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Syntax

We consider primitive connectives £ = {—, A, v, 0} and defined
connectives —, 1, and <

~p=¢—0 1=-0 e =(p—=P)A W)

Formulas are built from a fixed countable set of atoms using the
connectives.

Let us by Fm . denote the set of all formulas.

Petr Cintula and Carles Noguera (CAS) Mathematical Fuzzy Logic www.cs.cas.cz/cintula/MFL 3/100



A Hilbert-style proof system

Axioms:
(Tr) (=)= (Y= x)—= (¢ —=x)) transitivity
(We) o= (¥ — ) weakening
(Ex) (o= @W—=x)—=@W—=(p—=x%) exchange
(ha) Ay =
(Ab) Ny =
() (x—= )= ((x=v) = (x 2 eAY))
(Va)  ¢o—=pVy
(Vb) ¢ =V
(ve)  (p—=x) = (¥ —=x) = (Ve —x)
(Prl) (=) V(=) prelinearity
(EFQ) 0— ¢ Ex falso quodlibet
(Con) (¢ = (=) = (¢ =) contraction
Inference rule: from ¢ and ¢ — ¥ infer ¢ modus ponens
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The relation of provability

Proof: a proof of a formula ¢ from a set of formulas (theory) T is a finite
sequence of formulas (v, ..., ,) such that:

o wn =
@ for every i < n, either v; € T', or ¢; is an instance of an axiom, or
there are j, k < i such that ¢y = v — 9.

We write I k¢ ¢ if there is a proof of ¢ from I'.
A formula ¢ is a theorem of Gédel-Dummett logic if Fg .

Proposition 2.1

The provability relation of Gédel-Dummett logic is finitary: if T kg ¢,
then there is a finite Ty C T" such thatT'y kg .
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Algebraic semantics

A Goddel algebra (or just G-algebra) is a structure
B = (B,AB VB B 0" T%) such that:
(1) (B,NB VB, ﬁB,TB> is a bounded lattice
2 z<x—=ByiffxABz<y (residuation)

B3 (x=By)VB(y—=Bx) = i (prelinearity)

where x <B y is defined as x AB y = x or (equivalently) as x =% y = i

A G-algebra B is linearly ordered (or G-chain) if <8 is a total order.

By G (or Gy, resp.) we denote the class of all G-algebras (G-chains resp.)
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Standard semantics

Consider algebra [0, 1]g = ([0, 1], ALYs v0le 0:1s o)1), where:

a ANV b = min{a, b}

a v p = max{a, b}

[0’1]G _ 1 1fa S b,
a— b { b otherwise.

Exercise 1
(a) Prove that [0, 1]¢ is the unique G-chain with the lattice reduct

([0, 1], min, max, 0, 1).
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Semantical consequence

Definition 2.2
A B-evaluation is a mapping e from Fm, to B such that:
0 ¢(0)=0"
e(p A1) = e(p) NP
eV ) = e(p) VP e(y)
e(p = ) = e(p) =

&
Q
—~
<
~—

Definition 2.3
A formula ¢ is a logical consequence of a set of formulas T’
w.r.t. a class K of G-algebras, I" =k ¢, if for every B € K and

every B-evaluation e:

if e(y) = 1 for every v € T, then e(y) = 1.
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Completeness theorem

Theorem 2.4

The following are equivalent for every set of formulas T U {¢} C Fm,:

QTligo
@TkEce
Q I' g, ¢
o F):[o,l}Gw

Exercise 1

(a) Prove the implications from top to bottom.
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Some theorems and derivations in G

Proposition 2.5

(T1) Fep—o

(T2) Fao—= W —=eAY)

(D1) 1+ pbgepandptgl < ¢

D2) o—Yrcenppandp Ay < ok — 9

D3) o= W —=>x)Fcpry—=xandoAd = xkc e — (Y — X)

v

Proposition 2.6

Fe e AYp < YA Fep VY <V

Fe o AN[WAX) < (@AY)AXx  FeeV (VX)) < (pVY)Vx
Fe oA (V) & o b oV (pAY) ¢ o
FG1Ap << @ FGOVp <@

Fe (=) V(=) 1
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The rule of substitution

Proposition 2.7

pervlc (PAX) & (W AX) o Ple (VX)) & (WVX)
peo vl (xAp) & (X A1) oo Phle (XVe) & (X V)
peoYvlep=x) e W—=x) eovlcax—9) < KX—Y)

Fe p < @ oYY & @Y, X e x

Corollary 2.8

oY x < X', where x' results from x by replacing
its subformula ¢ by 1.

Exercise 2
(a) Prove this corollary and the two previous propositions.
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Lindenbaum-—Tarski algebra

Definition 2.9
Let I be a theory. We define

e ={¥|TFce < v} Lr={l¢lr|y€Fm;}

The Lindenbaum—Tarski algebra of a theory T" (Lindr) as an algebra
with the domain L and operations:

0" = [0
TLindp _ [T]F
[o]r =1 []r = [p — ¢Ir
[l AL [ = [ A YIp
[p]r VIR [y]p = [o V ¢p

Petr Cintula and Carles Noguera (CAS) Mathematical Fuzzy Logic www.cs.cas.cz/cintula/MFL 12/100



Lindenbaum-—Tarski algebra: basic properties
Proposition 2.10

Q [Wr=RIriffTFcp <9

Q [plr <M [Ylr iff TG o = ¢

Q T = [pr iff T kg o

©Q Lindr is a G-algebra

@ Lindr isaG-chainiff T g ¢ — v orT g v — ¢ for each o,

Proof.

1. Left-to-right is the just definition and ‘reflexivity’ of <». Conversely, we

use ‘transitivity’ and ‘symmetry’ of <.

2. [l <Mmr [Y]r iff [plr AR (Y] = [g]r iff (o A9l = [g]r iff (by 1.)
THg o Ay« @iff (by (D2)) T Fg ¢ — 1.

3. T = []riff (oy 1.) T kg T < @ iff (by (D1)) T g .

5. Trivial after we prove 4.

o
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Lindenbaum-—Tarski algebra: basic properties
Proposition 2.10

Q [Wr=RIriffTFcp <9

Q [plr <M [Ylr iff TG o = ¢

Q T = [pr iff T kg o

©Q Lindr is a G-algebra

@ Lindr isaG-chainiff T g ¢ — v orT g v — ¢ for each o,

Proof.

4. First we note that the definition of Lindr is sound due to 1. and

Proposition 2.7.

The lattice identities hold due to 1. and Proposition 2.6, prelinearity due

to 3. and axiom (Prl).

Finally, the residuation: [p]p <M [y]p —Lndr [\]p = [ — x| iff
Fkg o — (v — x)iff (by (D3)) T kg o Ay — x iff

ol ATndr [ip]p <Tindr [y]p. O
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General/linear/standard completeness theorem

Theorem 2.4

The following are equivalent for every set of formulas T U {¢} C Fm,:
Q@Ticy

QTlkcy

Q I'=g, ¢

T ):[0,1}6 ¥

Proof.

2. implies 1.: contrapositively, assume that I' I/ ¢

We know that Lindr € G and the function e defined as e(y)) = [¢]r
@ is a Lindp-evaluation and
0 e(yp) = TV iff T kg 4.

Thus clearly e(x) = 1 Lt for each y € I and e(y) # TLiﬂdr. 0

v
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Deduction Theorem

Theorem 2.11 (Deduction theorem)
For every set of formulas T' U {¢, v},

F,gol—GwiffFl—Ggo—mp

Proof.

«: follows from modus ponens

=:let ay,...,a, =1 be the proof of ) in T', . We show by induction
thatT'Fg ¢ — o, foreach i < n.

If «; = ¢ we use (T1); if «; is an axiom or «; € T' then I" g «; and so
we can use axiom (We) and MP.

O]

v
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Deduction Theorem

Theorem 2.11 (Deduction theorem)
For every set of formulas T' U {¢, v},

F,gol—GwiffFFggO%’Lﬁ

Proof.

«: follows from modus ponens
=:let ay,...,a, =1 be the proof of ) in T', . We show by induction
thatT'Fg ¢ — o, foreach i < n.

Otherwise there has to be k,j < i such that ay = o — ;.

Induction assumption gives: I' -6 ¢ — o and I' - ¢ — (o = ;).
UsingI' F ¢ = (aj = ), (Ex),and MP we getI' - o — (¢ — ),
using this, I kg ¢ — «;, (Tr), and MP twice we getI' - ¢ — (¢ — o).
Finally we use (Con) and MP.

O]

v
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Semilinearity Property

Lemma 2.12 (Semilinearity Property)
IfT, ¢ = ¢ texandT,9 — o+ x, thenT kg x.

Proof.

By the deduction theorem: T' g (¢ — ¥) — x and T’ k¢ (¢ — @) —

Thus by (ve)we getT' g (¢ — ¢) V (¥ — ¢) — X.
Axiom (Prl) completes the proof.

X-
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Linear Extension Property

Definition 2.13
Atheory I'is linearif ' g ¢ — ¢ or ' g ¥ — ¢ for each ¢, 1.

Lemma 2.14 (Linear Extension Property)
If T ¥ o, then there is a linear theory T' O T such thatT" ¥g ¢.

Proof.

Enumerate all pairs of formulas: (yg, o), (1, 1), - - .
Construct theories I'y,T'y, ... such that Ty=T; I'; CT'; 11, and T'; g ¢:

@ if Ty, i — i ¥ o, then Ty =T U {@; — i}
@ ifTy, i = itg o, thenTiy =T U {¢); = i}
Clearly T';1 1 ¥ ¢ (the 1st case is obvious; in the 2nd T'; | g ¢ would

entail I'; Fg ¢ by the Semilinearity Property, a contradiction with the IH.
Define I" = |JT;. Clearly I is linear, I" D T', and I’ ¥ ¢. O

v
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General/linear/standard completeness theorem
Theorem 2.4
The following are equivalent for every set of formulas T' U {p} C Fm,:
Qo
Q@rlkEcy
Q I' g, ¢
or ):[0,1](; P

Proof.

3. implies 1.: contrapositively, assume that T" i/ ¢. Due to the Linear
Extension Property there is a linear theory I'" O T" such that I t/g ¢

We know that Lind € Gy, and the function e defined as e(v)) = [¢]r
@ is a Lind-evaluation and
0 e(yp) = T7™ iff IV g o
Lind/

Thus e(x) = T for each x € T (as I kg x) and e(y) # 1 O

v
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The proof of the standard completeness theorem

We continue the previous proof: note that the algebra Lind is
countable.

There has to be (because every countable order can be monotonously
embedded into a dense one) a mapping f: Ly — [0, 1] such that

FOU™) = 0, F(TY™") = 1, and for each a, b € Ly we have:
a<b iff f(a) <f(b)

We define a mapping e: Fm, — [0,1] as

and prove (by induction) that it is an [0, 1]g-evaluation.

Then () = 1 iff e(1) = T"" and so 2[I'] C {1} and &(¢) # 1.
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Syntax
We consider primitive connectives £ = {—, A, Vv, 0} and defined

connectives —, 1, and <

—p=¢p—0 1=-0 e =(p—=P)A W)

Formulas are built from a fixed countable set of atoms using the
connectives.

Let us by Fm . denote the set of all formulas.
We also use additional connectives ¢ and & defined as:

eOY=mp—=1 & =-(po— )
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A Hilbert-style proof system

Axioms:

(Tr) (p—=v) = (W —=x)— (¢ —=X) transitivity

(We)  o— (¥ — ) weakening

(Ex) (p=>@W—=x) =@ —=(p—=x) exchange

(ha) AP =

(Ab) @AY=

(ne)  (x—=9) = ((x=9) = (x = eAY))

(Va) o=V

(Vb) ¢ — oV

(ve)  (p—=x) = (¥ —=x) = (VY —x)

(Prl) (g =)V (W —p) prelinearity

(EFQ) 0 — ¢ Ex falso quodilibet

(Waj)  ((p—= 1Y) = ¢) = (0 —9) =) Wajsberg axiom
Inference rule: from ¢ and ¢ — ¥ infer ¢ modus ponens
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The relation of provability

Proof: a proof of a formula ¢ from a set of formulas (theory) T is a finite
sequence of formulas (v, ..., ,) such that:

o wn =@
@ for every i < n, either v; € T', or ¢; is an instance of an axiom, or
there are j, k < i such that ¢y = v — 9.

We write I Fy, ¢ if there is a proof of ¢ from I
A formula ¢ is a theorem of tukasiewicz logic if Fy, ¢.

Proposition 2.15

The provability relation of tukasiewicz logic is finitary: if T by, o, then
there is a finite Ty C T" such that Ty Fy, ¢.
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Algebraic semantics

An MV-algebra s a structure B = (B, ®, -, 0) such that:
(1) (B, ®,0) is a commutative monoid,
2 —w=ux
(3) x®-0=-0,

4) —(x@y)dy=-(-yDx) Dx

In each MV-algebra we define additional operations:

x—y is —xPy implication
x&y is —(—xdy) strong conjunction
xVy is a(-xdy) @y max-disjunction
xAy is —=(=xV-y) min-conjunction
1 is -0 top
Exercise 3

Prove that (B, A, V, 0, 1) is a bounded lattice.
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Algebraic semantics cont. and standard semantics

We say that an MV-algebra B is linearly ordered (or MV-chain) if its
lattice reduct is.

By MV (or MVy;, resp.) we denote the class of all MV-algebras
(MV-chains resp.)

Take the algebra [0, 1], = ([0, 1], &, =, 0), with operations defined as:
—a=1-a a®b=min{l,a+ b}.
Proposition 2.16

[0, 1]y, is the unique (up to isomorphism) MV -chain with the lattice
reduct ([0, 1], min, max, 0, 1).

Exercise 1

(b) Check that [0, 1]y, is an MV-chain and find another MV-chain
isomorphic to [0, 1];, with the same lattice reduct.
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Semantical consequence

Definition 2.17
A B-evaluation is a mapping e from Fm, to B such that:

0 ¢(0)=0"

O e(ip = ) = elp) =7 () = ~Pe(p) &P e(u)
® e(ip A1) = e(ip) AP e(u)) =
® e(ip V) = e(ip) VB e(u) = |

Definition 2.18
A formula ¢ is a logical consequence of a set of formulas T’
w.r.t. a class K of MV-algebras, I" =k ¢, if for every B € K and

every B-evaluation e:
if e(y) = 1 for every v € T, then e(y) = 1.
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General/linear/standard completeness theorem

Theorem 2.19

The following are equivalent for every set of formulas T U {¢} C Fm,:

QT o
Q@TI'Emvey
QI Emv, ¢

If T is finite we can add:

or )2[0,1}5 ¥

Exercise 1

(b) Prove the implications from top to bottom.
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Some theorems and derivations

Proposition 2.20

(T1) Fro—o

(T2) ‘Frop— = pAY)

(T3) FeVx—=((p—=Y)VX =9 VX)

(T4) FreVep—o

(T5) FeoVviy—9PVe

(D1) 1+ plppandpby 1< @

D2) p—=YrroAb o pandpAy < oy o=y

(D3) o= W —=x)Fcp&y = xandp &y — xFc e = (¥ = x)

v

Proposition 2.21

FLe@ W@ x) < (p@Y)®X FLe® 0+ -0
FLO0®p <o Fo (0 ®@Y) @Y & (P B Y) By

v
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The rule of substitution

Proposition 2.22

ey (eAXx) & (WAX) ey (VX)) & (WVX)
ey (XA« (XAY) oL (XVe) e (xVY)
peovhr(p=2x) e @—=x) eeovhex—e) e KX—Y)

FL o <@ oYL & oYY xLp e x

Corollary 2.23

oYy x < X, wherey results from x by replacing
its subformula ¢ by 1.

Exercise 2
(b) Prove this corollary and the two previous propositions.
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Lindenbaum-—Tarski algebra

Definition 2.24
Let I" be a theory. We define

e ={¥ | TFrLe < v}  Lr={l¢lr | ¢ € Fm.}

The Lindenbaum—Tarski algebra of a theory I" (Lindr) as an algebra
with the domain Lr and operations:

(—)Lindr — 6]]_"

—Hindrfolp = [—g]r
[elr @M [Y]r = [p @ Y]r
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Lindenbaum-—Tarski algebra: basic properties
Proposition 2.25

Q [Wr=RIriffTr <9

Q [p]r <M [Ylp iff T g @ — ¢

Q T = [p|r iff Tk,

© Lindr is an MV-algebra

@ Lindr isanMV-chainiff T Fy, ¢ — 4 or Ty, ¢ — ¢ for each ¢, v )

Proof.

1. Left-to-right is the just definition and ‘reflexivity’ of <». Conversely, we

use ‘transitivity’ and ‘symmetry’ of <.

2. [l <M [y)p iff [p]r AV [l = []r iff [0 Al = [¢]r iff (by 1.)
TCHy o A+ piff (by (D2)) T kg, o — 9.

3. T = []piff (oy 2.) T k1. T — wiff (by (D1)) T k4, ¢.

5. Trivial after we prove 4.

O]
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Lindenbaum-—Tarski algebra: basic properties
Proposition 2.25

Q [Wr=RIriffTr <9

Q [p]r <M [Ylp iff T g @ — ¢

Q T = [p|r iff Tk,

© Lindr is an MV-algebra

@ Lindr isanMV-chainiff T Fy, ¢ — 4 or Ty, ¢ — ¢ for each ¢, v )

Proof.

4. First we note that the definition of Lindr is sound due to 1. and
Proposition 2.7.

The identities defining MV-algebras hold due to 1. and Proposition 2.21.

O]
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tukasiewicz logic vs. Gédel-Dummett

Some things are the same, not only (T1), (T2), (D1), and (D2), but also:

oAy = xFLoe—= (W —=Xx) @AY =>xFce— (¥ —X)
Fr. ¢ = Fg o — =g

Fe (0 = ) = (Y = o) F (9 = ¥) = (=Y = —p)

Some are different:

=W =x)Ffrent—=x o=@ =2>x)FeopA =X
R s Y6 o — g

FL (7Y = ) = (o = 9) Vo (= = o) = (¢ — 1)

Contrast this with known derivation (D3’):
p=W—=>x)rLe&d—=x & oaxtLe—= (=X

Petr Cintula and Carles Noguera (CAS) Mathematical Fuzzy Logic www.cs.cas.cz/cintula/MFL 32/100



Failure of the Deduction Theorem

Assume that we would have that for every set of formulas I' U {¢, ¥},
Doy iff ThH, o —

Clearly (MP twice): ¢, — (¢ — ) Fy, 1.

Thus by the deduction theorem we would get

Fr (0 = (9 = 9) = (¢ = ¥).

This is the axiom of contraction known to fail in Lukasiewicz logic
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A possible solution

We can prove that:

& v&e  FLo&loeo by (p&)&x < & (p&x)

Thus it makes sense to define ¢* =T and "' = " & ¢

Exercise 4

Let x be a &-conjunction of n formulas ¢ with arbitrary bracketing.
Prove that ;, x + ¢". Furthermore prove that ¢ 5, ©".
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Local Deduction Theorem

Theorem 2.26 (Local deduction theorem)
For every set of formulas T U {¢, v},

T, o by, ¢ iff there is n such that T by, " — 1)

Proof.

«: follows from modus ponens and the previous exercise
=:let ay,...,a, =1 be the proof of ¢ in T", . We show by induction
that for each i < n there is n; such that T" Fy, " — «;

If o; = ¢ we set n; = 1 and use (T1); if «; is an axiom or «; € T, then
I' b, «; and so we can set n; = 1 and use axiom (We) and MP.

O]

v
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Local Deduction Theorem

Theorem 2.26 (Local deduction theorem)
For every set of formulas T U {¢, v},

T, o by, ¢ iff there is n such that T by, " — 1)

Proof.

«: follows from modus ponens and the previous exercise
=:let ay,...,a, =1 be the proof of ¢ in T", . We show by induction
that for each i < n there is n; such that T" Fy, " — «;

Otherwise there has to be &, < i such that oy = a; — a.

Induction assumption gives: I" by, ¢ — ojand I' F o™ — (o — ).
Using I' F ¢™* — (o — o), (Ex), and MP we get I' - o — (¢™ — ),
using this, I Fy, ¢ — «, (Tr), and MP we getI' - ¢ — (¢™* — «;).
Finally we use (D3’) and the previous exercise to get I' F "% % — q.

v
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Proof by Cases Property

Theorem 2.27 (Proof by Cases Property)
IfT, oy xand T,y by x, thenT o V4 Fy, x.

Proof.
ClaimIfT' g, o, thenT' VvV x kg, § V x for each formula x and each §
appearing in the proof of ¢ from T'.

Proof of the claim: trivial for 6 € T" or 6 an axiom; if we used MP, then
by IH there has to be 7 st.
'VxkrnVy 'V x kg (n—0)V x thus (T3) completes the proof.

Now using the claim: TV, oV kg x Vpand 'V x, ¥ V x Fr, x V x.
Using (va), (T4), and (TS)we getT',o Vo Fr, vV xand T, V x g x
and the rest is trivial. O

v
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Semilinearity Property

Lemma 2.28 (Semilinearity Property)
IfT, o — ¥ty x andT, ¢ — ¢ by x, thenT Fy, x.

Proof.
By the Proof by Cases Property and axiom (Prl). Ol
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Linear Extensions Property

Definition 2.29
Atheory I'is linearif ' by, ¢ — ¢ or I' kg, b — ¢ for each ¢, 1.

Lemma 2.30 (Linear Extension Property)
If T ¥4, o, then there is a linear theory TV O T such that T" ¥y, .

Proof.
The same as in the case of Gdédel-Dummett logic. O
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Linear Extensions Property

Definition 2.29
Atheory T'is linearif I' k¢, o — ¥ or ' k¢, ¢p — ¢ for each ¢, 3.

Lemma 2.30 (Linear Extension Property)
If T ¥4, o, then there is a linear theory TV O T such that T" ¥y, .

Proof.

Enumerate all pairs of formulas: (o, 10), (¢1,¢1), - -
Construct theories T'y,T'y, ... such that Ty=T"; I; CT';1, and T'; ¥y, ¢:

@ ifTi, i = i ¥r o, thenTiy =T U {o;i — 9}
o if i, oi — W Fr, ©, then I'ipp=1U {1/}, — QD,'}
Clearly I';+1 ¥1, ¢ (the 1st case is obvious; in the 2nd ', | F1, ¢ would

entail T'; k¢, ¢ by the Semilinearity Property, a contradiction with the IH.
Define I' = |JT;. Clearly I is linear, I" O T', and I ¥, . O

v

Petr Cintula and Carles Noguera (CAS) Mathematical Fuzzy Logic www.cs.cas.cz/cintula/MFL 38/100



General/linear/standard completeness theorem

Theorem 2.19

The following are equivalent for every set of formulas T' U {¢} C Fm,.:
QTlhoy

QrI'kFuve

QI Emv,, ¢

If T is finite we can add:

e I ):[O,I}L ¥

The proof of the equivalence of the first three claims is the same as in
the case of Gédel-Dummett logic.

We give a proof of 4. implies 1. but first ...
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MV-algebras and LOAGs
A lattice ordered Abelian group (LOAG for short) is a structure
(G,+,0,—, <) such that (G, +,0, —) is an Abelian group and:
(i) (G, <) is a lattice,
(i) ifx<y, thenx+z<y+zforallzegG.
strong unit « is an element such that

(Vx € G)(In € N)(x < nu)

For LOAG G = (G, +,0, —, <) and strong unit « we define algebra
T'(G,u) = ([0,u],®,—,0), wherex@y =min{u,x+y}, x=u—x,0=0.

We denote by R the additive LOAG of reals.
Proposition 2.31

I'(G,u) is an MV -algebra and for each u > 0, T'(R, u) is isomorphic to
the standard MV -algebra [0, 1];..

Petr Cintula and Carles Noguera (CAS) Mathematical Fuzzy Logic www.cs.cas.cz/cintula/MFL 40/100



The proof of the standard completeness theorem

If I 1, ¢ we know that there is a countable MV-chain B s.t. I [4p ¢

Let xy, ..., x, be variables occurring in I' U {¢}. Then:

g (Vx1,...,x,) /\(¢WT):>(¢%T)

Yel
Let us define an algebra B’ = (Z x B, +, —,0) as:

(i+j,xDy) ifx&y=0
(i+j+ 1,x&y) otherwise

(i,x) + (,y) = {
—(i,x) = (=i — 1,—x) and 0 = (0,0)

Proposition 2.32
B isaLOAG andB =T(B',(1,0)).
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The proof of the standard completeness theorem

Let us fix an extra variable u, we define a translation of MV-terms into
LOAG-terms:

/ ~4

¥ = x 0=0 (—t) =u—1 (o n) = +16)Au

Recall that we have:

g (Vxi,.x) \ (W AT) = (pa]),

pel’

Thus also:

g (V) (Var, ) [0 <) A N\ <) A0 <) A N\ (@ = u) = (¢ =)

i<n pel
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The proof of the standard completeness theorem

Gurevich—Kokorin theorem: each V;-sentence of LOAGs is true in
additive LOAG of reals iff it is true in all linearly ordered LOAGs.
Thus

er (V) (Vxr, . x)[(0 <) A N <) A0 <x) A N\ (W =) = (¢ = u)

i<n Ypel’
And so B B
@ (%1, %) [\ (@ =T) = (p=1)
el
And so B B
oy, (VX1 -y xn) /\ (Wr1)=(p=1)
per
ie., I’ %[0,1]}4 ©@
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Failure of standard completeness for infinite theories

Non-theorem
For every set of formulas T' U {¢} C Fm, we have:

[t @ if, and only if, T' =g 13, -

@ Considerthe theory I' = {(p & .". ®p) = ¢ |n > 1} U{—p —= g}.

@ Note that for any [0, 1]g-evaluation e such that e[I'] = {1} we have
e(qg=landsol =, q-

@ Thus by our Non-theorem I +-;, g and, since proofs are finite,
there must be a finite I'y C T" such that T'y -y, g.

@ Thus, T ):[0,1]L q.
@ Let n be the maximal n such that (p & .7. & p) — g € Ty.

@ The [0, 1];-evaluation e(p) = 15 and e(q) = ;2 yields a
contradiction.
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The classical case

Theorem 2.33 (Functional completeness)

Every Boolean function (i.e. any function f: {0,1}" — {0, 1} for some
n > 1) is representable by some formula of classical logic.
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The fuzzy case

Let L be either L of G.

Definition 2.34
A function f: [0, 1]" — [0, 1] is represented by a formula ¢(vy,...,v,) in
L if e(p) = f(e(v1), e(v2), ..., e(vy)) for each [0, 1].-evaluation e.

Definition 2.35

The functional representation of L is the set 7, of all functions from
any power of [0, 1] into [0, 1] that are represented in L by some formula.

v
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Relation with Lindenbaum—Tarski algebra

Letus fix L = L.
Let f; be functions of n; variables, i € {1,2}. We say that f; = f, iff

filxt,x2,...,xn) = fo(x1,x2, ..., X,,) fOr every x; € [0, 1]. Let us for each

f € Fy, define a class

f1={¢cFlf=¢ F=Alfllfer}

We define an MV-algebra F with domain F and operations:
=F

0" =1[0] ~"[1=0~fr [1&"[g] = min{l.f+g}]

Theorem 2.36
The algebras F and Lind are isomorphic.

In the case of G, the definitions and the result are analogous.
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A proof

Let the atoms be enumerated as vy, v,, . ... Any formula with variables
with maximal index » is viewed as formula in variables vy, ..., v,.
We define the homomorphism:

g: Ly — F as g([¢]) = [f,] where f,, is the function represented by ¢.

Then:
@ the definition is sound and g is one-one: [¢] = [¢] iff g, ¢ < ¢ iff
(due to the standard completeness theorem) e(yp) = e(v) for each
[0, 1]g,-evaluation e iff [f,] = [fy].
@ g is a homomorphism:
g([el@[¥]) = gllp @) = lfoay] = lfo ] = [l © [fyl.

@ gis onto (obvious).
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How do the functions from F;, look like?

Observations
@ they are all continuous
@ they are piece-wise linear
@ all pieces have integer coefficients
@ ifx,...,x, €{0,1}", thenf(x;,...,x,) € {0,1}
@ ifx;,....x, € ([0,1]nQ)", then f(xq,...,x,) €[0,1]NQ

Definition 2.37
A McNaughton function f: [0, 1]" — [0, 1] is a continuous piece-wise
linear function, where each of the pieces has integer coefficients.

Theorem 2.38 (McNaughton theorem)
Fi, Is the set of all McNaughton functions.
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A lemma
Lemma 2.39

Letf: [0,1]" — R be an integer linear polynomial, i.e. of the form
fxr,...,x Za,lerb for someay,...,an,b €Z

Then there is a formula yr representing the function
f# = max{0, min{1,f}}.

Proof.

By induction on m = 3" |a;|. If m = 0 then f# is either constantly 0 or
1, then we can take as ¢ either the term 0 or 1, respectively. Assume
now m > 0 and let 4; be such that |q;| = max?_, |a;|. WLOG we can
assume a; > 0: indeed otherwise we consider f' = 1 — f, here a; > 0
and so we have ¢;_;. Note that clearly ¢y = —¢1_y. ...

v

Petr Cintula and Carles Noguera (CAS) Mathematical Fuzzy Logic www.cs.cas.cz/cintula/MFL 51/100



A lemma: continuation of the proof

Let us consider the function g = f — x;: by IH we have formulas ¢, and

g+1. If we show that
(g+x)* = (" ox) &g+ 1)

the proof is done as:
Of = Vgt = (g D) & Pgi1-

So we need to prove (2.1). Let L and R be its left/right side :
@ if[g(X)>1thenL=R=10rL=R=0
00<g()§1thenL min{1, g(¥) + x;}, g(¥) = g% (¥) and

(g+ 1)#(X) = 1. Hence R = g(X X) ® x; = min{1, g(X) + x;} = L.

e -1 <g( ¥) < 0 then L = max{0, g(¥) + x;}, g7 (¥) = 0 and
(g+ D#(¥) = ()+1 Hence g (¥) @ x; = x; and so
R = max{0,xj + g(¥) + 1 — 1} = max{0,x; + g(¥)} = L.
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The proof for one variable functions

Definition 2.40

Leta,b € [0,1]N Q. Then any McNaughton function f such that f(x) = 1
iff x € [a, b] is called pseudo characteristic function of interval [a, b].

Exercise 5

Prove that each interval has a pseudo characteristic function and find a
formula representing it. Hint: use Lemma 2.39.

v

Lemma 2.41

Leta,b € [0,1]NQ. Then for each e > 0 there is a pseudo characteristic
function of the interval [a, b], s.t. f(x) =0 forx € [0,a — €] U [b + €, 1].

Proof.
If f is a pseudo char. function of some interval, so is /" for each n. [

v
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The proof for one variable functions

Let p be a McNaughton function of one variable given by n integer
linear polynomials py,...,p,. Foreachi e {1,2,...n} let P; = [a;, b;] be
the interval in which p uses p;. Note that:

e [0,1]=UP;
@ a;,b; €[0,1]1NQ
@ there is a pseudo characteristic function f; of [a;, b;] such that
p(x) > (fi &p;#)(x) for each x ¢ P;.
Then
\/(f, &p, x) and thus ¢, = \/ o5 & ©p;.

i
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The classical case, FMP and decidability
CL is complete with respect to a finite algebra, 2.

Definition 2.42

A logic has the finite model property (FMP) if it is complete with
respect to a set of finite algebras.

From the FMP, we obtain decidability:
@ Thanks to our finite notion of proof, the set of theorems is
recursively enumerable.

@ Thanks to FMP, the set of non-theorems is also recursively
enumerable (we can check validity in bigger and bigger finite
algebras until we find a countermodel).

@ Therefore, theoremhood is a decidable problem.

@ Note: provability from finitely-many premises is also decidable
(using deduction theorem).
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Finite chains

Lemma 2.43

Let B be a subalgebra of an MV- or G-algebraA. Then =4 C p.

Exercise 6

(a) Prove that each n-valued G-chain is isomorphic to the
subalgebra G, of [0, 1]g with the domain {. & | i <n —1}.

(b) Prove that each n-valued MV-chain is isomprphic to the
subalgebra £, of [0, 1], with the domain {5 |i <n — 1}.

Lemma 2.44

Ec, C kg, Iff n<m.
Eg, CEg, iff n—1dividesm—1.

Let us denote by Lg, the class of finite L-chains.
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The case of Gédel-Dummett logic
Theorem 2.45
Let ¢ be a formula with n — 2 variables. Then: ¢ ¢ iff =g, ¢.

Proof.

Contrapositively: assume that t/; ¢ and let e be a [0, 1]g-evaluation

suchthate(yp) # 1. Let X = {0,1} U {e(v;) | 1 <i < n—2} and note that
it is a subuniverse of [0, 1], thus e can be seen as an X-evaluation and
so [~x . The previous exercise and lemma complete the proof. Ol

v

Theorem 2.46

For every finite set of formulas ' U {¢} C Fm,. The following are
equivalent:

QTltgy
(= B
e F ):Gﬁn SO
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The case of tukasiewicz logic

Theorem 2.47

For every finite set of formulas I U {¢} C Fm,, TFAE:
Qo
Q Tl v
Q T Fmv,, »

Proof: we show it for one variable v.

Let us define the set E of [0, 1] -evaluations such that e[I'] C {1}. Note
that E can be seen as a union of real intervals. Assume that there is

e € E such that e(¢) # 1. If we show that there is an evaluation f € E,
such that f(v) = -£; and f(¢) # 1 we are done as f can be seen as
£.,,-evaluation.

@ Either e lies on the border of some interval, then f = ¢ OR

@ there has to be a neighborhood X C E such that f(y) # 1 for each
f € X, then there has to be such f. Ol

v
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The classical case

@ ¢ € SAT(CL) if there is a 2-evaluation e such that e(p) = 1.

@ ¢ € TAUT(CL) if for each 2-evaluation e holds ¢(y) = 1.

Recall:

¢ € TAUT(CL) iff —¢ ¢ SAT(CL)
¢ € SAT(CL)  iff —¢ ¢ TAUT(CL).

Both problems, SAT(CL) and TAUT(CL), are decidable.

But how difficult are their computations?
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Complexity classes

f,g: N—= N. f e O(g) iff there are ¢, ny € N such that for each n > ny
we have f(n) < cg(n).

@ TIME(f): the class of problems P such that there is a deterministic
Turing machine M that accepts P and operates in time O(f).
@ NTIME(f): analogous class for nondeterministic Turing machines.

@ SPACE(f): the class of problems P such that there is a
deterministic Turing machine M that accepts P and operates in
space O(f).

@ NSPACE(f): the analogous class for nondeterministic Turing
machines.
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Complexity classes

P = | TIME(#")

keN

NP = | | NTIME ()
keN

PSPACE = |_J SPACE(n")
keN

If C is a complexity class, we denote coC = {P | P € C}, the class of
complements of problems in C.
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Complexity classes

@ Each deterministic complexity class C is closed under
complementation: if P € C, then also P € C.

@ Is NP closed under complementation?
@ P C NP, P C coNP, NP C PSPACE.
@ Are the inclusions P C NP C PSPACE proper?

@ Each of the classes P, NP, coNP, and PSPACE is closed under
finite unions and intersections.
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Complexity classes

A problem P is said to be C-hard iff any decision problem P’ in C is
reducible to P.

A problem P is C-complete iff P is C-hard and P € C.
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The classical case

@ SAT(CL) e NP: guess an evaluation and check whether it satisfies
the formula (a polynomial matter).

@ TAUT(CL) € coNP: ¢ € TAUT(CL) iff ~p ¢ SAT(CL).

@ Cook Theorem: Let SATNF(CL) be the SAT problem for formulas
in conjunctive normal form. Then: SATNF(CL) is NP-complete.

@ SATNF(CL) is a fragment of SAT(CL), therefore SAT(CL) is
NP-complete and TAUT(CL) is coNP-complete.
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The fuzzy case: basic definitions

Let L be either Lukasiewicz logic £ or Gédel logic G. We define:

@ p € SAT(L) if there is an evaluation e such that ¢(¢) = 1.
@ ¢ € SAT,(L) if there is an evaluation e such that e(y) > 0.
@ p € TAUT(L) if for each evaluation e holds ¢(¢) = 1.

@ ¢ € TAUT,(L) if for each evaluation e holds ¢(¢) > 0.

Note that ¢ V ~¢ € TAUT,(L) but ¢ V ~¢ & TAUT(L)

Note that ¢ A ~¢p € SATp (L) but ¢ A ~¢p & SAT(L)
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The fuzzy case: basic reductions

Lemma 2.48

Let L be either tukasiewicz logic ¥. or Gédel logic G. Then
¢ € TAUTpos(L) iff —p & SAT(L)

0 € SATpos(L)  iff —p & TAUT(L).

Lemma 2.49
@ € SAT(L)  iff —p & TAUTo(E)
¢ € TAUT(L) iff —p & SATpos(L).

Exercise 7

Prove the above two lemmata, show that the last equivalence fails for
G and the one but last holds there. (Hint: for the last part use
properties of these sets proved in the next few slides).
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The case of tukasiewicz logic

Theorem 2.50

The sets SAT(L) and SAT,.s (L) are NP-complete. Therefore the sets
TAUT (L) and TAUT,(L:) are coNP-complete.

We prove it in a series of lemmata. First we show that SAT(L) is
NP-hard:

Lemma 2.51
Let p be a formula with variables p1, . . . p,.

¢ € SAT(CL) IFF oA A\(piV -pi) € SAT(L).
i=1
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SATp.(L) is NP-hard

Lemma 2.52
Let ¢ be a formula with variables p1, . .. p, built using: A, V, —.

n
p € SAT(CL) IFF > A /\(pi V —pi)* € SATpos(L).

i=1

Proof.

Let e positively satisfy the right-hand formula. Then
e((pi vV —pi)?) > 0 ergo e(p;) # 0.5. We define the evaluation

1 ife(p) > 05
e(p’)_{o if e(p;) < 0.5

Clearly this can be extended to . And, since e(¢?) > 0, we have
e(p) > 0.5and so ¢'(¢) = 1.

O]

v
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SAT(L) and SAT (L) are in NP

Lemma 2.53
e(p) <
e(lp =) >r IFF 3ije|0,1] e(v) > j
r+i—j < 1
e(p) > i
e() < j
9 y—r < 0
e(p— ) <r IFF 3i,je]0,1],y€ {0,1} y4i < 1
y=j < 0
y+r+i—j > 1

v

Using this lemma we can reduce the question of (positive) satisfiability
to the question of Mixed Integer Programming (MIP) which is known to
be in NP:

For SAT(E) start with e(0) > 1 for SATo(E.) start with e(?)

VIV

o
0
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The case of Gédel-Dummett logic

Lemma 2.54
The mapping f: [0,1] — {0, 1} defined as f(0) =0 andf(x) =1 ifx#0
is @ homomorphism from [0, 1] to 2.

Corollary 2.55
SATpos(G) C SAT(CL)  TAUT(CL) C TAUTpos(G).
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The case of Gédel-Dummett logic

Corollary 2.56

@ € SAT)0s(G)  iff € SAT(G) iff € SAT(CL)
¢ € TAUT,os(G) iff ——yp € TAUT(G) iff o € TAUT(CL)

Proof.
Just observe that:

SAT(G) C SAT,0s(G) C SAT(CL) C SAT(G).
And that
Y E TAUTPOS(G) = ¢ ¢ SAT(G) = —¢ ¢ SATPOS(G)

= ——p € TAUT(G) = ¢ € TAUT(CL) = ¢ € TAUTs(G).

O]

v
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The case of Gédel-Dummett logic

Corollary 2.56

0 € SATyos(G)  iff € SAT(G) iff € SAT(CL)
o € TAUT,0s(G) iff ——p € TAUT(G) iff ¢ € TAUT(CL)

Theorem 2.57

The sets SAT(G) and SAT,.s(G) are NP-complete and the sets
TAUT(G) and TAUT,.(G) are coNP-complete.

Proof.

The only non clear case is TAUT(G): it is coNP-hard due to the last reduction
of the previous corollary. We present a non-deterministic polynomial
‘algorithm’ (sound due to Theorem 2.58) for Fm \ TAUT(G):

Step 1: guess a G,-evaluation e (assuming that ¢ has n — 2 variables)
Step 2: compute the value of ¢(¢) (clearly in polynomial time)

Output: if e(¢) # 1 output ¢ ¢ TAUT(G). O]

v
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Equational consequence

An equation in the language £ is a formal expression of the form
@ ~ 1), where ¢, € Fm,.

We say that an equation ¢ = 1 is a consequence of a set of equations
IT w.r.t. a class K of L-algebras if for each A € K and each
A-evaluation e we have e(p) = e(y)) whenever e(a) = e(3) for each

a =~ [ €1II; we denote it by IT =k ¢ ~ .

A quasiequation in the language £ is a formal expression of the form
(/\;’1:1 Pi ~ 1/)1) = ¥ ~ ¢s Where @1)"'730}%90’,(#17’ "7Q;Z)n7¢ € Fmﬁ'
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Varieties and quasivarieties

Type of class Presented by Closed under
variety equations H, S,and P
quasivariety quasiequations 1, S, P, and Py

I isomorphic images

H homomorphic images
S  subalgebras

P direct products

Py ultraproducts

generated variety
generated quasivariety

<
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Algebraization of Lukasiewicz logic

@ ForeveryI'U{p} C Fm,,
Ty iff (=T el} Emyo~T
@ For every set of equations TTU {¢ ~ v},
NEwverviff{a plarpelll by p ¢
© Forevery p € Fm,,
o< landp < 1 @

© Forevery ¢,¢ € Fmg, B B
prYEMve e Yvrlandp o vl Eyy @ =Y
Translations:
e o1
@ p:arxf—a+w f

MV-algebras are the equivalent algebraic semantics of t..
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MYV is a variety

MYV is a variety of algebras, i.e. an equational class:

1) xa@dz)~(xdy) Dz,

2) xoy=ydux,

3) x®0=~x,

@4 =y,

(5) x@ -0~ -0,

6 ~(wady)ey=-(yex) o
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Algebraization of Gédel-Dummett logic

@ ForeveryI'U{p} C Fm,,
@ For every set of equations TTU {¢ ~ v},
NEge=yiff{fac pflaxpfell} g«
© Forevery p € Fm,,
g landyp < 1kg @

© Forevery ¢,¢ € Fmg, B B
prYEgeevrlandp vl EFgpr
Translations:
e o1
@ p:arxf—a+w f

G-algebras are the equivalent algebraic semantics of G.
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G is a variety

G is a variety of algebras, i.e. an equational class:

El x> x~1

E2 1 x~x
ESx—>(y—2)~x—y) = (x—2)
E4d (x=y) = (h=x)=y)=(—=x) = (x—=y) = x)
ES5 x—>xVvy=l1l, y—xVy=xl

E6 (x—=y) = ((y—=2) = (xVy—2)=~1

E7 xAy wx~1, xAy—y=1

E8 (x—=y) = ((x—2) = (x—yAz)) =1

E9 0 —»x~1

E10 x—>y)Vy—x)~1
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Algebraization of finitary extensions

Let Lbe L or G.

@ S=L+Ax+ R (Ax is a set of axioms and R a set of finitary rules)

@ S={A € L | A satisfies 7(¢) for each ¢ € Ax and
Nz T(9i) = () for each (¢1, ..., on, 1) € R}

@ We obtain the same relation between the logic and the algebraic

semantics as before:

Q It piff 70 |=s 7(p)

Q 11 =c ¢ = ¢ iff p[IT] Fs p(y = ¥)
Q ¢ s p(7(p) and p(7(9)) Fs ¢
Q ¢ox Vs (e~ ) and r(p(e = ) s o ~ ¥

S is the equivalent algebraic semantics of S.
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Algebraization of finitary extensions

The translations = and p between formulas and equations give bijective
correspondences (dual lattice isomorphisms):

@ between finitary extensions of L and quasivarieties of L-algebras
© between axiomatic extensions of L and varieties of L-algebras.
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Proof by Cases Property for extensions

Theorem 2.58 (Proof by Cases Property)

Assume that for each (1, ..., o0, 0) ER, o1 V X,...onV x Fs ¥V x. If
ks xand T,y ks x, thenT, oV ) kg x.

v

Proof.
ClaimIfT' g ¢, then T'V x ks 6 V x for each formula y and each ¢
appearing in the proof of ¢ from T".

Proof of the claim: trivial for 6 € T or § an axiom; if we used MP, then
by IH there has to be 7 st.
P'VxksnVyx 'V x ks (n—d)Vxthus (T7) completes the proof.

Now using the claim: TV, oV ks xVyand TV x,¥ V x Fs x V x.
Using (A6a), (T8), and (T9) we getT',o Vi sV xyand T, ¢V x Fs x
and the rest is trivial. O

v
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Chain-completeness for extensions

Corollary 2.59

Assume that for each (p1,...,pon,0) €ER, 01V X,...on VX Fs ¥V x
(this is the case, in particular, if S is an axiomatic extension). Then for
every set of formulasT'U {¢} C Fm : T s ¢ iff I' |=g,, ¢.

Exercise 8
Prove it. J
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The case of Gédel-Dummett logic

For each n > 1, recall the canonical n-valued G-chain:
G, = ({ﬁ | i <n— 1}, min, max, —,0, 1).

Gy =G + VI (pi — pis1)-

1=

Theorem 2.60
@ foreachn > 1, G,-algebras are the subvariety of G-algebras
satisfying \/!~, (pi — pi+1) ~ 1 and it coincides with V(G,,).
@ G is locally finite, i.e. each finite subset of a G-algebra generates a
finite subalgebra.
@ If C is an infinite G-chain, then V(C) = G.

@ the subvarieties of G are exactly:
V(G1) S V(G2) S V(G3) S ... S V(G,) S V(Gyat) € -G

Exercise 9
Prove it.

v
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The case of Gédel-Dummett logic

Theorem 2.61

There are no other finitary extensions of G than G,s (i.e. G has no
proper subquasivarieties).

Lemma 2.62

Gddel-Dummett logic proves:
@ (p—=W—=x)« ((p—=9)—=(p—X)
° (p—= (WAX) & (¢ = ¥)A(p— X))
° (p—=(WVx) e (¢ =9)Vie—x)

Define a substitution o.,(p) = ¢ — p. Then if 0 does not occur in ¢ we
have: g o,() <+ (¢ = ), ¥ g o,(v), and g o, (p).
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Deduction theorems

Lemma 2.63
Any finitary extension L of G enjoys the deduction theorem.

Proof.

Assume that ¢ 1. 9. Let x; be the formula resulting from x by
replacing all occurrences of 0 by a fresh fixed variable f. Define a
substitution o(g) = 0 for ¢ = f and g otherwise; observe o (xs) = .

Claim: {f — q | g in {p,¥}}, ¢r FL ¥y

Thus oo, [{f — g | qin {p,¥}} U{er}] FL ooy, (1r). And so

{(e—=0) = (¢ —q) | qgin{p,¥}}, 004 () FL 00, (1). Since, clearly,
FL ooy (Xr) < (= X), We obtain k. ¢ — 1. .

v

Exercise 10
Complete the proof (including the claim!).

v
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Structural completeness

The proof of Theorem 2.88.

Obvious as the previous lemma allows us to replace any additional
rule of L by an axiom. O

v

Definition 2.64

A logic is structurally complete if each proper extension has some new
theorems. A logic is hereditarily structurally complete if each of its
extensions is structurally complete.

Corollary 2.65
G is hereditarily structurally complete.

Exercise 11
L is not structurally complete. (hint: use the rule ¢ < —¢ I 0)

v
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Important MV-chains

Recall the functor I" which turns each Lattice ordered Abelian group
with strong unit into and MV-algebra

For each n > 1, recall the canonical n-valued MV-chain:
L, = Hﬁ | i<n-— 1}7697_‘7())'

@ foreachu >0, [0, 1]y, Z I'(R, u).
° I’n = F(Qn—17 1)
° Kn = F(Qn—] ®Z’ <1a0>)

where on Q,,_, is the additive group of rationals whose denominator is

n—1,and Q,_, ® Z is the lexicographic product (direct product with the
lexicographic order).
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Varieties of MV-algebras

Proposition 2.66
@ V([0,1]g) = MV
@ If I C N isinfinite, thenV({Z; | i € I}) =MV
@ V(£;) C V(&) iffi — 1 divides j — 1.

Theorem 2.67 (Komori)
Let K C MV be a variety. K # MV |ff there are two finite disjoint sets
I,J C N such that:

K=V({&|icl} U{K;|jeJ}).
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Varieties of MV-algebras

Definition 2.68
IfieN, (i) ={neN|nisadivisor of i}. If J C N is finite and
nonempty, A(i,J) = 6(i) \ UJ.EJ 0(j).

Theorem 2.69 (Di Nola, Lettieri)
Let I,J C N be finite disjoint sets. Then the variety

V{Z:i|i eI} U{K;|j < J}) has the following equational base:
Eq(1) ((n+ 1)x")? =~ 2x"H1 with n = max(I U J),
Eg2) (')~ (ot 1),
Eq(3) (n+ 1)x? = (n+2)x4,

for every positive integer 1 < p < n such that p is not a divisor of any
i€ 1UJ andforevery g e Jc; A(i,J).
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Fuzzy logic for reasoning about probability
Fuzziness # probability

Probability of ¢ = Oy = truth degree of it is probable that ¢

Let us take:

@ the classical logic CL in language —, -, V, A, 0
@ kukasiewicz logic I. in language —y., ¢, ®, ©
@ an extra symbol O

We define three kinds of formulas of a two-level language over a fixed
set of variables Var:

@ non-modal: built from Var using —, -, Vv, A,0
@ atomic modal: of the form Oy, for each non-modal ¢
@ modal: built from atomic ones using —y,, g, &, ©
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Probability Kripke frames and Kripke models

Definition 2.70
A probability Kripke frame is a system F = (W, ) where
@ Wis a set (of possible worlds)

@ u is a finitely additive probability measure defined on
a sublattice of 2" |

Definition 2.71

A Kripke model M over a probability Kripke frame F = (W, i) is a tuple
M = (F, (ey)wew) Where:

@ ¢, is a classical evaluation of non-modal formulas

@ the domain of i contains the set {w | e,,(p) = 1}
for each non-modal formula ¢
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Truth definition

The truth values of modal formulas are defined uniformly:

10¢llm =u({w | ewl(e) = 1})
=@l =1 = [|®]|m
1© —p Wlm =min{1, 1 — ||®][p + [[¥]]m}
1 ® Wlm =min{1, |[f[p + [[W]]n}
1© © ¥|lm =max{0, [|®lm — |[¥||m}
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Axiomatization

Definition 2.72

The logic FP of probability inside tukasiewicz logic is given by the
axiomatic system consisting of:

@ the axioms and rules of CL for non-modal formulas,
@ axioms and rules of L. for modal formulas,
@ modal axioms

(FPO) —50(0)

(FP1) O(p — ) =1 (Op —z OY)

(FP2) = 0(p) —& O(—¢)

(FP3) D(e Vy) = (By @ (BpoU(p Ay)))
@ a unary modal rule:

o0

The notion of provability Fgp (from both modal and non-modal
premises) is defined as usual.
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Completeness theorem

Theorem 2.73 (Hajek)
Let T'U{¥} be a set of modal formulas. TFAE:
ol |—|:p U

@ ||¥||m = 1 for each Kripke model M where ||®||m = 1
foreach® €T |
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Variations

@ changing the measure of uncertainty (necessity, possibility, belief
functions)

@ changing the upper logic: replacing tukasiewicz logic by any other
fuzzy logic

@ changing the lower logic: e.g. replacing CL by tukasiewicz logic to

speak about probability of vague events
Ex: Messi will score soon in the second half of the match

@ adding more modalities
@ any combination of the above four options

We can build also a general theory for these two-layer modal logics
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