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Basic definitions

Let X be an universal set, Sc X,C C 2X.

M (S) € {SnelceC}
Me (m) € max {|N¢ (S)||Sc X, |S| =m}

VCaim (C) = sup {m|Mc (m) = 27}

VCgim (C) is maximal size of a set S shattered by system C
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Examples:

VCgim (intervals in R") = 2n.
VCgim (Union of n intervals in ®) = 2n.
VCgim (convex sets in R7) = +oc.

Let C be nonempty concept class over X . Then
Q@ vCam(C) =0ifand only if C contains exactly one set.

@ Let one of the following conditions is true:

@ C islinearly ordered by inclusion, or
@ anytwo setsin C are disjoint.

Then VCgim (C) =1.

Franti$ek Hakl

ICS AS CR

VC dimension



Example: VCgim (C) = 400

LetC ¥ {Z\a
Then VCd,'m(

(3a € RM) (Z\ {xe@%‘sm )zo}) }

) = +o0.

Proof:

z = 5, 61,...,0, 01 € {0,1}.

o <Z, 1(1—5)10'+1>

!
4= 10/ ( 10/ j +(1=6)+ Y (1 5i)10ij) :

i=j+1
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Sauer’s lemma: (Norbert Sauer - 1972)

Let X be a finite set and C c 2X. Then

VCim(C)

e > ()

i=0
Further, there exists C C 2X such that equality holds.

Corollary: (VCgin (C) = d, ®gm = 39, (™)
@ Ng (M) < dgp,foralld,m> 0.

Q ¢ym<mi+1ford,m>0anddy, <mdford>0and
m> 2.

Q ¢dm<2md7(7’") form>d>1.
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Proof of Sauer’s lemma:

Define:

Cly) € {A-{y}|Aec]

C, ¥ [AcC|(BBcC)A#BandB=AU{y})}

cr ¥ {AeC|BBeCy)(A=BuU
y

Then:

IC[ = [C(¥)| = ICy|

VCgim (Cy) =n—1=VCqm(C) = n
X[ 2 kS |X| =k + 1
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Radon’s lemma: (Johann Radon - 1921), 1887-56

Let S= {X1,..., X} CR", k > n+ 2, X; are mutually different.
Then there eX|sts sets S; and S, suchthat S; U S, = S,
81 N SQ =) and _ _

[81].% N [SZ]K 7’5 (Da

(symbol [S]. denotes a convex hull of the set S).

Corollary:
VCqim (HALFSPACE,)) = VCgjm (BALL,) = n+ 1
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Cover’s lemma (Thomas M. Cover - 1964), 1938-12

Let X £ {X1,..., X4} C RN are linearly independent vectors.
Than there exists o
— (N -1
2> (")
k=0

mutually different disjoint splittings of the set X into sets A
and B whose are homogeneously linearly separable (i.e. they
can be separated via hyperplane which contains zero vector).

Corollary:
VCqim (HALFSPACE,, ;) = n—d
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Intersection and union

Uke 2 {Us &il(vie(t,. ...k} (& € C) |
e 2 {NL & l(vie(t,....k}) (G €C) }
Then
Q@ (vaeC) <)_(;é € C) = VCqim (Uk,C) = VCdim (Ik,C)

Q let vCgyim (C) = d > 1 be finite. Then
VCgim (U c) < 2dklog, (3k) and
VCaim (Ik,C) < 2dklog, (3k).
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Composed mapping - definition:

let 5:R3 x Ws x Wp x Wy x Wy, — R, where W, Wy, Wy, W,
are parameter spaces of mappings s, f, g, h, respectively,
andg(f (Xayazv Wf)7§ <y7h(za Wh)a I’T/g)a |’_I’/S)

5(Fay, =), 5 (v (2 00). 8, ) . )

f(ﬂ?,y,Z,’lTJf) h(Zy'wh)
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Composed mapping - VC-dim:

Z(w,8) <0}) }.
4% <0}) )

cle# {e|(awe w) (e={sent

P {e|(Fwe Wyx - x W) (6= {Xen"

Then

nCEar (m) < rlC|100 (m) . |_|CI20c (m) T nclkoc (m)
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Linear composed mapping:

Let L be a composed linear mapping, w is the number of
edges, z is the number of noninput vertices, and g Wz

Then, forany m > max {d;" [ie{1,...,q} } is

Mg (m) < (‘f{")q (1)

and further
VCaim (CH) < 2glog, (ez). 2)

Proof: -
i1
Mo (m) < (23) "
Sriai=1= -7 qain() <In(2)
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Concept | params VC-dim method
HSp.q n-d n-d+1 Perceptron
HS, n+1 n+1 Perceptron
Ball, n+1 n+1 NN

Int, 2n 2n cuts, DT
Uk Hs, k(n+1) < 2(n+ 1)klog, (3k) MLP(1hid.l.)
I k,HSn dtto dtto dtto
Umieps, | Mk(n+1) < 4(n+1)km- MLP ??7?

-log, (3k)log, (83m) + - -

CLinM w+2z < 2(w+ 2)log, (e(w + z)) | MLP(2hid.l.)
CBallM dtto dtto NN 277

??7? VC-dim < f(params) ??7?
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