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Orthogonalization with respect to the standard inner product

A= (ay,...,an) € R™", m >n = rank(A)

orthogonal basis Q) of span(A):
Q= (qla ce 7qn) € R™", QTQ =1y

A=QR, Re€R™ upper triangular,
factorization uniqueness: positive diagonal entries

K(Q) =1, IR] = |l |R7[| = 1/on(A), (5(R) = r(4))

C=ATA=R'R



Orthogonalization with respect to a non-standard inner product

B € R™™ symmetric positive definite, inner product (-,-)p

A= (a1,...,an) € R™", m >n = rank(A)

B-orthonormal basis of span(A):
Q=(q1,--,q2) €R™", Q"BQ = I,
A=QR, R R™ upper triangular with positive diagonal entries

BU/2A = (BV2Q)R, |B'2Q| = 0,(BY2Q) = 1 (x(Q) < xV/%(B)))
IRI = [ BY2Al|, |~ = 1/0u(BY2A) (x(R) = n(BY24)

C=ATBA=R'R



Orthogonalization with respect to a symmetric bilinear form

B € R™™ symmetric indefinite and nonsingular, bilinear form
A=(a1,...,ap) € R™", m >n=rank(A)
B-orthonormal basis of span(A):

Q=(q1,....qn) € R™", QTBQ = Q € diag(£1)
A =QR, R & R™™ upper triangular with positive diagonal

if no principal minor of C' vanishes (if C' is strongly nonsingular)

C = ATBA = RTQR

Bunch 1971, Bunch-Parlett 1971
Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981
Slapnicar 1999, Singer and Singer 2000, Singer 2006



Cholesky-like factorization of a symmetric indefinite matrix
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The inverse of the triangular factor in Cholesky-like factorization
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The norm of the triangular factor in Cholesky-like factorization
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Conditioning of the factors R and Q)

IR] < ICHIR

R(R) < ICT (ICH1+ 255, u e, 1G5

1R < AR, omin(Q) > Zmim)

R(Q) < K(A)k(R)

B=VAVT, C=ATBA = (ATV|A"?)Q(A|'?VTA) = RTQR
|A|Y2VT A is a Q-orthogonal matrix (in the case with m = n)

N. Higham, J-orthogonal matrices, SIAM Review 2003

I. Slapnigar, K. Veseli¢, 1999
M. Fiedler, F.J. Hall, T. Markham, G-matrices, 2012-2013



Example with x(R) ~ /11/2(3)

|B|| &= 1+ ¢ and omin(B) = 2¢



Example with x(R) > k'/?(B)
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Numerical experiments - model examples

C— Cu Ci )\ _ R 0 I 0 Ri1 Rio
Coy1 O RL, RIL, 0 —I 0 Ry )’
1. kK(C11) = 100 < K(C) = 10%, k(C12) = 10° for i = 0,...,8;

Ca2 =0 ([|C11]| = [|Cr2| = 1)

Co = —Cu1 ([ICnl =1/2)



The spectral properties of computed factors with respect to the
conditioning of the submatrix C1o for Problem 1.

ICR Il (| S22l IRI=1Q7 | IR~ I =1lQl

10° 1.6180e+00 | 1.0000e+02 1.4142e+01 1.4142e+01
10" 1.0099e+02 | 1.0000e+-02 1.4142e+01 1.4142e+401
10? 1.0001e+04 | 1.0000e+-02 1.4142e+01 1.0001e+02
10° 1.0000e+06 | 1.0000e+-02 1.4142e+01 1.0000e+03
10? 1.0000e+08 | 1.0000e+02 1.4142e+01 1.0000e+04
10° 1.0000e+10 | 1.0000e+02 1.4142e+01 1.0000e+05
10° 1.0000e+12 | 1.0000e+-02 1.4142e+01 1.0000e+06
107 9.9808e+13 | 1.0000e+02 1.4142e+01 1.0000e+07
10° 1.8925e+16 | 1.0000e+02 1.4142e+01 1.0000e+08




The spectral properties of computed factors with respect to the
conditioning of the submatrix C1; for Problem 2.

len'l e (S22l IRI=1Q7 | IR~ I =1Ql

10° 1.0000e+00 | 2.0000e+00 | 1.9319e+00 1.9319e+00
10! 1.0000e+00 | 2.0000e+01 | 6.3226e+00 6.3226e+00
10 1.0000e+00 | 2.0000e+02 | 2.0000e+01 2.0000e+01
103 1.0000e+-00 | 2.0000e+03 | 6.3246e+01 6.3246e+01
10% 1.0000e+00 | 2.0000e+04 | 2.0000e+02 2.0000e+02
10° 1.0000e+00 | 2.0000e+05 | 6.3246e+02 6.3246e+02
10° 1.0000e+-00 | 2.0000e+06 | 2.0000e+03 2.0000e+03
107 1.0000e+00 | 2.0000e+07 | 6.3246e+03 6.3246e+03
108 1.0000e+00 | 2.0000e+08 | 2.0000e+04 2.0000e+04
10° 1.0000e+00 | 2.0000e+09 | 6.3246e+04 6.3246e+04
10™ | 1.0000e+00 | 2.0000e+10 | 2.0000e+05 2.0000e+05
10 | 1.0000e+00 | 2.0000e+11 | 6.3246e+05 6.3246e+05
102 | 1.0000e+00 | 2.0000e+12 | 2.0000e+06 2.0000e+06
10" | 1.0000e+00 | 1.9999e+13 | 6.3245¢+06 6.3245e+06
10™ | 1.0000e+00 | 2.0004e+14 | 2.0188e+07 2.0520e+07
10™ | 1.0000e+00 | 2.0011e+15 | 6.6349e+07 5.2040e+07




Orthogonalization with respect to a skew-symmetric bilinear form

J = < —OI (I) ) € R?™2m skew-symmetric and orthogonal,

A= (a1,...,an) €E R™™ m >n=rank(A)

J-orthonormal basis of span(A4): Q = (q1,...,q,) € R™"

QTJdeiag(( _01 (1] ),...,( _01 (1) )) c R2n.2n

A=QR, R R™ upper triangular with positive diagonal

if no minor of C with even dimension vanishes

0 1 0 1
_ AT _ pTa;
C=A"JA=R d1ag(< 1 O)’””(—l 0))R

Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981
Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986
Benner, Byers, Fassbender, Mehrmann, Watkins 2000



Orthogonalization with respect to a skew-symmetric bilinear form

B skew-symmetric and nonsingular, bilinear form
Schur-like factorization of skew-symmetric and nonsingular B

— 0 22 T
pov( 8 %)

V € R?™2™m orthogonal with VIV = VVT =T
¥ = diag(o1,...,0m) € R™™ with positive entries

pov (3 0) (5 1) (5 8w

0 1 0 1
— AT — pTa;
C=ATBA=R dl&g(( o 0)""’(—1 0>)R

( % g ) VT A is a J-orthogonal matrix



Uniqueness of the Cholesky-like factorization

T yp_ [ T2 O 0 1 11 T12
C_RJR_<7"12 7“22><—1 0)( 0 7“22>
0 r11722 0 +(|C] 0 1
( —T11722 0 > < :F”CH 0 H H -1 0

2( ) — I RIIZ+/I[RIF—4r7, 3,
IRIG—VIIRIF—4rf1 73
As 11722 is a fixed and k(R) is an increasing function of || R|| 7, it is minimized

if 112 = 0 and 111 = +\/[C, re2 = ++/[[C]|. Then RTR = ||C| ( 0y )

Bunse-Gerstner and Mehrmann 1986, Fassbender 2000
Bhatia 1994, Chang, 1998

)



Example with a different choice of block normalization
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Cholesky-like factorization of a skew-symmetric matrix
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The inverse of the triangular factor in Cholesky-like factorization
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The norm of the triangular factor in Cholesky-like factorization
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Xu 2003



Example with k(R) ~ k(A)




Example with x(R) > k(A)
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Thank you Martin!!!
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