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Introduction

Similar questions were answered for full GMRES:

@ Any nonincreasing convergence curve is possible for GMRES
[Greenbaum & Ptak & Strako$, 1996] showed additionally that this is
possible with any nonzero spectrum

@ A parametrization was given of all matrices with a prescribed
spectrum and right-hand sides generating a prescribed convergence
curve [Arioli & Ptdk & Strakos, 1998]

@ Any Ritz-value behavior is possible for Arnoldi and for GMRES [DT
& Meurant, 2012] showed that any Ritz values can be prescribed in
Arnoldi processes

@ A parametrization to see this was given in [DT & Meurant, 2013]:
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@ To force at iteration k the Ritz values pgk) ... p,(ck), k=1,...,n—1,
the remaining entries of U must satisfy

k

k
[T - pM) = g + > tigA
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Prescribing residual norms in restarted GMRES was considered in the
paper [Vecharinsky & Langou 2011].
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Results for restarted GMRES

The paper assumes a special situation in GMRES(m):

@ During every restart cycle, all residual norms stagnate except for the
very last iteration inside the cycle.

© In this very last iteration it is assumed that the residual norm is
strictly decreasing.

Theorem 1 [Vecharinsky & Langou 2011]. Let k positive decreasing numbers
fO)>f(1) > > f(k=1) >0,

and n complex nonzero numbers \1, ..., \, be given. With the
assumptions 1. and 2. above, let the very last residual at the end of the
Jth cycle be denoted by ;. If km < n, then:

@ There exists a matrix A of order n with a right hand side such that
GMRES(m) generates residual norms at the end of cycles satisfying

17l = f(3), i=0,1,..., k.

@ The matrix A has the eigenvalues A1, ..., \,.
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Residual norms inside cycles

@ To prescribe residual norms inside restart cycles we will construct
linear systems generating Hessenberg matrices with prescribed
entries:

@ To generate in the kth cycle the residual norms

FP0) 2> P (m),

we choose the kth Hessenberg matrix of dimension (m + 1) x m is
to be of the form

k -1 k k
Fk) — @ 97(7111 0 o g
m k) 0 T(kzl )




© Prescribing residual norms inside restart cycles
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Comparison of the first two cycles

The constructed matrices and right-hand sides will, as before, have the

form
A=VHV*, H upper Hessenberg, b=Ve.

GMRES and restarted GMRES being unitarily invariant, we concentrate
on the choice of H.
After m iterations of the initial cycle we wish to have the Arnoldi

decomposition

1) A 1)* (1
AVrSzl) = V?’E’L—l)-lH?(r’%)’ V?’Ez—l)-lvrfz—l)-lz m+1-
To generate ﬁf,,l) we need
In ] _ [ &Y
dEan i

The m iterations of the second cycle should give the Arnoldi
decomposition

2 2 2)* 2
AV7$72) = Vrgllng)ﬂ V,illv,ill = Ierl'

10
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If r,(A,P is the residual vector at the end of the first cycle, then

(1)
@ o= Ty )
m+1 ”T?("p” — Ym+1
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Comparison of the first two cycles

If r,(A,P is the residual vector at the end of the first cycle, then

(1)
@) ) )
Pt = iy = Y

Lemma 1. /f the initial cycle generates residual norms
6 = e 2 e 2 e

and we define

D _ g2 o1 ® —,M (1)
_1/||T0 H 9 \/| (1) H2 Hr(l) ||2a g —[g() a'--vgm] )

then 21 = g and ¢ L APe;, i=1,...,m.
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Comparison of the first two cycles

If 7‘5,%) is the residual vector at the end of the first cycle, then

(1)
(@ o= Ty
m+1 ”T?("p” — Ym+1

Lemma 1. /f the initial cycle generates residual norms
6 = e 2 e 2 e

and we define

D _ g2 o1 ® —,M (1)
_1/||T0 H 9 \/| (1) H2 Hr(l) ||2a g —[g() a'--vgm] )

then z(1) = ¢ and ¢ L AV e, i=1,...,m.

Here is a relation between the small Hessenberg matrix ﬁ,(ﬁ) of the
second cycle and the large Hessenberg matrix H in the matrix

A =V HV* which we construct:
11



Comparison of the first two cycles

Lemma 2. The matrix IA{ff) is the Hessenberg matrix generated by m
iterations of the Arnoldi process with input H and [ g®MT 0 }T:

N (1)
HZp = Zmr HY, Zmﬂel:{go } Zh s Zmgr = Iy (1)
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Comparison of the first two cycles

Lemma 2. The matrix ES%) is the Hessenberg matrix generated by m

iterations of the Arnoldi process with input H and [ g®MT 0 }T:

N (1)
HZp = Zmr HY, Zmﬂel:{go } Zh s Zmgr = Iy (1)

Can we construct the columns m +1,m + 2,...,2m of H such that (1)

is satisfied with a prescribed Hessenberg matrix Hf? an "inverse" Arnoldi
problem? This will depend on the number of trailing zeroes in g(!)
because the Arnoldi decomposition has the structure

H Zm an+1 IA{,(T?)

* * * *

12



Stagnation at the end of cycles

1)

i

Because g,/ = \/ﬁ — m, with j stagnation steps at the end
i—1 i—2
of the first restart cycle, the trailing j entries of ¢(*), are zero.

Then the Arnoldi decomposition HZ,,, = m+1f]g) looks like

H éznz 23nr+1 ]?ﬁg)
* * * *
J

m J J

The first j columns of the Hessenberg matrix of the second cycle f],(f)
are fully determined by ﬁf,,l) and g™ - they cannot be prescribed.

13



Stagnation at the end of cycles

Lemma 3 If the last j residual norms stagnate in the initial cycle, i.e.
1 1 1 1
e e [ L e |

then the first row off],(f) is zero on positions one till j. Proof: For i < j,

A2 zZ HZpy,
elT[ o e = el HO e

= [¢V" 0]HZpe;=g" H) [ o } -
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Stagnation at the end of cycles

Lemma 3 If the last j residual norms stagnate in the initial cycle, i.e.

1 1 1 1
eSO 2> 100 = - 2 e > = = D)

then the first row off],(f) is zero on positions one till j. Proof: For i < j,

a2 zZ HZpy,
elT[ o e = el HO e

= [ W 0]HZnei=g" ALY [ o } -

Corollary If the last j residual norms stagnate in the initial cycle, i.e.

1 1 1 1
IO > (O > > > = = D)

m—j—1
then the first j residual norms stagnate in the second cycle,
2 2 2
Ol =2l = - = .

|7 I

14



Stagnation at the end of cycles

Hence stagnation in one cycle is literally mirrored in the next cycle and
we cannot prescribe any residual norm history!

GMRES(10)
10 |

10

10°F

residual norm

10°F

10’ L L L
0 5 10 15 20
iteration number
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Prescribed Hessenberg matrices in GMRES(m)

If we assume no restart cycles stagnate in their last iterations, we can try
to solve the "inverse" Arnoldi problem:

- @) ey .
HZm - m+1Hm ; Zm+1el - 0 ; Zm+1Zm+1 — dm+1-
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Prescribed Hessenberg matrices in GMRES(m)

If we assume no restart cycles stagnate in their last iterations, we can try
to solve the "inverse" Arnoldi problem:

- @) ey .
HZm = m+1Hm 5 Zm+1el = 0 5 Zm+1Zm+1 = Im+1-

This can be done in many ways, depending on the choice of columns of
Zm+1 (the Arnoldi vectors). Let us consider the most straightforward,
"canonical" choice

g 0
an+1 = 0 Im
0
Equating the subsequent columns in HZ,, = ,,,,4_1]%{,?) gives explicit

values for columns m + 1 till 2m of H and leads to:

16



Prescribed Hessenberg matrices in GMRES(m)

Theorem 2 [DT & Meurant 2014?] Let A € C"*™ and b € C™ and let for
km < n,
A, AW e cimxm

be k given unreduced upper Hessenberg matrices with positive
subdiagonal and nonsingular leading m x m principal submatrix. Then
the kth cycle of GMRES(m) applied to A and b generates the
Hessenberg matrix
iy

if

A=VHV*, b= Ve,
where V' is unitary, H is upper Hessenberg and the columns
(k —1)m + 1 till km corresponding to the kth cycle are of the form:

17



Prescribed Hessenberg matrices in GMRES(m)

f}/(k_l)g(k_l)}}%-‘k)

H [e(kfl)m+la CER ek’m} = t(k) g(k)BT

,  where
(k)

0 [0 Im]Afﬁ{IO ]

m—1

0 0 |
~ ~ (k O k— 1—1
ha) = eTan) { j— ] , = (Hi:él—&-l gg )) and
1 2 _ A (ko— k-1 - K] 7"
t(k) = C(k_l) {(hgfz(k D _Hﬁf 1)[<£ )a"'v 7(7]’: 1)]T)’hél)} .
m—+1

18



Prescribed Hessenberg matrices in GMRES(m)

Thus we know how to generate, by the right choice of columns of H,
arbitrary Hessenberg matrices during all restarts. Therefore we may
prescribe not only GMRES residual norms inside cycles, but also Ritz
values and possibly other values (singular values [Ernst & Eiermann 2001],
harmonic Ritz values, etc. ...).
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Prescribed Hessenberg matrices in GMRES(m)

Thus we know how to generate, by the right choice of columns of H,
arbitrary Hessenberg matrices during all restarts. Therefore we may
prescribe not only GMRES residual norms inside cycles, but also Ritz
values and possibly other values (singular values [Ernst & Eiermann 2001],
harmonic Ritz values, etc. ...).

Remark: Prescribing k restarts under the condition km < n means that
in the parametrization

A=VHV*  b=|p|Ve,

we put conditions on the first km < n columns of H only. The last
column can be chosen arbitrarily. It can be checked (see, e.g., [Parlett &
Strang 2008], that any nonzero spectrum of A is possible with an
appropriate choice of the last column.
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9 Comparison with other restart lengths
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Other constructions

@ We constructed matrices and right-hand sides yielding a sequence of
prescribed Hessenberg matrices if the GMRES process is restarted.

@ The construction found the entries of H using the "canonical"

choice
g(l) 0
Zm+1 = 0 Im
: 0

of Zmar in HZm = Zmar H?.
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Other constructions

@ We constructed matrices and right-hand sides yielding a sequence of
prescribed Hessenberg matrices if the GMRES process is restarted.

@ The construction found the entries of H using the "canonical"

choice )

0
Zm+1 = 0 Im
: 0

of Zmar in HZm = Zmar H?.

@ Other choices lead to different parametrizations, e.g.

(1) -1 (1)
- Inz+1 Hm SO 0 Inz+1 Hm SO 0
H = 0 S1 0 H 0 S1 0
0 0 In72m71 0 0 In72m71

where S is nonsingular upper triangular such that S7S1 — I,,, is
positive definite and Sy satisfies (ﬁg)S@)*ﬁg)S@ =8751 — L.

21
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@ All constructions give the same behavior of GMRES(m) (it
generates the same small Hessenberg matrices)

@ but obviously not the same behavior if full GMRES is applied
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Relation with full GMRES

@ All constructions give the same behavior of GMRES(m) (it
generates the same small Hessenberg matrices)

@ but obviously not the same behavior if full GMRES is applied

Theorem 3 [DT & Meurant 2014?] Consider the linear system constructed
in Theorem 2 using the "canonical" basis for Z,, 1. The residual norms
generated when GMRES(m) is applied to this system are the same as
when full GMRES is applied to this system.

This means the linear systems in Theorem 2 represent the optimal
situation for GMRES(m), where restarting is as efficient as running full
GMRES.

Equivalently, we constructed systems where full GMRES can be
computed with short recurrences ...
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Relation with full GMRES

The linear systems in Theorem 2 also enable to construct situations
where GMRES(m) converges faster than GMRES(m+i) for some ¢ > 0:

With GMRES(m) exhibiting the optimal convergence speed of full
GMRES, no GMRES(m+i) process can do better!

Example: We construct a linear system with
16x16 16
AcRP* beR

such that GMRES(5) generates the prescribed residual norms
[P0 1 1§20 = 11,0.7,0.4,0.1,0.07,0.04]

[Hrff)H, 172, ||ré2)||} — [0.04,0.01, 0.007, 0.004, 0.001]

120 11 120 = 10.001,7- 1074, 4-1074,1074, 71077
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Conclusions and future work

@ Any prescribed non-stagnating residual norms and nonzero Ritz
values are possible for the first n iterations of restarted GMRES,
with any spectrum of A.

@ When we prescribe stagnation at the end of a cycle, we must also
prescribe it at the beginning of the next cycle. The same holds for
zero Ritz values at the end of a cycle.

@ We constructed short-recurrence but full GMRES processes

@ Questions for future work include:

o Can systems be constructed generating prescribed residual
norms for both GMRES(m) and GMRES(m+i)?

@ What is the relation between our constructions and
components of b in the eigenspaces ?

o Are there consequences for restarted Arnoldi ?

@ Can the sufficiency of shorter restart parameters be detected
during the GMRES(m) process ?

& What can be said for GMRES(m) after iteration number n ?
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Thank you for your attention!
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