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Abstract. The concept of the core problem in total least squares (TLS) problems was introduced
in [C. C. Paige and Z. Strakos, SIAM J. Matriz Anal. Appl., 27, 2006, pp. 861-875]. It is based
on orthogonal transformations such that the resulting problem decomposes into two independent
parts, with one of the parts having trivial (zero) right-hand side and maximal dimensions, and the
other part with nonzero right-hand side having minimal dimensions. Extension of this concept to
the multiple right-hand sides case AX ~ B in [I. Hnétynkovd, M. Plesinger, and Z. Strakos, STAM
J. Matriz Anal. Appl., 34, 2013, pp. 917-931], which is highly nontrivial, is based on application of
the singular value decomposition. In this paper we prove that the band generalization of the Golub—
Kahan bidiagonalization proposed in this context by A. Bjorck also yields the core problem. We
introduce generalized Jacobi matrices and investigate their properties. They prove useful in further
analysis of the core problem concept. This paper assumes exact arithmetic.
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1. Introduction. This paper further elaborates on extending the core problem
concept to total least squares problems with multiple right-hand sides; see [13]. We
will use the same notations as in [13] and very briefly recall some basic facts. Consider
a linear approximation problem

AX =~ B, or, equivalently, [B|A] [ 7)?1 } ~ 0, (1.1)
where A € R™*" X € R™? B ¢ R™*4 and ATB # 0, without any further
assumption on the positive integers m, n, d. The matrices A, B, [B|A], and X
are called the system matriz, the right-hand side (or the observation) matriz, the
extended (or data) matriz, and the matriz of unknowns, respectively. We will focus
on incompatible problems, i.e., R(B) ¢ R(A), although, the compatible case is not
strictly excluded. Consider the orthogonal transformations

AX = (PTAQ)(Q"XR) ~ (PTBR) = B, (1.2)

where P~ = PT,. Q7' = Q7, R~' = R”; or, equivalently,
RT 0 —1y
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We call problems (1.1) and (1.2)—(1.3) orthogonally invariant and require that X solves
(1.1) if and only if X = QT X R solves (1.2)—(1.3). Within this paper we investigate
the most common case of the total least squares problem (TLS)

XménG IGIE]| - subject to (A+ E)X = B+G, (1.4)

where || - || denotes the Frobenius norm.

The TLS problem with d = 1 was for the first time analyzed in the paper [10]
of Golub and Van Loan. This paper states the sufficient condition for existence of
the TLS solution. The subsequent work of Van Huffel and Vandewalle [21] and the
work of Wei [22], [23] follow essentially the path outlined in [10]. In particular, the
theory is mostly based on the sufficient (not necessary and sufficient) condition for
existence of the TLS solution. The core problem concept, introduced in [16] for d = 1,
is based on a different reasoning. It asks what does it mean in terms of the original
data A and b that the solution in the TLS sense does not exist. Van Huffel and
Vandewalle indicate that this happens in the presence of the so-called unwanted co-
linearities, when the linear dependency between the columns of A is stronger than
the linear dependency between the range of A and the right-hand side b. The core
problem reduction removes all redundancies or irrelevant information from the data
[b|A]. Thus it allows to simply formulate the necessary and sufficient condition for
the existence of the TLS solution for d = 1; see [16]. Core problem can be obtained
by the singular value decomposition (SVD) of A or by the Golub—Kahan iterative
bidiagonalization [9]; see [16], [14].

The first steps in generalizing the core problem concept for the multiple right-hand
side case d > 1 were done by Bjorck in the series of talks [2], [3], [4], in the unpublished
manuscript [5], by Sima in [19], by Sima and Van Huffel in [20], and by Plesinger in
[18]. Following these works and the paper [11] fully classifying situations which can
occur when d > 1, the paper [13] provides a rigorous extension of the core problem
concept to TLS with multiple right-hand sides (1.4). The orthogonal transformation
(data reduction) used there is based on the SVD of the matrix A. The present paper
investigates the band generalization of the Golub—Kahan bidiagonalization (or simply
the band algorithm) with deflations, proposed in [2]-[5]. Here we prove that such
approach indeed provides a core problem in the sense of [13]. Furthermore, this
allows to derive additional properties of the core problem that might be useful in
analysis of its solvability.

The paper is organized in the following way. Section 2 recalls the background
results. Section 3 describes the band generalization of the Golub-Kahan bidiagonal-
ization. Section 4 introduces generalized Jacobi matrices and analyzes properties of
the band subproblem. Section 5 concludes the paper.

Throughout the text R(M) and AN(M) denote the range and null-space of a
matrix M, respectively; Iy (or just I) denotes an £ x ¢ identity matrix; e denotes
the kth column of I; 0y¢ (or just 0) denotes an ¢ x & zero matrix; and ||v|| denotes
the Euclidean norm of a vector v. The following convention concerning the entries of
matrices will simplify the exposition:

e club (&) stands for a nonzero entry, & # 0;

e heart (O) stands for a general entry which can also be zero;

e empty spaces in matrices always represent zero entries.
Throughout the paper we assume ezxact arithmetic.

2. The core problem and other background results. In order to make the
text as self-consistent as possible, we briefly recall the known results used below.
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2.1. Core problem. The core problem within the problem (1.1) is defined as
follows (see [13, Definition 5.2]):

DEFINITION 2.1 (Core problem). The subproblem A11X1 ~ Bj is a core problem
within the approzimation problem AX ~ B if [B1|A11] s minimally dimensioned and
Ass mazximally dimensioned subject to the orthogonal transformations of the form

R 0
0 Q

A11| 0
0 |A22 ’

PT[B|A] { } — PT[BRIAQ] = %1 I 0 H (2.1)

where P~1 = PT Q' =QT, R~ = RT.
Let A;; € R™ ™ have k distinct singular values o; with multiplicities r; and the
orthonormal bases of the corresponding left singular vector subspaces U; € R™*"7,
j=1,... k Let rpy; = dim(N(AT})), with Upy; € R™*™+1 having the orthonormal
basis vectors of N(AT}) as its columns. Then U = [Uy,..., Uy, Upi1] € R™*™ and
UT = U~!. The core problem A;;X; =~ B has the following properties (see [13,
p. 925)):

(CP1) The matrix Aj; € R™>™ is of full column rank equal to T < .

(CP2) The matrix B; € R™*? is of full column rank equal to d < .

(CP3) The matrices ®; = UJ-TBl € R"*4 are of full row rank equal to r; < d, for

j=1,... k+1.

These properties guarantee minimality of the core problem; see [13, section 4]. Di-
mensions of any subproblem A;;X; ~ By having the properties (CP1)—(CP3) cannot
be reduced by any orthogonal transformation of the form (2.1). Moreover

@1 UiTAll }T1

UT[Bl|A11] = : T: : m,
(I)k Uk A11 }Tk
Dpiq 0 g1
——— —
d n
where [Uq, ..., Uk]TAH is a square nonsingular matrix of the size nxn, m = r1+. . .47,

and @1 is of full row rank 11 = m—n. Thus (CPl)f(_CPZ}) imply that the extended
matrix [Bi1|A11] is of full row rank equal to m, max{m,d} <m <7+ d.

2.2. Golub—Kahan bidiagonalization. Consider first d = 1, i.e., the single
right-hand side problem Az ~ b. Here the core problem can be obtained by the Golub—
Kahan iterative bidiagonalization'. Using the initial vectors go = 0 and p; = b/71,
where v; = ||b||, it computes for j =1,2,...

AT
gjo; = A'pj — qj-17, (22)
Pi+17Yi+1 = Agj — pjay,
such that ||g;|| = [|pj+1]] =1, and a;; > 0, vj41 > 0. The matrices
sz[plavpj]eRijv sz[qh?qJ]GRnXJv

IDue to the close connection to the Lanczos algorithm one can also find it under the name the
Golub—Kahan—Lanczos bidiagonalization; see, e.g., [1], [3], [4].
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have orthonormal columns, PjTPj = QJTQJ- = I;; see [9]. The iterative process (2.2)—-
(2.3) terminates when the right-hand side of one of the equations becomes zero, i.e.,
either gja; = 0 (in the incompatible case) or pj11vj+1 = 0 (in the compatible case)
for some j. Consider that Az = b is incompatible, b &€ R(A), and let ¢gz1a74+1 = 0.
Then, denoting P;* = Pry1 and Q7 = Qn,

Y1 | Qa

(PP plAQT = | | = [ba]An] € ROFDXHD - (0.4)
S
Tn+1
represents the core problem within [b|A], and
1 0]:[b1||A11| 0
0 Q 0] 0 A |
where PyP, Q5P are chosen such that P! = PT Q=1 = Q7 see [16]. A generalization

of the Golub—Kahan bidiagonalization for the problems with multiple right-hand sides
is given in section 3 below.

PT[b|A]{ P=[P" P, Q=[Q Q5

2.3. Right-hand side preprocessing. In order to get an equivalent problem
with the full column rank right-hand sides matrix, we preprocess B in an analogous
way as in [13, section 3.1]. Let d = rank(B) < min{m,d}, B € R™*4. Consider any
decomposition of B in the form

B=I[C,0)RT, CeR™¢  ReR™ (2.5)

where C is of full column rank, and R is square orthogonal, i.e. R~' = RT. Multipli-
cation of (1.1) from the right by R gives

A(XR)~ BR,  where XR=[Y,Y]eR™  yecRrd (2.6)

(if d = d, then it can be considered R = I3, B = C, X =Y). The original problem
(1.1) is in this way split into two subproblems,

AY ~C  and  AY' =0, (2.7)

where the second problem is homogeneous. Following the arguments in [16], we con-

sider the meaningful solution Y’ = 0. In this way, the approximation problem (1.1)
reduces to AY ~ C in (2.7). The full column rank matrix C' € R™*9 is called the
preprocessed right-hand side.

Remark 2.2. A decomposition (2.5) can be obtained using the LQ decomposition
of B (see [13, remark 3.1]) in the form

B =[A,0RT, TeR™™ AeR™4 ReR

where II is a permutation matrix (representing possible row pivoting of B), and A is
in a lower triangular column echelon form with nonzero columns. Then C' = II7 A is
called the LQ-preprocessed right-hand side. Alternatively, one can use the SVD of B
(see [13, section 3.1]) in the form

B=S[0,0RT, SeR™I @ecR¥™ RecR (2.8)

where S has mutually orthonormal columns, and the square nonsingular © contains
the singular values of B on the diagonal. Then C' = SO has (nonzero) mutually
orthogonal columns and it is called the SVD-preprocessed right-hand side.



GENERALIZED BIDIAGONALIZATION AND THE CORE PROBLEM 5

3. Band generalization of the Golub—Kahan bidiagonalization. Now we
describe in details the band algorithm. Consider the problem AY = C, where C €
R™*4 is of full column rank obtained above. As an extension of (2.4), we want
to reduce [C]A] to the upper triangular band matrix with (at most) d + 1 nonzero
diagonals (all entries above the dth superdiagonal are zero). We start with the QR
decomposition of the right-hand side C'. The basic band structure is then obtained
using Householder reflections. The whole transformation can be reformulated as an
iterative procedure that, employing deflations, reveals a subproblem representing the
core problem analogously to (2.2)—(2.4).

3.1. Basic structure of the band algorithm. First, the right-hand side C'is
transformed to the upper triangular form. Consider the QR decomposition

71,1 51,2 51_3
C = Py F, F= [ F01 ] , F = N2z : , (3.1)
- B
Ya,d

where P € R™*™, P(B)l = P(TO), and F} is the upper triangular square matrix with a
positive diagonal, v;; > 0,5 =1,... ,d. If C is the SVD-preprocessed right-hand side,
then F} = O is diagonal containing the singular values of the original right-hand side
B, and the first d columns of P(g) are the columns of S; see (2.8). It should be noted
that the matrix Py as well as the matrices F) below, which are all € R™*™, are
distinct from the matrices P; € R™*7 used above in description of the Golub-Kahan
iterative bidiagonalization. Denote L) = P(E)A, then

Pl [CIA] = [F|Lg)). (3.2)

It remains to transform L(g) to a lower triangular band matrix with (at most) d + 1

nonzero diagonals (all entries below the dth subdiagonal are zero). This can be done,
e.g., by multiplications of L) with suitable Householder matrices Hq j, Hpj, j =
1,2,... from the right and left, respectively. Let for k =1,2,...

P(k) = P(O)HP71HP72 R HP,]g S Rmxm’ Q(k) = HQ,lHQ,g R ItIQJC c R™*" (33)

be orthogonal matrices yielding a transformation

Piy[ClAQ ] = [FIPjy AQ )] (3.4)
[ v Bz o Big | g ]
Vo2 : Baar
Ba1a 5 e Qg drk
Yaa | Paan Prriame © 0 ©
- Yarrarn : : N EEE)
' 6k+371,3+k o - Q
Va+k,d+k o - Q
Q ... O
I VISVE
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with o, 5,.,>0, v5,,5,,>0, for j=1,.. .k (3.6)
Denote

L) = P AQy) = Hp ;L1 Ha.; (3.7)

and Loy = Pl_yAQy) = L—nHg;,  j=1,....k (3.8)

The entry a; ;. ; represents the norm of the trailing subrow (of length n — j + 1) of
the jth row of L(;_;), and analogously the entry v; +j.d+j represents the norm of the
trailing subcolumn (of length m — j — d + 1) of the jth column of Lj—y. If the first
row of L) is zero (i.e., a; 7., = 0), or if the trailing subcolumn of Ly of length
m — d is zero (i.e., Ya41d+1 = 0), or if the problem does not have enough rows (i.e.,
Yi+1.d+1 does not exist), then the transformation (3.4) to the form (3.5) with the
condition (3.6) does not exist. In such case we formally put k¥ = 0 and Q) = I,,.
This particular case is discussed later in section 3.2. In the rest of this paragraph we
for simplicity consider g > 009559 > 0,0 =1, ., k. Denote p1,....pz,
the first d 4+ k columns of Py and g1, ..., g the first k columns of Q). Using (3.7)
rewritten as

AQ(k) = P(k)L(k) and ATP(k) = Q(k)L%;g)a (39)

we can write for Ag; and ATp;

T
Agj = i pivs - Pisa vl B drgs - Biaor ey Yassass) > (3:10)

T T
Api =100 9 _as1 - G- 4G5 Big+1s - By a1 aeil - (3.11)
Using the initial vectors pi,...,p7 given by (3.1) and ¢;_5 = ... = qo = 0, the
columns of the (d + k) x k leading principal block of L(x), and the columns qi, ..., g,

and pg,,,...,Pg,, are iteratively generated by
7 d—1
4G4 = A P; — 453755 — Zi:l 4_griPig+i | (3.12)
Biviar = Pi+iAds, for i=1,...,d—1, (3.13)
d—1

PayiVdrjdr; = A — Pit gy — Zi:l Pi+iBiridae; | (3.14)
where [|g;[| = [|p;,all =1, a;3,.;, > 0,73, ;3,, >0, for j =1,2,.... k. The § entries

represent orthogonalization coefficients.

3.2. Deflation in the band algorithm. Now we focus on the case when the
right-hand side of (3.12) or (3.14) becomes zero (including the case k = 0). Let ¢
be the first index for which either oo, 5., = 0 (yielding formally Qdie = 0), or
PareVareare = 0 (vielding formally v5,,5,, =0), 1 < ¢ < min{n + 1,m — d+1}.
The cases £ = n+ 1 and £ = m — d + 1 represent reaching the number of columns and
rows of the system matrix, respectively.

3.2.1. Upper deflation. Let for £ < n+ 1 we get g, 3., = 0. Recall that
@y G40 is the norm of a trailing subrow of the (th row of L) = ngfl)AQ(g,l) to
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the right of 3, 5., ,, therefore

- _ Qp_ 1 dte—1
Po_ylClAQu-n] = [FILe-v]=| " Bpaey 0 - 0 |.  (3.15)

ﬁe+1,3+z—1 o - 9

In this case the Householder matrix Hq ¢ is constructed to transform the first row
below the /th row having a nonzero trailing subrow (say, the £th row) while producing
) > 0.

This upper deflation can be easily described using (3.12)—(3.14). Consider that
the (¢ + 1)th row of [F|L_1)] has the nonzero trailing subrow. The formula for
computing a,, ; 7,, > 0 and ¢ is then given by equating the (¢/+1)th (instead of the
(th) columns of AT Py = Q(Z)La); see also (3.9) and (3.11). Formulas (3.12)—(3.14)
are then for j = /¢, ¢+ 1,..., modified to

d—1
— AT
% +1,d+j = AT pjt — Q—d17Vi+15+1 — (Zi_Q qjd+iﬂj+1,j+i> ., (3.16)
Bividr =Pivilg,  for i=2,...d—1, (3.17)
7 d—1
PariVarjar; = A — Pi+1% 0 a4 — ZiZQ Pi+iBiridass | - (3.18)

The number of summands and computed coefficients (3 is reduced by one for all j > £.
Each upper deflation changes the pattern of nonzero entries in the band matrix by
reducing the effective bandwidth from the top by one.

3.2.2. Lower deflation. Let for £ < m —d+ 1 we get PateVape.dre = 0- Recall
that vz, ,7,, is the norm of a trailing subcolumn of the fth column of L) =

P&;_l)AQ(@ below ﬁé-lrﬁ—lﬁ-iré’ therefore

- Yd+e—1,d4+0-1 5e+271,8+e AR
Pu_[ClAQ )] = [F|L(—)] = 0 Q -], (319

0 @
Then we take Hpy = I,,. The matrix Ly in (3.19) is multiplied by Hgq ¢41 from
the right, giving o, ; 7, ,.,, and the algorithm proceeds with transformation of the
(¢ + 1)th column (provided its trailing subcolumn is nonzero). For capturing this
lower deflation analogously as above, it is convenient to consider a row-oriented for-

mulation of (3.12)—(3.14). Each lower deflation modifies the pattern of nonzero entries
in the band matrix by reducing the effective bandwidth from the bottom by one.

3.2.3. Band subproblem. Since the matrix [F|L)] has (d + 1) nonzero diag-

onals (see (3.5)), after d deflations the effective bandwidth is reduced to one. Denote
P e R™ ™ @ € R"™ ™ the products of the resulting Householder matrices (see (3.3))
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and denote L = PTAQ. Then

By || A11| 0

T — —

(3.20)

and the problem is decomposed in the desired subproblems, see, e.g., the following
illustration:

Y11 B2 Bis || @i upper deflation

V2,2 P23 || Poa o
73,3 || B34 P35 Qzge
Vaa Bas Bas ocur
0 56 Os7 asg8

v6,7 Besg 0O
V7,8 Q79
78,9 Q810

0 |0 - O

i lower deflations O ... O

Let Ay; € R™7 By € R™%4 and denote PP = [p1,...,pm] € R Q5 =
[q1,- -, qn] € R™™. In the rest of this paper we show that the band subproblem

(PP)T[C1AQT] = [Bi|An] € R™X () (3.21)

represents the core problem, by proving that it satisfies the properties (CP1)—(CP3);
see section 2.1.

An implementation of the band algorithm with inputs A and B, and outputs
Ay1, By, PP, QF°, and R (see (2.5)) can be found in Appendix A. For alternative
implementations see [19, Algorithm 2.4, p. 38] or [18, Algorithm 5.1, p. 74].

4. Core problem in the band form. The equations (3.20)—(3.21) immediately
give

c AT,
arr = Q| S

N e e e

which represent QR decompositions of matrices AT P;” and [C|AQ7"], respectively.
The matrix Ay is in the lower triangular column echelon form with nonzero columns,
thus it is of full column rank T giving the property (CP1). The right-hand side By is
in the upper triangular form with nonzero entries on the diagonal (see (3.1)), thus it
is of full column rank d giving the property (CP2). Further [B;|A;;] is in the upper
triangular row echelon form with nonzero rows, thus it is of full row rank m giving
the inequality

max{7,d} <m <7+ d. (4.1)

Note that for d = 1 the matrix B; becomes a vector by, the band algorithm
becomes the standard Golub—Kahan bidiagonalization of A, the matrices [b1|A11], 411
become bidiagonal with [by|A11]T [b1|A11], A11 AT}, and AT, A1y, representing Jacobi
matrices (symmetric tridiagonal matrices with positive subdiagonal entries). This
relationship has been used in [14] and [12]. Jacobi matrices represent thoroughly
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studied objects with the origin in the first half of the 19th century; see the historical
note 3.4.3 in [15, section 3.4, pp. 108-136]; see also [17, Chapter 7, pp. 119-150], [24,
section 5, §36-§48, pp. 299-316], and [7, Chapter 1.3, pp. 10-20].

In the following we introduce generalized Jacobi matrices, discuss their spectral
properties, and show their relationship to the band subproblem with d > 1. In partic-
ular, we investigate bases of eigenspaces of generalized Jacobi matrices in section 4.1,
and we show that A;; AT, represents generalized Jacobi matrix in section 4.2. As a
consequence, the bases of the left singular vector subspaces of A1 have the properties
guaranteeing that the band subproblem [Bj|Aj;] satisfies also the property (CP3).
Other generalizations of Jacobi matrices can be found, e.g., in [6, Chapter 3].

4.1. Generalized Jacobi matrices. Let T € R"*™ be a symmetric matrix
with entries ¢ ;. In analogy to the notation in, e.g., [8, section 4.1], we consider for
k=1,....n

f(k) =min{j : & ; # 0}, and h(k) =k — f(k). (4.2)

The number f(k) is the column index of the first nonzero entry in the kth row of
T (provided it exists), and h(k) is the distance between this and the diagonal entry.
Consider the following matrices.

DEFINITION 4.1 (p-wedge-shaped matrix). Let T € R™*"™ be a symmetric matriz,
and p, 1 < p < n, an integer. If h(k) for k = p+1,..., n is positive and nonincreasing,
then we call T a p-wedge-shaped matriz.

For clarity we give some examples of 3-wedge-shaped matrices:

VARVERVIRF} VARVERVIRFY VERVERV
VARVERVIRVINF § VARVERVERV VERVERV
VERVERVIRVERVIR § VARVERVIRVIEF Y VERVIVIRF §
FAVERVIRVERVIRVIR S U I SV ARVERVERVIN ) , F VI
VIRV EEVARVIRV) FEVEEVIRV PRV )
R VERVERVIRY & 00 & &0 &
OREVERVIRY & O & ©

Recall that clubs (&) stand for nonzero entries, and hearts (©) stand for general
entries which can also be zero. Since 1-wedge-shaped matrices are symmetric tridiag-
onal with nonzero subdiagonal entries, the wedge-shaped matrices can be seen as a
generalization of Jacobi matrices.

Jacobi matrices have simple eigenvalues; see, e.g., [17, Lemma 7.7.1]. In the text
below it is shown that multiplicities of eigenvalues of a p-wedge-shaped matrix are
bounded by p. The following example of a 2-wedge-shaped matrix

00 1
00 0 (1)(1)1
.. _ 8x8
100 = Lo 1 |®LER
& 10
100

with eigenvalues

VE+1 V5 -1 VE-1 VE+1
5 A3 4= — 5 6= "5 Arg = 5

illustrates that the bound is sharp, in the sense that the multiple eigenvalues with the
multiplicity p can be present. This also shows that the strict interlacing property of

Ao = —
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eigenvalues of Jacobi matrices (see, e.g., [17, section 7.10]) does not hold for wedge-
shaped matrices. Eigenvectors of Jacobi matrices have nonzero first and last entries;
see, e.g., [17, Theorem 7.9.3 (7.9.5 in the original Prentice-Hall edition)]. The following
theorem shows how to generalize the property of the nonzero first element to leading
subvectors of eigenvectors of wedge-shaped matrices. This immediately gives the
bound for the multiplicities of the individual eigenvalues. Subsequently we show how
to generalize the property of the nonzero last element to eigenvectors of wedge-shaped
matrices.

THEOREM 4.2. Let T € R™™™ be a p-wedge-shaped matriz, 1 < p <n. Let X\ € R,
v=[v1,...,vn]T € R" be an eigenpair of T, i.e., Tv = \v, v # 0. Then the leading
subvector [v1,...,v,)T € R? of v is nonzero.

Proof. Because h(k), k = p+ 1,...,n is nonincreasing, the first nonzero entry
Ly, f(k) in the kth row is also the last nonzero entry in the (f(k))th column of T'. Using
the symmetry of T', 7y, is the last nonzero entry in the (f(k))th row. Thus the
(f(k))th row of Tv = v can for k = p+1,...,n be written as

k—1
(Ze_l ty(k).e W) FLpk)k Ve = AVf(k)- (4.3)

Let, by contradiction, v1 = ... =wv, = 0. Then (4.3) is for kK = p + 1 reduced to

tF(pt1)pt1 Vot = AVf(p11)-

Because h(p +1) is positive, f(p+1) < p+1, and vy(,41) = 0. Since tf(,41),p41 # 0,
then v,41 = 0. Repeating the argument gives for k = p+2,...,n,v,00 = ... = v, =0,
which contradicts v # 0. O

This theorem has the following corollary.

COROLLARY 4.3. Let T € R™ "™ be a p-wedge-shaped matriz, 1 < p < n. Let
A € R be an eigenvalue of T with the multiplicity r. Let vy = [1,4,...,vn4]’ € R,
£ =1,...,r, be an arbitrary basis of the corresponding eigenspace, i.e., TV = AV,
where V.= [v1,...,v,] € R"*". Then the leading p x r block of V,

yii o Vigp
Q= oo € RPX", (4.4)
Vol o Upy
is of full column rank r.
Proof. Since Vw = [w1,...,w,]T represents for any w # 0 € R” an eigenvector
of T, by theorem 4.2, Quw = [wy, ... ,wp]T is nonzero, which gives the assertion. O

If » > p, then there exists a nontrivial linear combination of the columns of V' which
gives a vector with the first p entries zero, i.e., Q € R?*" can obviously not have full
column rank. This gives the bound for the multiplicities of individual eigenvalues:

COROLLARY 4.4. An eigenvalue of a p-wedge-shaped matriz T € R™*" 1 < p <
n, has multiplicity at most p.

The following theorem generalizes the property of the last nonzero element of
eigenvectors of Jacobi matrices to eigenvectors of wedge-shaped matrices. The proof
is analogous to the proof of theorem 4.2.
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THEOREM 4.5. Let T € R™™™ be a p-wedge-shaped matriz, 1 < p <n. Let X € R,
v=1[v1,...,vn]T €R™ be an eigenpair of T, i.e., Tv = Av, v # 0. Denote

{si,...,spp={1,....,n}\{f(k) : k=p+1,...,n},
81<82<...<Sp,

where f(k) is given by (4.2). Then the subvector [vs,, ..., vs,]T € RP of v is nonzero.

Proof. Since 1y r(x) is the first nonzero entry in the kth row of T', the kth row of
Tv=Mvcanfor k=p+1,...,n be written as

b, (k) Ve(k) T (Ze_f(k)H th,e Ve) = Avg. (4.5)

Let, by contradiction, vs, = ... = vs, = 0. Because h(n) is positive, f(n) < n, and
vy = 0 for all £ > f(n), in particular, v, = v,, = 0. Thus (4.5) is for k& = n reduced
to

tn,f(n) Vi) = 0,

and t,, () # 0 gives vy(,) = 0. Repeating the argument for k =n —1,n —2,... up
to p+ 1 gives vp(n_1) = Vf(n—2) = - - - = Vf(p+1) = 0, which contradicts v # 0. O
Note that s1,...,s, represent the row (and column) indices where the effective band-
width of 1" is reduced by one, and s, = n. Both nonzero subvectors of length p de-
scribed by theorems 4.2 and 4.5 can be observed from the pattern of a wedge-shaped
matrix. As an illustration, eigenvectors of the following 3-wedge-shaped matrix of the
size 9 have nonzero subvectors [v1, v, v3]7 and [v3, vg, 1]

[ Je—[ QO O O & i [y ]
vo [«—1 QO © O QO & Vs
v3 |«—| © © O O O — | 3
Vg * @ @ (? (? & Vg
Us L IVERVERVERVER 3 Us
Vg & o Q@ Q0 — Vg
V7 & O O & V7
Vg & O & vg

BZu | & O || v |

4.2. Singular values and vectors of the band subproblem. To prove (CP3),
we first show the link of the band subproblem (3.20)—(3.21) to the wedge-shaped ma-
trices. For a positive definite matrix M = Z7Z with its (upper triangular) Cholesky
factor Z it is well known that

env(M) = env(ZT + 2), where env(T) ={(k,j) : f(k)<j<k} (4.6)

denotes the so-called envelope of a symmetric matrix T', and f(k) is given by (4.2); see,
e.g., [8, section 4.2]. Analogously, using the structure of the band subproblem (3.20)—
(3.21), it is reasonable to expect that the symmetric positive semidefinite matrices
A1 AT, and [B1|A11]7[B1|A11] inherit the band structure and represent wedge-shaped
matrices. However, their full row rank upper triangular factors A7} and [Bi|A11],
respectively, do not represent the Cholesky factors, in general. Thus the above men-
tioned result cannot be used directly; see also an example in Figure 4.1. Therefore we
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[B1]A1]
L IAVAAVIRVIRVIRVIRVIRVIF 1
r L IAVARVIRVIRVIRVIRVIRVEY 1 7
L IAVAAVIRVIRVIRVILVIRVAY 1
r L IAVARVILVIRVIEVIRVIRVEE 1} 1
L IAVARVARVIRVIRVIRVIRVEY )
r L IAVARVARVIRVIRVIRVIRVAY 7
L IAVARVERVIRVIRVIRVIRVAY 1
r L IAVARVARVIRVIRVIRVIRVEY 1 1
A XX XRVEY)
r L JAVAVEVEVEVEV) 7
L IAVAAVIRVIRVIRV]
r L IAVARVIRVIRVAY ) 7
L IAVARVIRVIRV/
r L. IAVAAVARVAY J 1
L IAVARVAE )
[ m=21 % O & ]
=16 L JAVAR
e L VAR 7
| 3 lower deflations | (in cols. 1, 8, and 10 of A;;) *Z-T-’
5 upper deflations | (in rows 10, 11, 13, 19, and 21) -
[B1|A11]"[Bi]Au]
L AVAVAVEAVEVEAVEVIE
(VAL RVAVEVEVEVAVIIVE
(VAVEL RVAVEAVEVAVIIVAVE 3
\(VAVAVE RVEVEVAVIIVAVEVE
EAVAVAVAVE RVAVAVIIVAVEVEVE 1
\VAVAVAVAVE RvAVIIVAVEVEVEVE )
(VAVAVAVEVAVE RVIIVAVEVEVAVEVE
\VAVAVAVAVAVAVE JIVAVAVAVAVAVAVE. )
*Vvvvvvv*vvvvvvvo
. BAYAVAVAVAVAVIIVE RVEVEVEVEVEVE Y 7]
L AVAVAVAVAVIIVEAVE RvAVEVEVEVAV)
LAVAVAVAVIIVAVEVE RVEAVEVEVAV]
L AVAVAVIIVAVAVEVE RVEVEVEVE J
L AVAVIIVAVEVEVEVE RVAVEVEV]
r L AVIIVAVAVEVEVEVE RVEVAVE 1
L J\VAVAVAVAVAVAVE RVEAVAV]
L AVAVAVAVEVEVE RVEVE 3
L. AVAVAVAVE RVEV/
L AVAVEVE RV J
r L AVAVAE v ) 1
LAV RV
LAV RV
LAV )
LX)

Fic. 4.1. Top: A band problem Z = [B1|A11] with d = 8. Bottom: One can see that the positive
semidefinite matriz M = [Bl|A11]T[Bl\A11} 18 a 8-wedge-shaped matriz. Since the upper triangular
matriz Z in the top does not represent the Cholesky factor of the matriz M in the bottom, then
env(M) # env(ZT + Z); see, e.g., the encircled nonzero entry in the top part and the encircled zero
entry in the bottom part.
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state and prove the following lemma which shows when A1; AT} and [B1|A11]7[B1]A11]
are wedge-shaped matrices.

LEMMA 4.6. Let élle ~ By, A1 e R™*" B, € R™%4 pe the band subproblem
(3.20)—(3.21). If m > d, then the matriz

AllA?l S Rﬁxﬁ’
is d-wedge-shaped. Since d +7 > d, then the matriz
[31|A11]T[B1|A11] € R(EJFH)X(EJFH)v

18 also E-wedge—shaped.

Proof. Denote a} = el A1y the kth row of Ajq, thus afa; represents the (k, j)th
entry of AHATI. We look for the first nonzero entry in the kth row of AHATI,
k=d+1,...,m. Denote ©(j) € {1,...,m} the row index of the first nonzero entry
in the jth column of Ajq, i.e.,

1

3

al -):[Q?,...,Q?,a
N ——

o (4.7)

.
I

geeey

o) O 0l
i1 g

Denote (k) € {1,...,7} the column index of the first nonzero entry in the kth row
of A117 i.e.,

T = _

arp = [0,...,0,7, 5 ,90,...,9], k=d+1,...,m. 4.8

k= Tyt (k) ] (4.8)
P(k)—1 n—y (k)

For j = (k) the entries « and 7y, atu(k) belong to the same column, i.e.,

©(j),d+j
T
Ak Qo (k) = Vi (k) Yo (v (k) d+w(k) > O- (4.9)

Using the lower echelon form of A;;, all rows above ag(w(k)) ((4.7) with j = ¢(k))

are structurally orthogonal to af (4.8), thus all entries to the left of af agy(pr)) (4.9)
are zero. Consequently, azaww(k)) (4.9) is the first nonzero entry in the kth row of

AllA,{la k :E—i— 1,...,m. Thus

see (4.2). The matrix A;; has the band form with the « entries located on the top
and the v entries on the bottom of the band; see section 3.2.3 above. The row ag(w(k))
((4.7) with j = ¢(k)) is always placed above the row (4.8). Thus (4.9) is on the left
of the diagonal entry a} ay in the kth row of 411 AT}, i.e., p(¢(k)) < k and

h(k) =k — (¢ (k))

is positive for k = d 4+ 1,...,m. Because both ¢(j) and ¢ (k) are increasing, the
composed function ¢(v(k)) is also increasing, and h(k) is nonincreasing for k = d + 1,
...,m. Consequently, A1; AT is a d-wedge-shaped-matrix.

The proof for [Bi1]|A11]7[B1|A11] is analogous: Replace A1 by [Bi|A411]T and
exchange the roles of the a and ~ entries. O
Recall that 7@ > max{7, d}; see (4.1). Thus the only case not covered by the previous
lemma is @ = d, where A;; AT} has no particular structure. Note that d + 7 =
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d (i.e., A1 has no columns) occurs in the excluded case A”B = 0 (after the QR
decomposition (3.1)-(3.2), the band algorithm starts with d upper deflations). The
matrix AT} A;; € R™™ is the trailing principal block of the d-wedge-shaped matrix
[B1]A11]T[B1|A11]. If @ > d, then AT, Ay represents a d-wedge-shaped matrix; see
also Figure 4.1. If @ < d, then A7} A1 has no particular structure.

Now we are ready to apply the spectral properties of wedge-shaped matrices
proved in section 4.1 to the band subproblem (3.20)—(3.21).

COROLLARY 4.7. Let A1 X1 ~ By, A1 € R™*®, B, € R™*? pe the band
subproblem (3.20)—(3.21), i.e., [B1]A11] and A11 are the upper and lower triangular
band matrices, respectively, with (at most) d + 1 nonzero diagonals. Then:

(a) The singular values of [B1|A11] and Ay1 have multiplicities at most d.

(b) Letvy,...,v, be an orthonormal basis of the right singular vector subspace of
[B1|A11] corresponding to a singular value with the multiplicity v (or of the
null-space N'([B1|A11]) with the dimension r). Then the leading d x r block
of [v1,...,v,] € RFADXT s of full column rank 7.

(c) Let uy,...,u, be an orthonormal basis of the left singular vector subspace
of A11 corresponding to a singular value with the multiplicity r (or of the
null-space N'(AT)) with the dimension r). Then the matriz

®=[ug,...,u ]t B € R7 x4

is of full row rank r, i.e., the band subproblem A11X1 ~ B satisfies the
condition (CP3); see section 2.1.

Proof. Assertion (a) follows directly from lemma 4.6 and corollary 4.4, except for
the case of A1 with @ = d. Since A;; € R™*7 is of full column rank, m > 7, the
assertion becomes in this case trivial. Assertion (b) follows directly from lemma 4.6
and corollary 4.3. Assertion (c): The leading block Q € R™*" of [uy,...,u,] € R™X"
is of full column rank r by corollary 4.3 (the case m = d excluded in lemma 4.6
becomes again trivial) and By = [F{L, 0], where Fy € R%*? is nonsingular; see (3.1).
Thus @ is of full row rank . O

Consequently, we have proved that the band algorithm computes the problem
A11 X1 =~ Bj that satisfies conditions (CP1)—(CP3) defining the core problem formu-
lated in section 2.1. We state this result as the following theorem.

THEOREM 4.8. The band subproblem A11X1 =~ By (3.20)—(3.21) obtained as the
output of the band algorithm described in section 3 applied on the problem AX ~ B
represents a core problem within AX =~ B in the sense of definition 2.1. It can
therefore be called the core problem in the band form.

5. Concluding remarks. We have shown that the band generalization of the
Golub-Kahan iterative bidiagonalization algorithm always yields the minimally di-
mensioned subproblem within the original linear approximation problem AX =~ B.
This consistently extends the results obtained in [16] to problems with multiple right-
hand sides.

Assertions (a) and (b) of corollary 4.7 give some additional properties of core prob-
lems. For d = 1, these properties reduce to the well known facts that singular values
of [b1]A11] are simple and the right singular vectors have nonzero first components,
guaranteeing existence of the unique TLS solution of the core problem. The proper-
ties from corollary 4.7 might be helpful in analysis of solvability of core problems for
d > 1. This issue is, however, still under investigation.
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Appendix A. Implementation of the band algorithm.

Algorithm 1 implements the band algorithm. Assuming exact arithmetic, it re-
turns for general input data A, B the matrices A1, By of the core problem in the
band form, and the corresponding transformation matrices P’ Q¥ (see (3.21)), and
R (see (2.5)). For alternative implementations see [19, Algorithm 2.4, p. 38] or [18,
Algorithm 5.1, p. 74]. In the algorithm py, ¢; denote the kth and jth column of P and
Q, and Py = [p1,...,pk] € R™*.Q; = [q1,...,q;] € R (Qo represents a matrix
with no columns); Ly ; = P AQ; denotes the k x j leading principal block of L, in
particular L7 = Aq1 (see (3.21)), and Iy ; = €] Le; is the (k, j)th entry of L. The
variables ¢y and ¢y, are counters of the upper and lower deflations, respectively. The
algorithm stops when ¢y + ¢ = d = rank(B); see the line 7. The indices j and k
denote the number of columns and rows, respectively, of the currently computed part
of the matrix L. If j or k becomes equal to n or m, respectively, then the algorithm
stays in the loop of lines {7-13, 36-39, 7, etc.} or {7-26, 32-35, 38-39, 7, etc.}. The
value of ¢y respectively ¢, increases until ¢y + ¢;, = d. The following schema, illus-
trates (on the example given below (3.20)) how the algorithm assembles the matrix
Ajy; the arrows represent updates in the lines 24 or 31:

C Q14 aia | 0 aia | 0 0
. : . 0
I~ = 24 81 52,4 24, 52,4 Q25 | 24, 52,4 Q2.5
d,0 gz’i B3.4 B34 | B35 B34 | B35 | a3
- V4,4 | V44 | Bas Va4 | Bas | Bae
i 041_’4 0 0 [ 05174 0 0 0
" Boa | o5 | O . Bo4 | azs | O 0
— | B34 | B35 |aze | — | B34 | P35 |a3e| O
Yaa | Bas | Bas Vaa | Bas | Bas | car
.0 0 756 | O 0 756 | Bs7
Caal 000l o] 0] 0 ]
Baa | a5 | O 0 0 0 0
B34 | B35 | ase| O 0 0 0
s, 2| 74 Bas | Bag | cur| O 0 0 L= A
0 0 56| 857 | ass| O 0 ' "
0 0 0 7,7 | Bss| O 0
0 0 0 0 V7,8 | Q7.9 0
|0 0 0 0 0 789 | asio0 |

The sums in (3.12), (3.14), or in (3.16), (3.18), are implemented in the lines 11 and 25,
respectively. This implementation does not reflect, for simplicity, the structure of zero
entries in the band matrix; i.e., as an example, the sum in the line 11 computes the
full matrix-vector product of the matrix [¢1, ..., ¢gj—1] with the last column of Lg o1
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Algorithm 1 (Band generalization of the Golub-Kahan bidiagonalization).

1: input A € R™*" B ¢ Rm*d {ATB # 0, rank(B) = d}
2: compute B = [C,0]RT {RHS preprocessing, C € R™*4 RT = R~1}
3: compute C = P;I {QR decomposition in the economic form}
4: initialize Qo <[], Lz, < [] {data arrays/matrices}
5: initialize cy < 0, ¢, <0 {deflation counters}
6: initialize j «— 1, k+«d {control variables/indices}
7. while cy +cp < d do
g if j=1, then {compute an auxiliary vector}
9: aux, «— ATpjic, = ATp

10: else .

1 auxg = ATpjicy = X121 Giljre.

12 end

13:  if auxq #0, then

14: ey g < llauxg| {compute « coefficient}
15: qj < auxq/a, . Gy {compute ¢ vector}
16: Qj — [Qj-1,4] {update of @ matrix}
17: beta < []

18: if cy+ecp < d— 2, then

19: for Z.:j+1+CU,...,j+Eflch do

20: Bide < pl Ag; {compute [ coefficients}

21: beta « [beta, 3, 7 ]

22: end

23: end

24: Li,j = [Li,j—1,[01j-14c0 s Oy oy dago beta]7] {update of L (add a col.)}

25: aux, — Agj — ¥ pili; {compute an auxiliary vector}

26: if aux, #0, then

27 ke—k+1

28: Vids; < lauxp|] {compute 7 coefficient}

29: Pr < auxp /vy . {compute p vector}

30: P, — [Pr—1,pi] {update of P matrix}

31: Lij < [Li_y 55 [015-1, M q45] 71" {update of L matrix (add a row)}

32: else

33: cr —cr+1 {lower deflation}

34: end

35: je—j+1

36: else

37: cy —cy+1 {upper deflation}

38: end

39: end

40: Mme—k,m—j—1, By « [FF, 05 7, A1 «— Lz, P/* — Pm, QF <« Qn

11: output Aj; € R™*" B; ¢ RM*d PP ¢ RmXM QP ¢ Rnx7 R ¢ Rixd
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