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Problem formulation

Consider a system

Axr=0b>

where A € R™*"™ is symmetric, positive definite.

Without loss of generality,

b =1, 2 =0.



The conjugate gradient method

input A, b

ro =0, po =10
fork=1,2,... do
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The Lanczos algorithm

Let A be symmetric, compute orthonormal basis of Ky (A,b)

input A, b
v = b/||b||, 51 =0
ﬁo = O, Vo = 0 Tk‘
for k=1,2,... do a; fr
o = v,{Avk 8
w = Avg — agvp — Br_1Vk-1 _
Bi = llw] o P

Vpy1 = w/ By Br-1 o

end for

The Lanczos algorithm can be represented by

AV = ViTy+ Bevoptier, ViV =1.



CG versus Lanczos

@ Both algorithms generate an orthogonal basis of the Krylov
subspace i (A, b).

@ Lanczos generates an orthonormal basis vy, ..., v using
a three-term recurrence — T.

@ CG generates an orthogonal basis rq,...,rr_1 using
a coupled two-term recurrence — T}, = LD, LY.
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CG, Lanczos and Gauss quadrature

Overview

CG, Lanczos,
algorithms

Gauss Quadrature Orthogonal polynomials
nodes, weights Jacobi matrices




CG, Lanczos and Gauss quadrature

Corresponding formulas

At any iteration step k, CG (implicitly) determines weights and
nodes of the k-point Gauss quadrature

k
[ = w50 + Rl

Let f(A\) =M1,

Lanczos-related quantities:

(337),, = (307), R

)

CG-related quantities

k—1

lzlia = > llrsll? + llo — a4 -
j=0



Gauss-Radau quadrature

/ f dw( wa Vi) + wi f (1) + Relf),

1 is prescribed outside the open integration interval,

w; k41 and V; k: are unknowns.
=1 =1

Algebraically: Given p, find &41 so that p is an eigenvalue of

a1 B
N b1
Tk—i—l = /Bk—l
Br-1  ar B
i Br Qg1

Quadrature for f(\) = A~1 is given by ( k+1)



Quadrature formulas

Golub - Meurant - Strako$ approach

Quadrature formulas for f(A\) = A~! take the form

(), = (5, ¢ R,
1), = ()

and R\“) > 0 while R\ < 0/if 11 < Amin. Equivalently

lzla = 7 + llo— a4,

~ R
lz)i = 7 + R,

where 1, = (T,;l)l X TE = (lel)m'

)

[Golub & Meurant 1994, 1997, 2010, Golub & Strako$ 1994]



|dea of estimating the A-norm of the error

[Golub & Strako$ 1994]

Consider two quadrature rules at steps k and k + d, d > 0,

lzla = 7 + |z —zl%,
[z|A = Tietd + Rita- (1)
Then
|z = 2kla = Thra— Tk + Ritd-
Gauss quadrature: ﬁk+d = R,E:C_i))d > 0 — lower bound,
(R

Radau quadrature: 7%+d = RjLq < 0 — upper bound.
How to compute efficiently

Thtd — Tk ?
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How to compute 7 g — 717

For numerical reasons, it is not good to compute explicitly 7,
Tk+d, and subtract .

Instead, we use the formula,

ktd—2
Thid = Th = (Tj+1 = 75) + (Tjrd — Tj+d-1)
i=k
k+d—2 R
= Aj+ ADgya-1,
j=k

and update the A’s without subtraction. Recall that

Aj = (Tﬂ'_il)m B (Tj_l)m’
Apyia = (T_id)1 1 (Tk_id—l)m :
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Golub and Meurant approach

[Golub & Meurant 1994, 1997]: Use tridiagonal matrices,

L ¢ |~

Compute the A's,
AVES]

AEC#)

Use the formulas

lz — k]l A

|l — k|3

- [ -

k+d—1

Z Aj + Hx—fEkerHia

Jj=k

k4d—2 ) ")
I

Z AJ""Ak:er—l + Rk:-i-d'

Jj=k
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CGQL (Conjugate Gradients and Quadrature via Lanczos)

input A, b, g, p
TOZb—A.TO Po =To
do=0,7v1=1c1=1 5=0,dy=1, N(u) = [,
for K =1,..., until convergence do
CG-iteration (k)
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o = ) /Bk = 2
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dp = Ap_q = —k
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di, (G di — B2) 2

Estimates(k,d)

end for
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Our approach

[Meurant & T. 2012]

@ We use tridiagonal matrices only implicitly.
@ CG generates LDL™ factorization of T}.

@ Update LDLT factorizations of the tridiagonal matrices

T,

@ Quite complicated algebraic manipulations, but, in the end,

@ we get very simple formulas for updating A;_1 and A,(C“).

@ This idea can be used also for other types of quadratures
(Gauss-Lobatto, Anti-Gauss).
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CGQ (Conjugate Gradients and Quadrature)

[Meurant & T. 2012]

input A, b, xg, u,
ro = b— Axg, po =10

A(()“) _ Hro||2,
for K =1,..., until convergence do

CG-iteration(k)

A1 = e lre—all?,
Il (A = Ap-1)
(AP = Ag) + [rel2

Estimates(k,d)
end for
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Conclusions and questions

@ The upper bound as well as the lower bound on the A-norm
of the error can be computed in a simple way.

@ Unfortunately, the computation of the upper bound is
not always numerically stable.

e pis far from Ay — overestimation,
@ p is close to Ay — numerical troubles.

@ The estimation of the A-norm of the error should be based
on the numerical stable lower bound.

@ How to detect a reasonable decrease of the A-norm of the
error? (How to choose d adaptively?).

@ Is there any way how to involve the upper bound?
Understanding of numerical behaviour of the upper bound?
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Thank you for your attention!
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