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Sylvester’s construction Threshold vectors Basic parity

Definition (operators g, b and f)

Let X = (X1,X,--- ,Xn) € {—1,+1}". Then define the number
xMef0,..., 27— 1} asx™¥ o (M) on—k.

Further let ie{1,. - 1} and & ¢ {0, 1}" such that
i=y1 a2 Then /b’” “& and PTE2.6 1.

Example

|
=4

() ((1,4,1,1,4 f1)T) — 251 231 22 — 44,

Q 44" —(1,0,1,1,0,0)",
Q 44P™ —(1,—1,1,1,-1,—1)T,

, . j - _int\ Pm1
Q= (/P’m)'m and X = <x’”t) )
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Sylvester’s construction

Definition (James Joseph Sylvester, 1867)

(n—1) (n—1)
Let B = (11) and B ¥ <g<n1>g(n1)> . Than

the matrix B isa parity matrix of degree n.

Lemma

Q@ B s symmetric Hadamard matrix (B . BT — 2n),
Q foralli,je{0,1}"is

B(”)__.mt ~int = (—1)221 ia.ia,

),

(rows and cols of B\") are numbered from 0 to 2" —1).
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Sylvester’s construction Threshold vectors Basic parity

B®) B®)

- ﬂé ;
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Sylvester’s construction

Square matrix A is INCREASING if the entries in each row and
column forms a nondecreasing sequence. Square matrix A is
POTENTIALLY INCREASING iff there exist permutation matrices
P and Q such that the matrix P - A - Q is increasing.

Lemma

A square matrix A with entries +1 is potentially increasing iff

does not contain submatrix of the forms (_] ‘]) or (‘] _]) .
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Sylvester’s construction

Let C be square matrix of the order 2", n > 1, fulfilled
condition that C;; < 1 fori+j < 2" +1 and C;; £ —1 for
i+j>2"+1(C has on collateral diagonal and upon 1 only,
bellow —1 only). Further let us assume that the matrix D is

arbitrary potentially increasing matrix of the order 2". Than:

2"(n+1) = (B \c> > (B yD>.

—: Let7(n) ¥ <B(”) |C> and ¢} and ¢, denotes numbers of 1
and —1 in the matrix B(" , respectively. Then ¢/ — ¢, = 2"
implies 7(n) =2"+2-7(n—1).

> @ induction
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ter's construction Threshold vectors Basic parity Symetric vectors

Definition
Let the function sgn: R" — {—1,+1} is defined as
sgn(z) €1ifx >0and sgn(z) € —1ifx <0.

Definition

Let X¢,...,Xs be vectors from the space {—1,+1}". Than
say that vector y is THRESHOLD VECTOR of Xq,...,Xg, if
there exists numbers wj, ..., ws such that vector 2;9:1 w; - X,
has only nonzero components and it holds that:

(Here, function sgn is applied to vector componentwise).
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construction Threshold vectors Basic parity Symetric vectors

Definition

Assume that vectors Xi,...,Xg are linearly independent and
let

s

— de — — |

VEY BXi+y,
i=1

where ¥ is in orthogonal complement of [X1,...,Xg]x -
Further denote

def
Bmax :e

max {|5| lie{1,...,S}}.

Numbers g; can be evaluated using pseudoinverse matrices:
Let X & (%4,...,%s) . Than holds

3= (XTX>_1 XTy.
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Threshold vectors

Lemma

Let y be threshold vector of the system (X1,...,Xs). Than
Z Bil >
Let 58 1‘5, <1. ItfoIIows(x1, -B’),<1.
]
At the same time y = (Xq,.. ., )ﬁ + y, therefore

son (y*) =sgn (¥ - (%1.....%s) B) = sqn () = . (1)
Further, y is threshold vector, so there exists w such that
sgn ((X4,...,Xg) w) = y. This equation and equation (1) imply

/
inequality (y ) - (X1,...,Xs) w > 0 which contradicts with

. =1 - .
orthogonality of the vector y~— to vectors Xi,...,Xs.
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Threshold vectors

Theorem

Let y be threshold vector of orthogonal system of vectors
Xq,...,Xg € {—1,+1}". Than

TS 1= v 2
= max;[(7]%) “
;:(' is orthonormal system.
Hence ;%] = <y X > and || %;|| = v/n.
Thus
_max; [(y | X;)|

S :S'ﬁmaxZi’B/’Z1-
i=1
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22Ky and corresponding conjugated matrices M B,
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Basic parity

Theorem

Letn% 2k, y € {—1,+1}2" be threshold vector of the system
of basic parity vectors and constant vector. Than the matrix
M y is potentially increasing.

Obviously

K K
V=Y 0j-Bj+> B Pryj
j=1 j=1

So
k k

My,_j;a/ ij+;/3, Mpw A+ B

RMS = R(A+ B) S = RAS + RBS = AS+ RB

Franti$ek Hakl ICS AS CR

Classes of Boolean circuits



Symetric vectors

Let ¥ € {—1,4+1}?". Then a vector y is SYMMETRIC iff

(Vi,je{0,...,27—1}) [(zn: (ibin)k:zn:<jbin>k:>yi:}7j] :
k=1

@ columns of B
@ majority function

pro

—1 S (P, =4 mod 0,1
1 S (P, =4 mod 2,3.
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’s construction Threshold vectors Basic parity Symetric vectors

Theorem

Letn e N and a vector y € {—1,+1}2" is symmetric. Let
di,...,dn be lengths of successive constant blocks of the
sequence

}707}721717}722717'--_:}72"71'
Further foreach ke{1,... . m} andx € {—1,+1}" is

G (%) “son (S %423 a4 )

Then
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Symetric vectors

fz,
Theorem

PT, C LT; and SYM, ¢ PT,.
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LTy, LT3

Theorem
Letn =2k and forj € {~1,+1}" be My, = B Thany e LT,
andy ¢ LT,.
add y € LT5:
son(x1+xk+1—3)  Sgn(Xe+Xes2—5) SIN(Xg+Xki3— 59n(Xa+Xka—
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now, let y € LT,:

y is threshold vector of

{Py,...,Ps} U {threshold vectors of vectors py,...,Ps}. Al
whose conjugated matrices (say M) are potentially increasing
so for arbitrary je{1,...,S} the following inequality holds

(B® M) = (My M) < (k+1)- 2%

n

ma, [(y]%,)])

max;

Therefore (remember S > it holds that

2" 2.23
(k+1)2k — n+2

S >
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Perceptron X XOR:

@ inequalities @ y1xiand ylXo
. ; -1 1
@ geometry ° My contains ( 1 _1)
—1 1 1

6+~v<0
B—v>0 B+v=0 B=0
B+y>0 (7 B—y=0f " ~4=0
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