without any further assumption on the
positive integers m, n, d, and AT B # 0 (this eliminates the trivial case where it does
not make a sense to approximate B by a linear combination of the columns of A; see
also [13]). We will focus on incompatible problems, i.e. R(B) ¢ R(A). If R(B) C
R(A), then the system AX = B can be solved using standard methods. Consider
changes of the coordinate systems in R™, R™, and R? represented by orthogonal
transformations

AX = (PTAQ)(QTXR) ~ (PTBR) = B, (1.2)
where P~ = PT,. Q7' = Q7, R~' = R”; or, equivalently,

0 [ _)%d } = [ PT[BA] [ i g ] [ BST cs)T ] [ o }R ~0. (1.3)

We require that X solves (1.1) if and only if X = QTXR solves (1.2) and call such
problems orthogonally invariant. The total least squares problem (TLS)

XménG IIGIE|| » subject to (A+E)YX=B+G (1.4)
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serves as an important example; see [11], [12], [7], [5, section 6], [17]. Mathematically
equivalent problems have been independently investigated under the names orthogonal
regression and errors-in-variables modeling; see [19], [20].

In [8] it is shown that even with d = 1 (which gives Az ~ b, where b is an
m-vector) the TLS problem may not have a solution and, when the solution exists,
it may not be unique; see also [6, pp. 324-326]. In order to resolve this difficulty,
the classical book [18] introduces the so-called nongeneric solution. This book also
extends the TLS theory to problems with multiple right-hand sides, i.e. for d > 1.
The existence and uniqueness of a TLS solution with d > 1 is then discussed in full
generality in the recent paper [9], giving a new classification of all possible cases.

The sequence of papers [11], [12], and [13] by C. C. Paige and Z. Strako$ inves-
tigates, using an unified framework, different least squares formulations for problems
with d = 1. The last paper [13] introduces the so-called core problem separating the
information sufficient and necessary for solving the problem from the rest. It gives the
necessary and sufficient condition for existence of the TLS solution, explains when the
TLS solution exists and when it is unique, and clarifies the meaning of the nongeneric
solution. For a brief summary see also the recent paper [9, pp. 752-753].

The first steps in generalization of the core problem theory for d > 1 were done by
A. Bjork in the series of talks [1], [2], [3], and also in the unpublished manuscript [4],
and by D. M. Sima and S. Van Huffel in [15], [16]. In this paper we further develop
the data reduction suggested in [14] which gives the core problem, we investigate its
properties and prove its minimality.

The organization of this paper is as follows. Section 2 recalls the core problem
concept for a single right-hand side. Section 3 describes the data reduction for multiple
right-hand sides, shows how to assemble the transformation matrices, and discuses
basic properties of the reduced problem. Section 4 proves the minimality of the
reduced problem, and thus justifies the definition of the core problem. Section 5
concludes the paper.

Throughout the paper, R(M) and N (M) denote the range and null space of a
matrix M, respectively; I, (or just I) denotes an ¢-by-¢ identity matrix; and Oz ¢ (or
just 0) denotes an ¢-by-¢ zero matrix. The matrices A, B, [B|A], and X from (1.1)
are called the system matriz, the right-hand sides (or the observation) matriz, the
extended (or data) matriz, and the matriz of unknowns, respectively.

2. Data reduction in the single right-hand side case. Consider the linear
approximation problem (1.1) with d = 1. In [13] it was shown that there exist
orthogonal matrices P, (), that transform the original problem into the block form

1

10 10 17 [bi|Au]| © L
ewaly ][5 @12 ][ [ 2 o e

where by and Ay are of minimal dimensions. Such transformation can be obtained
using the singular value decomposition (SVD) of the system matrix A,

A=UxVT, UeR™™ ¥ eR™"  VeRY™, (2.2)
where U=! = U”T, V=1 = VT, Let A have k distinct nonzero singular values
01> 09> ...>04 >0, (2.3)
and let their multiplicities be m;, j =1,...,k; 2?21 mj = r = rank(A4). Then
Y =diag(o1lmys - -« Oklimg s Om—r n—r). (2.4)
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Consider the partitioning U = [Ui,..., Uk, Uky1], U; € R™*™i, j = 1,... k, and
Upr1 € R™*™Me+1 where my 1 = m — r is the dimension of the null space N(AT).
Columns of U; represent an orthonormal basis of the jth left singular vector subspaces
of A. Then

WWM[ }U%mwmm, (2.5)

1 0
0V
where

FEU = fals f=U0b =1kt
and
v; = £l = 0. (2.6)

Note that ¢; = 0 if and only if b is orthogonal to the jth left singular vector subspace.
In order to be conformal with the multiple right-hand sides case, we keep (unlike in
[13]) the zero and nonzero components f; together until the last permutation. Let
Sj € Rmixmi, ST 1 SJ-T, be a Householder reflection matrix such that

Slfi=ep;, e =[1,0,...,00" €eR™, j=1,... . k+1, (2.7)
and let
Se = diag(S1,...,S), Sp=diag(Se,Sk+1), Sr=diag(Se,ln—r).
Note that STYSr = X. The orthogonal transformation
(USL)T[b|A(VSR)] = SLLfI5SR] = [SLf15]
maximizes the number of zero entries in the right-hand side vector
SLf=lpiels- . onel s prprei]”

(as mentioned above, we may have ¢; = 0 for some j). Let b have nonzero components
f;, in 7 left singular vector subspaces corresponding to nonzero singular values o; with
indices j1,...,jm, 1 < 7T < k. The component fi+1 (the component of b in the null
space of AT) is nonzero due to the fact that the problem is incompatible. Consider
the row permutation II, of the matrix [ST f|%] such that

stgf = [b'{)o]T = [(pj17 sy Py Sok-i-laoa v ,O]Ta
i.e., all entries of

b1 =055 P haa]” = WFir - s [l i 17 € RPH (2.8)

are positive. Then there exists a column permutation IIg of the matrix H{E such

that
A 0
T _ 11
HLEHR — |: O A22 :| 5

where the block A; € RPHUXT ig (with b ¢ R(A)) rectangular, containing at most
one copy of each nonzero singular value o; on its diagonal and having the zero last
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row. All the other singular values are moved to the diagonal of the second block Ao,

which can be of any shape, or nonexistent. Summarizing, we obtain

b || An | 0
00 [

PThAQ] = ] ., P=US I, Q=VSglx,
where [b1|A11] and A are of minimal dimensions; see [13]. The corresponding trans-
formation and conformal splitting of vector of unknowns is

QT,T = (VSRHR)T,T = |: 1 :| .
Z2
The subproblem [b1|A11], or A1121 &~ by, contains the necessary and sufficient infor-
mation for solving the original problem Az =~ b, and it is called the core problem. The
solution of the second subproblem Assxo =~ 0 with the maximally dimensioned block
Agy € RIm==1)x(n=7) can be considered x5 = 0 (see the discussion in [13]) giving

Z1

$=Q[z2:|=VSRHR|:JS]. (2.9)
The core problem (in a different form) can also be revealed by the Golub-Kahan
bidiagonalization; see [13, Section 3] and [10].

The core problem has the unique TLS solution, see [13]. Using (2.9), the core
problem defines the minimum norm TLS solution, if it exists, or the minimum norm
nongeneric solution; see [13] and [9, section 3.1, pp. 752-753]. In the rest of this paper
it will be shown how to generalize the SVD-based data reduction and obtain the core
problem for d > 1.

3. Data reduction in the multiple right-hand side case. Consider the
problem (1.1) with d > 1. In this section, we construct orthogonal matrices P, Q, R,
that transform the original data matrix [B|A] into the block form

R 0
0 @

where By and Aj; are of minimal dimensions (the proof of minimality will be given in
section 4). The orthogonal transformation (3.1) is done in four subsequent steps: pre-
processing of the right-hand side B (section 3.1), transformation of the system matrix
A (SVD of A) (section 3.2), transformation of the right-hand side B (section 3.3),
and final permutation (section 3.4).

3.1. Preprocessing of the right-hand side. Let d = rank(B) < min{m,d}.
Consider the SVD of B in the form

A | 0
O |A22 ’

PT[BA] [ ] ~ [P"BRIP"AQ) = |- 2 I - H (3.1)

B=SORT, SeR™4 @ecR¥*d ReRx (3.2)
d d d d

where S has mutually orthonormal columns, i.e. STS = I3, © is of full row rank, and
R is square, i.e. R~! = RT. (Note that the schema illustrates the case m > d > d;
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other cases can be illustrated analogously.) We will see later that this R plays the role
of the transformation matrix R in (3.1). If d < d, then B contains linearly dependent
columns representing redundant information that can be removed from the original
problem (1.1). Multiplication of (1.1) from the right by R gives

A(XR) ~ BR, (3.3)
where

BR=S0=[C,00e R™*4  CeR™4  and

_ (3.4)
XR= [Y,Y/] ERnXd, YERnXd;
if d =d, then BR = C, XR =Y. With this notation
7 —I; 0
[BR|A] [ X}% } = [C,0]4] 0 —I, 5 |=[AY —CJAY']| ~0. (3.5)
Y Y’
The original problem (1.1) is in this way split into two subproblems
AY = C and AY' =0, (3.6)

where the second problem is homogenous. Following the argumentation in [13], we
consider the meaningful solution Y’ = 0. In this way, the approximation problem
(1.1) reduces to

AY ~ C, or, equivalently, [C|A] { 7}/{5 ] ~ 0, (3.7)

where A € R™*" Y € R4 and C' € R™*? is of full column rank. From (3.2)~(3.4)
it follows that the right-hand side matrix C has mutually orthogonal columns.

3.2. Transformation of the system matrix. Consider the SVD of A given
by (2.2) with (2.3) and (2.4). The problem (3.7) can then be transformed analogously
to (2.5),

(UTAV)(VTY) =%Z ~ F, (3.8)

where Z = VTY, F = UTC. Equivalently,

iy
d ~
[F|2] { 7 } ~ 0. (3.9)
The approximation problem X7 = F has the full column rank right-hand side matrix
F with mutually orthogonal columns and the system matrix ¥ in a diagonal form.

3.3. Transformation of the right-hand side. Similarly to the single right-
hand side case, we now transform the right-hand side matrix in order to get as many
zero rows as possible. Consider a partitioning of F' into the block-rows with respect
to the multiplicities of the singular values of the system matrix A, i.e.

F=[Fl, . FI FLT,  where FjeR™*%  j—=1.. . kk+1
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Let 7; = rank(F};) < min{m,, d}. Consider the SVD of F} in the form

Fj=S;0;WF, S, eR™*™i, ©; e R™*", W; eR™",  (3.10)

d m; Tj d

m; — T

where S; is square, i.e. Sj_l = SJ-T, O; is of full column rank, and W; has mutually
orthonormal rows, i.e. WJTWj =1I,,7=1...,kk+1 (Note that, as above,
the schema illustrates the case 7; < m; < d.) The matrix S; generalizes the role
of identically denoted matrix in section 2; see (2.7). Consider the block diagonal
orthogonal matrices

Sq = diag(S1,...,Sk), Si =diag(Sg,Sk+1), Sr = diag(Se,ln—r). (3.11)
and recall that
Y =diag(o1lm,, - 0klmg, Om—rn_r) € R™*™ o1 > 09> ...> 01 >0,
see (2.3), (2.4). Then ¥.Z ~ F from (3.8) can be transformed to
(SLESR)(SEZ) ~ S{F  and  S]YSp=2%. (3.12)

Equivalently, (3.9) becomes

=
[SZF|2] |: Sg% ] ~ 0,

and the extended (data) matrix has the form

oW o1lm, 0 0

[STP|S] = : i | emrmxerd (313
oWl 0 orlm, 0
Ok Wh,| 0 - 0 0

If m; > r;, then the block SJ-TFJ- = G)joT contains zero rows at the bottom, see
(3.10). Denote

P,

@joT = |: 0

] . D, eRYX (3.14)

where @, is the block of nonzero rows (if r; = 0, then the block ®; has no rows). For
rj = m; we simply have ©;W. = ®;. Tt follows from (3.10) that ®; has mutually
orthogonal rows. The matrix ®; generalizes the role of the number ¢;; see (2.6), (2.8).

3.4. Final permutation. Now the aim is to find a permutation of (3.13) that
reveals the block diagonal structure (3.1). This can be done analogously to the single
right-hand side case (see also [13, Section 2]), by moving the rows of (3.13) with
zero blocks in ©; W' (see (3.14)) to the bottom of the whole matrix with subsequent
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moving of the corresponding columns with the diagonal blocks in the bottom to the
right,

oW o1lm, 0 0
HE [ Id 0 ]
@kaT 0 O'klmk 0 0 HR
oW, | 0 00
[ Dy o1l 0 0 e 0 0]
q)k 0 UICIT;c 0 0 0
| Pr 0 0 0 0 0
- 0 0 0 011, —r, 0 0
0 0 0 0 Oklmy—r, O
0 0 e 0 0 . 0 0 |
By || A | ©
= . 3.15
0 0 |Ax (3.15)
Here II;, € R™*™ ig given by
1] 0 0 |00, ] 0 0
Iy = 3.16
L 0 [I(T)k] 0 0 [I 0 ] 0 ( )
Try oy e 0
0 0 ot ] 0 0 [

ME4+1 " Tk4+1

and it permutes the block-rows starting with ®; up, while moving the block-rows
starting with zero blocks down. Analogously, Il € R"*™ given by

) 0 |0, ] 0 0

Mg = : (3.17)
0 51| o P
0 - 0 0 e 0 Iy

rearranges the block-columns of the system matrix. Note that if for some j we have
rj = my, then the block I, . and the corresponding block-rows and block-columns
vanish; if r; = 0, then the block I,.; and the corresponding block-rows and block-
columns vanish. Let us briefly summarize the whole transformation.

3.5. Summary of the transformation. Using the SVD B = SORT, defined
in (3.2), the original approximation problem (1.1)

AX~B, AeR™" XeR™ BeR™,
is transformed to
AY ~ 07 A e RTTLXW/ Y e RTLXE’ C e RTTLXE’

)
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with the full column rank right-hand side. Then using the SVD A = ULV defined
n (2.2)—(2.4), the problem is further transformed to
F c Rmxﬁ)

YZ~F,  YeR™" gzZecR™

) )

with the diagonal system matriz X. Using SVD decompositions F; = Sj@joT of
block-rows of F, see (3.10), and the orthogonal matrix Sg given by (3.11), the right-
hand side matrix gets the structure with the full row rank block-rows ®; and the
zero block-rows, while the diagonal system matrix ¥ stays unchanged. Finally, the
permutation matrices IIz, Iz given by (3.16) and (3.17) are used to collect the full
row rank blocks, and to transform the system matrix to the block diagonal form with
two diagonal (in general rectangular) blocks, see (3.15).
Consider

P = Udiag(Se, Sk+1) 1L, Q = Vdiag(Se, In—r) IR, (3.18)

and recall the orthogonal matrix R defined by the SVD (3.2) of B. Clearly P~ = P7|
Q 1 _ QT R = RT

0@ 0101 0 [An] }m-— 3.19
d d—d ™ n—n
is of the form (3.1), where
CI)l 0'1[7-1 0
BiAn]=| € R7X (), (3.20)
(I)k 0 Uk:Irk
Py 0 e 0

and m = Zf;l T, M= Zle r;, d = rank(B). The block Az has the form
Ago = diag(o1lmy —rys - Ok Ly —ris O vy nr)-
Thus the original problem AX = B is transformed into the block form

A 0 B1 |0
{ 61 Aﬂ](QTXR)z[ 01 0}’

compare with (1.2). Using a conformal partitioning of the matrix of unknowns

X, X] n

Xz fn—n (3.21)
R:—/R/—_/ ’
d d—d

where Q[f(;] =Y, Q[ii] =Y’ and [Y,Y'] = XR, see (3.4), the block diagonal
structure of the system matrix and the right-hand sides matrix allows to split the
original problem AX ~ B into (generally four) subproblems

A1 X ~ Bl, and Ao Xo = 0, AllX{ ~ 0, A22X£ ~ 0.
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The last three subproblems are homogenous and we consider, following the argumen-
tation in [13], X2 =0, X1 =0, X} = 0. Ouly the subproblem

An X, =~ By, or, equivalently, [B1]A14] { ;(IE ] ~ 0, (3.22)
1
where A;; € R™X" X, € Rﬁxa, By € Rﬁxg, has to be solved. Giving its solution
X1, the solution X of the original problem AX ~ B is expressed as

X = Q[ )él 8 }RT. (3.23)

The dimensions of the reduced problem satisfy
max{7,d} <M =0+ rpy <7+ d.

Note that d can be smaller, equal, or even larger than 7. From the construction we
immediately have the following properties:

(CP1) The matrix Ajq € Rmx_ﬁ is of full column rank equal to m < m.
(CP2) The matrix By € Rmx‘i_is of full column rank equal to d < .
(CP3) The matrices ®; € R"*? are of full row rankequaltor; <d,j=1,...,k+1.

REMARK 3.1. Note that instead of the SVD preprocessing (3.2) of the right-hand
side B (section 3.1), one can use an L@ decomposition (producing a matriz with
m-by-d lower triangular block in the column echelon form and an orthogonal matriz),
or another decomposition giving a full column rank matriz multiplied by an orthogo-
nal matriz from the right. Similarly, instead of the SVD(s) (3.10) of F; (section 3.3)
one can use QR decomposition(s) (producing a matriz with rj-by-a upper triangular
block in the row echelon form and an orthogonal matrixz), or another decomposition(s)
giving a full row rank matriz multiplied by an orthogonal matriz from the left. Such
modifications lead, in general, to a different subproblem [31 |A11] with the same dimen-
ston as (3.20) and satisfying (CP1)-(CP3). Moreover, there exist orthogonal matrices
P1=pPT Q-1=QT, R~' = RT such that

R 0
0 Q

Properties (CP1)-(CP3) are invariant with respect to any orthogonal transformation
of the form (3.24).

4. Core problem. Now we show that the reduced problem [B;|A11] is minimal
over all orthogonal transformations yielding the block structure (3.1). In analogy with
the single right-hand side case we call [B1|A11] a core problem within [B]|A].

Let [B1]|A11] be the subproblem obtained by the transformation (3.18), (3.19) as
described above. The subproblem [B1|A11] has the properties (CP1)-(CP3), By €
R™*4 A, € R™*™ Assume an arbitrary orthogonal transformation of the original
problem such that

PT[B;|A1] = [By|Ap). (3.24)

pripa | B 0| = [BulofAu] o (4.1)
0 Q ool o |An |’
here P~1 ﬁT, @_1 @T, R = ET, El S Rﬁ”‘?, A\n € R™*7_ We prove that
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4.1. l\lumber of columns of the reduced observation matrix. First we
prove d > d. From (3.19),

m-r{aRper L o]

Substitution into (4.1) gives

B|O||A11|O] RTR 0 Bi|o|Au| o
pTp)T | =1 ~ | = 4.2
S I O i e S o Bl i B o R
yielding

a7 | B0 TS By |0

By | ] R - [ B (1.3

From (CP2), By is of full column rank d. Therefore the matrix §1 c R™*4 ig also of
rank d and thus d > d, i.e., the observation matrix B; from the reduction (3.19) has
the minimal number of columns of all possible transformations (4.1).

4.2. Number of rows of the reduced data matrix. Before proving m > m,
it will be useful to show that the orthogonal matrix RTR has a special structure.
Consider the partitioning

. / / . _ -
RTR _ |: Réi Réz :| , Rll1 c RdXd, R/22 c R(d—d)x(d—d)-

Then (4.3) gives

(PTﬁ)T[BlgallBlRag}:[ém 0 }

0 0|0 (4.4)
M DN I -t
d d—d d d—d
Since By is of full column rank, this gives R}, = 0. Consequently
= R 0
RR=| ] (4.5)
21 22

and therefore R}, has d orthonormal rows.
Now we prove m > m. Consider the SVD decompositions
An = U121V1T, Ago = U222V2T,

with orthogonal matrices (71 S Rmxmkﬁg S R(m’mlx(mfm), ‘71 e R™ 7" and ‘72 S
R=)x(n=7) ~and diagonal matrices X1 € R™*" ¥, ¢ Rm=M)x(n=7) hoth with
standard (descending) ordering of singular values; i.e.

~ —~ —~ ~ T
Au 0 F_ |0 0 00 (4.6)
0 | A 0 Oa|] 0 S| 0 W
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Comparing of (2.2), (3.19), and (4.1) with (4.6), gives

A 0
T 11 T
A=UXV P{ 0 22]@

~ ~ ~ T (4.7
= U 0 1 0 i 0 ~r
Pl : 21 a

0 Us 0 > 0 VW

Recall that Aj; € R™*™ and Agy € R~ X("=7) are diagonal matrices; see (3.15).
Thus (4.7) represents three different SVD decompositions of A (the last two with non-
standard forms of matrices containing singular values). Because the singular values
and their multiplicities are unique for any given matrix A, there exist permutation
matrices Iz, g, Iz, and I1x such that

S0

0 3

A11 0

JT
R %, (4.8)

EHL[ }HTﬁL

Permutation matrices II;, and Il are given by (3.16) and (3.17), respectively. The
structure of the other two matrices II;, and Ilg is fully analogous. In particular

Iz
(0] 0 0 |[,°.] 0 0
M = ; . (49)
0 %] 0 0 [Imkoﬂ] 0
o Io 4 0
0 0 [ 0 ] 0 0 [Imwlf?kﬂ
where m; are the multiplicities of distinct nonzero singular values of £, j =1,...,k,
mes1 = dim(N(Z7)), see (2.3), (2.4), and 7; are the multiplicities of distinct nonzero
singular values of X1, j = 1,...,k, 7r11 = dim(N(X7)), Zf;l r; = m. Combination

of (4.7) and (4.8) yields the last two SVD decompositions from (4.7) with the same
(and standard) ordering of singular values placed in the matrix ¥, i.e.

~ ~ T
5| U0 PPN Vi o0 A
A= PMExIg)QT = (P 01 7, ) (I S11R) 01 7, QT |. (4.10)

Because the left singular vector spaces and their dimensions are unique for any given
matrix A, there exist orthogonal matrices

H = diag(Hy, ..., Hy, Hyy1), Hy e R™*™i j=1,....kk+]1, (4.11)

transforming bases of these singular vector spaces such that

(PH{)H - (13

(Analogously for the right singular vector subspaces.) Since

~

Uiy 0

~

Uz

ﬁ{) . (4.12)

~

All 0

PTAQ =
0 | Aa

)
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see (4.1), multiplication of (4.10) by PT and QA) from the left and right, respectively,
gives the following two SVD decompositions of diag(A11, A22),
N T
Vi 0
0 W )

~

Ui 0

~

0 Us

o~

AH 0

nrsi
0 A (I X1 g)

= (PTP)T(UFXI1R)(QTQ) =

For the matrices with the left singular vectors we have

~

Uiy 0

~

((PTﬁ)THE)H< 0 7,

ﬁ{) : (4.13)
i.e. (4.12) multiplied by PT from the left. Using (4.13) and (4.3) gives

T ~ PPN
Bl 0 = UTBl 0
=11 4’*1

= H™TI,(PT P) ((PTﬁ)T [ B0 } (RTR)>

U, 0

0 U

~

I,

0|0

B |0
_ T 1
—HHL[ 0 0

. /
i O}(RTR):HTHL[Bl n O],

where the last equality exploits the structure of RTR matrix; see (4.5). This gives

ﬁ1T1§1 0| _s#wrpgr BiR}; |0
{ S| =T ATI || (4.14)

Recall that B; € R™*4 and B; € R™*4, where using (3.20) and (CP3),
By =@, o ol |7, &, e R rank(®;) =1;.

In particular, By has ™ nonzero rows. The matrix R}, € REXE, d > d is of full row

rank, see (4.5), thus also (®;R};) € R %4 are of full row rank rj, and the matrix
B1 R}, has m nonzero rows. The matrix II; permutes rows such that

[ &R, |07
10 ! 0 } m
BiR, o] |t ||
0 0 k
O, R, |0
- k+6 11 0 | }mk+1

where each block of m; rows correspond to one singular value o; (with the multiplicity
m;) of the matrix ¥. The matrix HT represents an orthogonal linear combination
of rows in each of the blocks; see (4.11). Because each @, R}, is of full row rank r;,
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multiplication by the matrix H”

_ - , -

HT ‘1)1(1)“311 8 } } my
Bi1R}; |0 : :
T 1, _ .
H 11, [ 0 0 } = HT LR, 0 ] _— (4.15)
0 0
T i PRy 0
| R I B

can not reduce the number of nonzero rows. In particular, each block of m; rows

of (4.15) contains at least r; nonzero rows. The permutation matrix ﬁf then moves
all the nonzero rows (and possibly also some zero rows) of (4.15) to the top block

[UTBy,0] € R™*4 of (4.14). Because U is square, the number of rows of By € R7xd
is larger than or equal to the number of rows of By € R™*d je. m > .

4.3. Number of columns of the reduced system matrix. Before proving
7 > 7, we show that the orthogonal matrix PT P has also a special structure, analo-
gous to (4.5). Consider the partitionings

II;, = [Hl,HQ], II; € Rmxﬁ’ ﬁL = [ﬁl,ﬁz], ﬁl S Rmxﬁz.

Then (4.14) can be rewritten as

UrB, |07 | OTHTI, TTHTI, | [ BiR}, |0
0 o] | I¥HTIL, OFHT, 0o 0]
yielding the condition
(ﬁQTHTnl) (BiR,,) = 0. (4.16)

Structures of the matrices I, H, and 11, (see (3.16), (4.11), respectively (4.9)) reveal
that

ﬁQTHTﬂl
I,
[Oalﬂn*ﬂ]H,lT[O] 0 !
= ' I, .
0 [Oal’mk*?k]Hg[ Ok] 0 I
0 o 0 [0, Imk+1—?k+1]Hg+1[ TkO“]

is block diagonal. Thus the condition (4.16) can be split into k + 1 sub-conditions

<[07Imj—?j]H;'T |: ISJ :|) ((I)JRlll) =0, J=1..kk+1

Since ®; R’ are of full row rank, the sub-conditions give

1.
[07Imj—?j]H;r|: OJ :|0
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and thus also ﬁQTHTl_Il = 0. Consequently, from (4.13),

PTﬁ<

-~

Uiy 0

~

T
INENZERI
0 U, | *© L)

| @fHETL) U OTHTIL) | { P, 0 ] rm (4.17)
0 UQ(H%HTHQ) P2/1 P2/2 } m—m )
—— ——
m m—m
and therefore Py, has m orthonormal rows.
Finally we prove n > 7. Using (4.2),
s A ] 0 A A | 0

prp)T | =1 } Q)= |—= . 4.18
ey [ @ra) - | (419

Exploiting the structure of PP, see (4.17), the first i rows of (4.18) are
[(P[)" A1, (P3y) T A22)(QTQ) = [A11,0).
Because (PJ;)” has orthonormal columns and QT@ is a square orthogonal matrix,

rank(Ay1) = rank((P{;)" A11) < rank([(P{;)" A11, (P;)" Ags))
= rank([A;1,0]) = rank(Ay; ).

Recall that Ay; € R™X7 is, by (CP1), of full column rank 7, and A;; € R™*™ has 7
columns. Thus n > 7.

4.4. Summary of the development. We formulate the minimality property
as a theorem.

THEOREM 4.1 (Minimality). Consider the problem AX ~ B (1.1) and its sub-
problem A11X1 ~ By (3.22), where A;; € R™*" By € R™*4 s obtained by the
transformation (3.19) described in section 3. The subproblem A1 X7 ~ B has mini-
mal dimensions over all subproblem EH)AQ ~ El, 121\11 G_R’A”iﬁ, §1 IS Rﬁ”‘? obtained
by an orthogonal transformation of the form (4.1), i.e. d < d, m <m, and m < n.

This allows to define the core problem within (1.1).

DEFINITION 4.2 (Core problem). The subproblem A11X1 ~ By is a core problem
within the approzimation problem AX =~ B if [B1|A11] is minimally dimensioned and
Ase mazimally dimensioned subject to (3.1), i.e. subject to the orthogonal transfor-
mations of the form

T R0 ] T [ B0 A ] 0
P[B|A][T’?]_[P BRIPTAQ) = | =55 |

The core problem obtained by the data reduction based on the SVD described in sec-
tion 3 is called the core problem in the SVD form.
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This definition extends the definition of the core problem within the single right-hand
side problems formulated by C. C. Paige and Z. Strakos in [13]. It anticipates existence
of an original problem and defines the core problem through the relationship between
them. But clearly, any problem having the properties (CP1)—(CP3) can be considered
as a core problem by itself. We formulate this observation as a corollary.

COROLLARY 4.3. Any approrimation problem AX = B having the properties
(CP1)-(CP3) does not allow further reduction and it therefore represents by itself a
core problem.

5. Concluding remarks. It has been shown that for any orthogonally invariant
linear approximation problem of the form (1.1) there exists the fundamental data
decomposition, which reveals the core problem. The presented definition of the core
problem, satisfying the properties (CP1)—(CP3), extends the core problem defined for
problems with d = 1 by C. C. Paige and Z. Strakos in [13].

The data reduction presented here is based on the singular value decomposition
of the system matrix A. The original paper [13] introduced two processes giving the
core problem. The second, based on Golub-Kahan iterative bidiagonalization can
also be generalized to problems with multiple right-hand sides. It leads to a banded
algorithm which was for this purpose proposed by A. Bjérck. The core problem
concept is a useful tool in understanding the TLS problems, which was the original
motivation in [13]. The data reduction and core problem based on the so-called band
generalization of the Golub-Kahan iterative bidiagonalization as well as the solvability
of core problems with multiple right-hand sides in the TLS sense and the relationship
of the presented core problem reduction to the so-called classical TLS algoritm by S.
Van Huffel and J. Vandewalle (see [18]) are under investigation and the results will
be presented in the near future.

Acknowledgments. The authors thank Diana M. Sima for valuable discussions
about the TLS problems theory and the core problems.
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