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Basic definitions

Let X̄ be an universal set, S̄ ⊂ X̄ , C ⊂ 2X̄ :

ΠC
(
S̄
) def

=
{

S̄ ∩ c̄ |c̄ ∈ C
}

ΠC (m)
def
= max

{∣∣ΠC
(
S̄
)∣∣ ∣∣S̄ ⊂ X̄ ,

∣∣S̄
∣∣ = m

}

VCdim (C)
def
= sup {m |ΠC (m) = 2m }

VCdim (C) is maximal size of a set S̄ shattered by system C
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Examples:

VCdim (intervals in <n) = 2n.
VCdim (union of n intervals in <) = 2n.
VCdim (convex sets in <n) = +∞.

Let C be nonempty concept class over X̄ . Then
1 VCdim (C) = 0 if and only if C contains exactly one set.
2 Let one of the following conditions is true:

1 C is linearly ordered by inclusion, or
2 any two sets in C are disjoint.

Then VCdim (C) = 1.
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Example: VCdim (C) = +∞

Let C def
=
{

Āα
∣∣∣(∃α ∈ <n)

(
Āα =

{
x ∈ <

∣∣∣s̃in (αx) ≥ 0
})}

.

Then VCdim (C) = +∞.

Proof:
zi

def
= 1

10i , δ1, . . . , δl , δi ∈ {0,1}.
α

def
= π

(∑l
i=1 (1− δi) 10i + 1

)
.

αzj = α
1

10j = π




j−1∑

i=1

1− δi

10j−i +
1

10j +
(
1− δj

)
+

l∑

i=j+1

(1− δi) 10i−j


 .
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Sauer’s lemma: (Norbert Sauer - 1972)

Let X̄ be a finite set and C ⊂ 2X̄ . Then

|C| ≤
VCdim(C)∑

i=0

(∣∣X̄
∣∣

i

)
.

Further, there exists C ⊂ 2X̄ such that equality holds.

Corollary: (VCdim (C) = d , Φd ,m
def
=
∑d

i=0
(m

i

)
)

1 ΠC (m) ≤ Φd ,m for all d ,m ≥ 0.
2 Φd ,m ≤ md + 1 for d ,m ≥ 0 and Φd ,m ≤ md for d ≥ 0 and

m ≥ 2.
3 Φd ,m ≤ 2md

d! ≤
(em

d

)d for m ≥ d ≥ 1.
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Proof of Sauer’s lemma:

Define:

C(y)
def
=

{
Ā
.
−{y}

∣∣Ā ∈ C
}

Cy
def
=

{
Ā ∈ C

∣∣(∃B̄ ∈ C)(Ā 6= B̄ and B̄ = Ā ∪ {y})
}

Cy def
=

{
Ā ∈ C

∣∣(∃B̄ ∈ Cy )(Ā = B̄ ∪ {y})
}
.

Then:
|C| − |C(y)| = |Cy |
VCdim (Cy ) = n − 1⇒ VCdim (C) ≥ n∣∣X̄
∣∣ = k ⇒

∣∣X̄
∣∣ = k + 1
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Radon’s lemma: (Johann Radon - 1921), 1887-56

Let S̄ def
= {~x1, . . . , ~xk} ⊂ <n, k ≥ n + 2, ~x i are mutually different.

Then there exists sets S̄1 and S̄2 such that S̄1 ∪ S̄2 = S̄,
S̄1 ∩ S̄2 = ∅ and

[S̄1]κ ∩ [S̄2]κ 6= ∅,

(symbol [S̄]κ denotes a convex hull of the set S̄ ).

Corollary:
VCdim (HALFSPACEn) = VCdim (BALLn) = n + 1
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Cover’s lemma (Thomas M. Cover - 1964), 1938-12

Let X̄ def
=
{
~x1, . . . , ~xd

}
⊂ <N are linearly independent vectors.

Than there exists

2
d−1∑

k=0

(
N − 1

k

)

mutually different disjoint splittings of the set X̄ into sets Ā
and B̄ whose are homogeneously linearly separable (i.e. they
can be separated via hyperplane which contains zero vector).

Corollary:
VCdim

(
HALFSPACEn,d

)
= n − d
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Intersection and union

Uk ,C
def
=
{⋃k

i=1 c̄i |(∀i∈{1, . . . , k}) (c̄i ∈ C)
}

Ik ,C
def
=
{⋂k

i=1 c̄i |(∀i∈{1, . . . , k}) (c̄i ∈ C)
}

Then

1 (∀ā ∈ C)
(

X̄
.
−ā ∈ C

)
⇒ VCdim

(
Uk ,C

)
= VCdim

(
Ik ,C
)

2 let VCdim (C) = d ≥ 1 be finite. Then
VCdim

(
Uk ,C

)
≤ 2dk log2 (3k) and

VCdim
(
Ik ,C
)
≤ 2dk log2 (3k).
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Composed mapping - definition:

let s̃ : <3 × W̄s × W̄f × W̄g × W̄h → < , where W̄s, W̄f , W̄g , W̄h

are parameter spaces of mappings s̃ , f̃ , g̃ , h̃ , respectively,
and s̃

(
f̃
(
x , y , z, ~w f

)
, g̃
(

y , h̃
(
z, ~wh

)
, ~wg

)
, ~ws

)
.

x y z

f̃ (x, y, z, ~wf ) h̃ (z, ~wh)

g̃
(
y, h̃ (z, ~wh), ~wg

)

s̃
(
f̃ (x, y, z, ~wf ), g̃

(
y, h̃ (z, ~wh), ~wg

)
, ~ws

)
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Composed mapping - VC-dim:

Cloc
j

def
=
{

c̄
∣∣∣
(
∃~w ∈Wj

) (
c̄ =

{
~s ∈ <d+

j

∣∣∣Z̃j
(
~w , ~s

)
≤ 0

})}
.

Cpar
j

def
=
{

c̄
∣∣∣
(
∃ω ∈ W̄1 × · · · × W̄j

) (
c̄ =

{
~x ∈ <n

∣∣∣vj,ω,~x ≤ 0
})}

.

Then

ΠCpar
k

(m) ≤ ΠCloc
1

(m) · ΠCloc
2

(m) · · · ·ΠCloc
k

(m)
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Linear composed mapping:

Let L be a composed linear mapping, w is the number of
edges, z is the number of noninput vertices, and q def

= w + z.
Then, for any m > max

{
d+

i |i∈{1, . . . ,q}
}

is

ΠCpar
q

(m) ≤
(

ezm
q

)q

(1)

and further
VCdim

(
Cpar

q
)
< 2qlog2 (ez). (2)

Proof:

ΠCi (m) ≤
(

em
d+

i +1

)d+
i +1

.
∑z

i=1 αi = 1⇒ −
∑z

i=1 αi ln (αi) ≤ ln (z)
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Concept params VC-dim method
HSn,d n-d n -d +1 Perceptron
HSn n+1 n+1 Perceptron
Balln n+1 n+1 NN
Intn 2n 2n cuts, DT
Uk ,HSn k(n + 1) ≤ 2(n + 1)k log2 (3k) MLP(1hid.l.)
Ik ,HSn dtto dtto dtto
Um,Ik,HSn

mk(n + 1) ≤ 4(n + 1)km· MLP ???
·log2 (3k)log2 (3m) + · · ·

CLinM w + z ≤ 2(w + z)log2 (e(w + z)) MLP(2hid.l.)
CBallM dtto dtto NN ???

??? VC-dim ≤ f(params) ???
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