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Orthogonalization with the standard inner product

A=(a1,...,ap) € R™", m>n=rank(A)

orthogonal basis @ of span(A):
Q - <q17 s a(Jn) e Rm’nv QTQ - In

A= QR, R R™" upper triangular with positive diagonal

C=ATA=R'R



Orthogonalization with a non-standard inner product
B € R™™ symmetric positive definite, inner product (-,-)p
A=(ar,...,an) € R™", m >n = rank(A)
B-orthonormal basis of span(A):

Q=(q1,--,q2) ER™ QTBQ = I,
A=QR, R & R™ upper triangular with positive diagonal

C=ATBA=R'R



Orthogonalization with a non-standard product and standard QR
factorization

Bl/QA — (Bl/QQ)R,
Q'BQ = (BPQ) (V) =1

R(Q) < K'2(B)
k(R) = k/2(C) = k(B2 A) < k'?(B)k(A)



Indefinite orthogonalization with a symmetric bilinear form

B € R™™ symmetric indefinite and nonsingular, bilinear form

A= (ar,...,an) € R™", m >n = rank(A)

B-orthonormal basis of span(A):
Q=(q,...,q,) € R™, QTBQ = Q ¢ diag(+1)
A=QR, R R™™ upper triangular with positive diagonal

if no principal minor of C' vanishes (if C' is strongly nonsingular)

C = AT"BA = RTQR



Signed Cholesky factorization of an indefinite matrix

Cj = ATBA; = R]Q;R;,
Aj = (a1,...q5), Q; = diag(wi, ...,wj)

oo ( Gitoenig L
J— el ) Ci s -
1:j—1,7 257

(DR 85 )
Mj—15 Tig 0 wj 0 755

-1, = Qg 1R] 161:5-1,5

2 T _.T -1 ..
5% = Cjg 15— 1;91 1T1:5-1,5 = Cjj Cl:jfl,jcjfchJ*LJ = 5j



The norm of the triangular factor
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The norm of the inverse of the triangular factor

Rij = UJ1CJ' + Zz;ll (wi+1 — wi)LJTdiag(O, ey 0, Si41y.-- Sj)Lj
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The norm of the inverse of the triangular factor
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Condition number of factors R and @)

IR < IR

w(R) < 1O (10 +2 %25 o0 1)

1QI < HANR™ . omin(Q) = Z2ipld)

R(Q) < r(A)K(R)



Example with x(R) ~ /11/2(3)

|B|| &= 1+ ¢ and omin(B) = 2¢



Example with x(R) > k'/?(B)
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Classical Gram-Schmidt (B-CGS) process and Classical
Gram-Schmidtprocess with reorthogonalization (B-CGS2)

for j=1,...,ndo
rij-1; = Q74 Q] 1 Bay
uj = a; — Qj-17T1:5-1,5
85 = Cjj — 1, Q—171:5-1,;
wj = sign[s;]
55 = V1851

q =u;/Tj;

end for
forj=1,...,ndo
u' = a;
= Ay
for k=1,2 do
k —
Tg j)—l 7 = Qj—llQ?—lBuJ
k k—1
U§ )= 5 = Qjarf J)*lyj

Sj = (U;Z))TBH§2>
w; = signls;]
T = /1851
a4 =u;/7jj
end for



Triangular factor from classical Gram-Schmidt vs. indefinite Cholesky factor

Exact arithmetic:

i—1
4 — Dt ThiQh

rij=w; (a,0)p = (a5 o
AEX) B
_ (aja ai)p — 271;_:11 TkiWkTk,j
Wil

Frj-1; = Q74 Qj-1Ba; + Arijo1;
75,0 = a; — Qj—1T1:5-1,; + Aay, azBQjﬂ:j,j = Ck,j + afBAaj
Finite precision arithmetic:
O — . T O .7y - . T .
kTl = Chg + Arlzjfl,kQJTI:J,J + a; BAg,

0 '72 — e 2 . T . . ..
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Classical Gram-Schmidt computes a stable Cholesky factor of C = ATBA

Indefinite Cholesky B-QR factorization:

assuming O(u)r(C)|[AI]| Bl max;, a,,, 4, |C; ] < 1

C+ AC = RTQR,
IAC] < O)[||RII” + || BII[| AlI%]

Classical Gram-Schmidt (B-CGS) process :

A+AA=QR, |AA] < OW)[QIIIE]
C+AC = RTQR!
IAC] < O@)IRIF+IBIIAMAI 2]+ B AP



Indefinite Cholesky QR factorization: factorization error and loss of
orthogonality

Q = fi(AR™)

107 BQ — OW)[s*(R) + | RTPIAIPIBI + 21 BRI Q[ 5(R)]
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Classical Gram-Schmidt (B-CGS) process :

Q"B -9 < o
O(u) [s*(R) + | BTN AIPIBI + 3| BA[| R Q< (R)]



Classical Gram-Schmidt process with reorthogonalization (B-CGS2)
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finite precision arithmetic:

A1+ AAQJ'—1 =Qj1Rj 1
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Cholesky QR factorization with iterative refinement and classical
Gram-Schmidt with reorthogonalization: loss of orthogonality

ATBA = (RINTQMRMD QM) = A(RM)~1
T o) = (RCHTQR R 0?) = o) (R(2))-1
(@) BQ (R'™) Q¥ =QYV(RY)
Q=0Q?® R=RPRD

IQENTBRY — Q| < o) |IBIIQW* + 1 BQP Q]
CGS with reorthogonalization (B-CGS2): assuming
O()s(A)APIBINCIUICT ] + max;, o, 20, 17 HD? < 1

1Q"BQ ~ 9l < OW)| B QI <
O(u)|| BIIAI*| =~



Numerical experiments - model examples

C— Cu Ci )\ _ R 0 I 0 Ri1 Rio
Coy1 O RL, RIL, 0 —I 0 Ry )’
1. kK(C11) = 100 < K(C) = 10%, k(C12) = 10° for i = 0,...,8;

Ca2 =0 ([|C11]| = [|Cr2| = 1)

Co = —Cu1 ([ICnl =1/2)



The spectral properties of computed factors with respect to the
conditioning of the submatrix C1o for Problem 1.

ICR Il (| S22l IRI=1Q7 | IR~ I =1lQl

10° 1.6180e+00 | 1.0000e+02 1.4142e+01 1.4142e+01
10" 1.0099e+02 | 1.0000e+-02 1.4142e+01 1.4142e+401
10? 1.0001e+04 | 1.0000e+-02 1.4142e+01 1.0001e+02
10° 1.0000e+06 | 1.0000e+-02 1.4142e+01 1.0000e+03
10? 1.0000e+08 | 1.0000e+02 1.4142e+01 1.0000e+04
10° 1.0000e+10 | 1.0000e+02 1.4142e+01 1.0000e+05
10° 1.0000e+12 | 1.0000e+-02 1.4142e+01 1.0000e+06
107 9.9808e+13 | 1.0000e+02 1.4142e+01 1.0000e+07
10° 1.8925e+16 | 1.0000e+02 1.4142e+01 1.0000e+08




The factorization error ||A — QR|| with respect to the conditioning of the
submatrix Cyo for Problem 1.

[ ICE | Cholesky B-QR | Cholesky B-QR2 | B-CGS | B-CGS2 |

10° 9.0448e-16 4.0019e-14 3.5544e-15 | 1.1411e-14
10" 3.7826e-15 1.7094e-14 2.5165e-15 | 9.4835e-15
107 2.0509e-15 1.4189e-14 2.9717e-16 | 1.1512e-14
10° 1.5382¢-15 1.3225e-14 4.4431e-16 | 5.9412e-15
107 7.9169e-16 1.4906e-14 2.4825e-16 | 1.3652e-14
10° 1.2152e-15 1.5119e-14 2.6803e-16 | 7.8625e-15
10° 1.1653e-15 8.8771e-15 4.5776e-16 | 9.0056e-15
107 1.7904e-15 2.2160e-14 1.2413e-16 | 6.5767e-15
10 1.8611e-15 2.5766e-14 1.0175e-15 | 1.1846e-14




The loss of B-orthogonality || — QT BQ|| with respect to the conditioning
of the submatrix C'5 for Problem 1.

[ ICE | Cholesky B-QR | Cholesky B-QR2 | B-CGS | B-CGS2 |

10° 6.9767e-15 3.1373e-15 4.5838e-15 | 3.1956e-15
10" 8.5940e-14 6.6516e-15 5.1740e-14 | 7.1550e-15
107 1.8989e-12 5.6400e-14 4.4021e-12 | 5.1951e-14
10° 4.8268e-10 3.2421e-13 1.5760e-10 | 4.4188e-13
107 2.9594e-08 4.9631e-12 1.1656e-08 | 2.6936e-12
10° 1.5621e-06 3.7820e-11 1.8274e-06 | 2.9007e-11
10° 2.4082e-05 2.0335e-10 2.3673e-04 | 2.8010e-10
107 3.7036e-02 2.5207e-09 9.6352e-03 | 2.9913e-09
10 6.5241e-01 2.0603e-08 4.1306e-01 | 2.4907e-08




The spectral properties of computed factors with respect to the
conditioning of the submatrix C1; for Problem 2.

len'l e (S22l IRI=1Q7 | IR~ I =1Ql

10° 1.0000e+00 | 2.0000e+00 | 1.9319e+00 1.9319e+00
10! 1.0000e+00 | 2.0000e+01 | 6.3226e+00 6.3226e+00
10 1.0000e+00 | 2.0000e+02 | 2.0000e+01 2.0000e+01
103 1.0000e+-00 | 2.0000e+03 | 6.3246e+01 6.3246e+01
10% 1.0000e+00 | 2.0000e+04 | 2.0000e+02 2.0000e+02
10° 1.0000e+00 | 2.0000e+05 | 6.3246e+02 6.3246e+02
10° 1.0000e+-00 | 2.0000e+06 | 2.0000e+03 2.0000e+03
107 1.0000e+00 | 2.0000e+07 | 6.3246e+03 6.3246e+03
108 1.0000e+00 | 2.0000e+08 | 2.0000e+04 2.0000e+04
10° 1.0000e+00 | 2.0000e+09 | 6.3246e+04 6.3246e+04
10™ | 1.0000e+00 | 2.0000e+10 | 2.0000e+05 2.0000e+05
10 | 1.0000e+00 | 2.0000e+11 | 6.3246e+05 6.3246e+05
102 | 1.0000e+00 | 2.0000e+12 | 2.0000e+06 2.0000e+06
10" | 1.0000e+00 | 1.9999e+13 | 6.3245¢+06 6.3245e+06
10™ | 1.0000e+00 | 2.0004e+14 | 2.0188e+07 2.0520e+07
10™ | 1.0000e+00 | 2.0011e+15 | 6.6349e+07 5.2040e+07




The factorization error ||A — QR|| with respect to the conditioning of the
principal submatrix C11 for Problem 2.

[ ICH | Cholesky B-QR | Cholesky B-QR2 [ B-CGS | B-CGS2 |

10° 2.2204e-16 3.4158e-31 2.2204e-16 | 2.2204e-16
107 1.8577e-15 4.4404e-15 7.6343e-16 | 2.5796e-15
107 9.5582¢-15 2.5418e-14 3.5531e-15 | 2.8651e-14
10° 8.1635e-14 5.6963e-13 1.6381e-14 | 2.8060e-13
107 4.8395e-13 2.7736e-12 6.3553e-14 | 1.8356e-12
10° 6.7123e-12 3.4801e-11 1.8190e-12 | 3.3911e-11
10° 4.3895e-11 2.8659e-10 7.2760e-12 | 1.7619e-10
107 3.2539e-11 5.1621e-09 1.1732e-10 | 2.4764e-09
10 1.9919e-09 3.8291e-08 5.8208e-11 | 1.1369e-08
10° 1.9037e-08 4.7511e-07 3.4298e-08 | 3.1724e-07
10™ 9.4905e-08 3.1411e-06 2.9802e-08 | 1.5431e-06
10™T 2.0371e-06 3.1822e-05 2.3842e-07 | 2.0807e-05
10" 4.6287e-06 2.6973e-04 1.7481e-05 | 3.7244e-04
107 3.4565e-04 4.3527e-03 6.1035e-05 | 1.6198e-03
10 2.3032¢-03 8.4629¢-02 3.0518e-05 | 1.8111e-02
10" 7.8736e-03 8.4428e-01 8.9503e-03 | 1.5765e-01




The loss of B-orthogonality || — QT BQ|| with respect to the conditioning
of the principal submatrix C'1; for Problem 2.

‘ ICHI ‘ Cholesky B-QR ‘ Cholesky B-QR2 ‘ B-CGS ‘ B-CGS2 ‘
10° 5.0322¢-16 3.2067e-16 5.3413e-16 | 3.9373e-16
107 1.2883e-15 8.7715e-16 1.5521e-15 | 1.2610e-15
107 4.5583e-15 3.5957e-15 4.6097e-15 | 3.2657e-15
10° 1.9874e-14 1.6704e-14 2.6765e-14 | 2.2026e-14
107 1.5159e-13 1.2480e-13 1.4222e-13 | 1.3054e-13
10° 1.0447e-12 8.1751e-13 1.1241e-12 | 1.2374e-12
10° 1.0511e-11 7.1311e-12 1.6597e-11 | 6.4763e-12
107 5.8440e-11 5.0812e-11 2.1037e-10 | 5.1101e-11
10 3.5174e-10 2.3857¢-10 6.4724e-10 | 5.8383e-10
10° 5.6336e-09 4.7359e-09 8.5080e-09 | 3.2390e-09
100 6.4206e-08 4.7271e-08 1.8162e-07 | 4.7073e-08
10™ 3.3127e-07 2.8293e-07 1.0061e-06 | 4.2164e-07
10%? 3.4508¢-06 2.6920e-06 7.6409¢-06 | 6.0936e-06
10 2.2361e-05 5.5208e-05 1.3357e-04 | 4.7861e-03
10 5.4077e-04 3.6470e-04 6.8111e-04 | 2.1676e+00
10% 5.4339¢-03 2.9211e-03 1.0174e-02 | 4.1463e+00




Thank you for your attention!!!
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