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Abstract. Term schemata are infinite sequences of terms which are de-
fined inductively. We investigate the unification problem for term schemata
and formulate some open problems. The solution of these problems is
relevant to the analysis of proof schemata, in particular to schematic
cut-elimination.
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1 Introduction

Recursive definitions of functions play a central role in computer science, par-
ticularly in functional programming. While recursive definitions of formulas and
proofs are less common, they are of increasing importance in automated proof
analysis. Proof schemata, i.e. recursively defined infinite sequences of proofs,
serve as an alternative formulation of induction. Prior to the formalization of the
concept, an analysis of Fürstenberg’s proof of the infinitude of primes [1] sug-
gested the need for a formalism quite close to the type of proof schemata defined
in [6]. The underlying method for this analysis was CERES [2] (cut-elimination
by resolution) which, unlike reductive cut-elimination, can be applied to recur-
sively defined proofs by extracting a schematic unsatisfiable universal formula
(the characteristic schema) and constructing a recursively defined refutation.
Moreover, Herbrand’s theorem can be extended to an expressive fragment of
proof schemata, that is those formalizing k-induction [4,6]. Unfortunately, the
construction of recursively defined refutations is a highly complex task. In pre-
vious work [6] a superposition calculus for certain types of formulas was used
for the construction of refutation schemata, but only works for a weak fragment
of arithmetic and is hard to use interactively. In [3] the schematic approach
was substantially generalized; the new method is capable of handling several
recursion parameters and thus can deal with nested inductions. To refute the
corresponding characteristic schemata a new resolution calculus for universal
formula schemata was developed (see also [3]). A crucial part of this calculus
is unification which is needed to define single resolution steps. Unlike to ordi-
nary first-order unification the problem here consists in unifying term schemata,
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i.e. syntactic expressions representing infinite (recursively defined) sequences of
terms. In [3] we introduced the new concept of s-unification which replaces or-
dinary unification in case of schemata. But s-unification is just one possibility
to approach unification of term schemata. In this paper we describe the gen-
eral problem of unifying term schemata and characterize different subclasses of
schematic unification problems. Several models for unification of term schemata
were developed in the 1990ties; we just mention [5] and [7]. However, our ap-
proach differs from those mentioned above; it is based on primitive recursive
definition and the unification problem is undecidable in general.

2 Unification problems for term schemata

Below we define the general problem, give some basic definitions and formulate
decision problems for schematic unification. In the most general sense a term
schema is an arbitrary infinite sequence of first-order terms sn.

Definition 1 (unification of term schemata). Given two schemata of first
order terms ŝ : (sn)n∈N and t̂ : (tn)n∈N we define ŝ, t̂ as unifiable if there exists
a sequence (λn)n∈N of substitutions such that snλn = tnλn for all n ∈ N.

The definition above is just an informal one. For the formal definition of
term schemata on which this paper is based see [3]. Here we define two different
types of schematic unification problems, simple and global ones. We use basic
definitions from [3], especially defined and undefined symbols and an ordering
< of the defined symbols.

For applications in computational logic only computable term schemata makes
sense. Here we consider only schemata defined by primitive recursion. The so-
called simple term schemata are schemata with a fixed number of variables de-
fined via primitive recursion:

Definition 2 (simple term schema). Let x be a tuple of first-order variables
(variables of type ι )and n be a parameter (a variable of type ω). A simple term
schema is defined by primitive recursive definitions of the form

f̂(x,0) = g(x),
f̂(x, s(n)) = h(x, n, z){z ← f̂(x, n)}

where g(x) is a term over the variables x and h(x, n, z) is a term over the
variables x, z and the parameter n. If f̂ is not a minimal defined symbol then
both g(x) and h(x, n, z) may contain defined symbols û with û < f̂ .

Note that the general unfication problem for simple term schemata is undecidable
(the equivalence problem of loop-programs can be reduced to it).

Example 1. Consider the following simple term schema:

f̂(x,0) = h(a, a) f̂(x, s(n)) = h(x, f̂(x, n))
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f̂1(x, y,0) = h(a, a) f̂1(x, y, s(n)) = h(x, f̂(y, n))

ĝ(x, y,0) = h(a, a) ĝ(x, y, s(n)) = h(ĝ(x, y, n), y)

Using these simple term schemata we can form the following four unification
problems:

f̂(x, s(n)) ?= ĝ(x, x, s(n)), f̂(x, s(n)) ?= ĝ(x, y, s(n)),
f̂(x, s(n)) ?= ĝ(y, y, s(n)), f̂1(x, y, s(n)) ?= ĝ(z, z, s(n)).

Notice that the first three problems fail due to the occurs-check while the fourth
problem does not and is unifiable. Let us consider the first and the last problem
in more detail:
f̂(x, s(n)) ?= ĝ(x, x, s(n)) is solvable iff for all subsitutions of the number variable
n by a numeral k the normal forms of f̂(x, s(k)) and ĝ(x, x, s(k)) are unifiable
(they are ordinary first-order terms). Therefore the first unification problem is
unsolvable because f̂(x, s(1)) and ĝ(x, x, s(1)) are not unifiable; note that

f̂(x, 2) = h(x, f̂(x, 1)) = h(x, h(x, f̂(x, 0))) = h(x, h(x, h(a, a))),
ĝ(x, x, 2) = h(ĝ(x, x, 1), x) = h(h(ĝ(x, x, 0), x), x) = h(h(h(a, a), x), x).

The fourth problem is solvable. The infinite sequence of unifiers is given by the
schematic substitution

ϑn = {x← ĝ(f̂(y, n), f̂(y, n), n), z ← f̂(y, n)}.

Even though simple term schemata allow for recursive definitions, recursive vari-
able occurrence causes unification to fail in most cases, thus, like the fourth
example, unification is usually decided by analyzing the structure of the terms.

In contrast to simple term schemata global term schemata are based on primitive
recursive definitions using global variables instead of ordinary first-order variables
(see [3]). These schemata may contain increasing numbers of variables depending
on the assignment of the parameter n.

Definition 3 (global term schema). Let X be a tuple of global variables
(variables of type ω → ι) and n be a parameter (a variable of type ω). A global
term schema is defined by primitive recursive definitions of the form

f̂(X,0) = t(X),
f̂(X, s(n)) = s(X, n, z){z ← f̂(X, n)}

where t(X) is a term over the global variables X and s(X, n, z) is a term over
the global variables X, the individual variable z and the parameter n. If f̂ is not
a minimal defined symbol then both t(X) and s(X, n, z) may contain defined
symbols û with û < f̂ .
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A formal definition of (the semantics of) objects of the form f̂(X, n) can
be found in [3]. While for simple term schemata the domain variables of the
unification schema form a fixed finite set, the unifiers in global term schemata
may have domains which may depend on the parameter n. Still it is possible
that a unification schema if of the form

ϑn : {X(s1)← t1, . . . , X(sk)← tk}

where k is a fixed number and the domain varies with the value of the parameter
n but the size of the domain is always k. In such a case we speak about s-
unification schemata [3]. The following examples illustrates such an s-unification.

Example 2. Consider the following global term schema:

f̂(X,0) = h(a,X(0)) f̂(X, s(n)) = h(X(s(n)), f̂(X,n))

ĝ(X,0) = h(X(0), a) ĝ(X, s(n)) = h(ĝ(X,n), X(s(n)))
Using these schemata we can define the unification problem

f̂(X, s(n)) ?= ĝ(X, s(n))

which has as an mgu, ϑ(n) :
{
X(n)← ĥ(n)

}
where ĥ(n) is as follows:

ĥ(0) = a ĥ(s(n)) = h(ĥ(n), ĥ(n))

ϑ(n) is an s-unifier; its domains are different for every value of the parameter n
but the domain size is always 1.
In the next example we define a global term schema and a corresponding unifi-
cation problem which is solvable but unsolvable via s-unifiers .
Example 3. Consider the following two global schemata (where the second schema
could also be defined as a simple one):

f̂(X, 0) = X(0) f̂(X,n+ 1) = h(X(n+ 1), f̂(X,n)),
ĝ(X, 0) = X(0) ĝ(X,n+ 1) = h(X(0), ĝ(X,n)).

Note that f̂(X, 0), f̂(X, 1), f̂(X, 2) . . . evaluate to

X(0), h(X(1), X(0)), h(X(2), h(X(1), X(0))), . . .

so the number of different first-order variables is increasing. The unification
problem

f̂(X,n) ?= ĝ(X,n)
is solvable. The schematic unifier has the following recursive definition

ϑ(0) = {}, ϑ(n+ 1) = {X(n+ 1)← X(0)} ∪ ϑ(n).

Note that dom(ϑ(n + 1)) = {X(n + 1)} ∪ dom(ϑ(n)) and so the size of the
domains increases with the value of n. Obviously there exists no s-unifier for
this unification problem.
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It is crucial to distinguish free schemata containing no equations between terms
- except primitive recursive definitions - and theory schemata. In order to define
the class of primitive recursive functions we need a theory schema containing
equations defining projections and constant functions. We call such a theory
schema the standard schema.

Definition 4 (standard schema). A term schema (simple or global) is called
a standard schema if it contains
– equations of the form ĝ[α, i](x1, . . . , xα) = xi (where 1 ≤ i ≤ α) for every

projection function Iαi : ια → ι where Iαi (β1, . . . , βn) = βi and
– equations of the form ĥ[α, c](x1, . . . , xα) = c for every constant function of

type ια → ι.
Here ĝ[α, i], ĥ[α, c] are α-ary defined function symbols.

It is well known that the equivalence problem of standard schemata is undecid-
able and equivalent to the equivalence problem of LOOP programs. The prob-
lem is even undecidable when the recursion depth is ≤ 2 (correponding to the
equivalence problem of LOOP-2 programs). As a consequence the unification
problem for standard term schemata is undecidable as well. However, when we
only consider standard term schemata of recursion depth ≤ 1 (corresponding to
the LOOP-1 class) the equivalence problem becomes decidable. Based on the
definitions above we can define the following 4 problems:
1. is the unification problem for simple standard schemata of recursion depth
≤ 1 decidable?

2. is the unification problem for global standard schemata of recursion depth
≤ 1 decidable?

3. is the unification problem for simple free schemata decidable?
4. is the unification problem for global free schemata decidable?
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