A set theory within fuzzy logic

Petr Hájek Zuzana Haniková Institute of Computer Science, Academy of Sciences 182 07 Prague 8, Czech Republic

{hajek,zuzana}@cs.cas.cz

Abstract

This paper proposes a possibility of developing an axiomatic set theory, as first-order theory within the framework of fuzzy logic in the style of Hájek’s Basic fuzzy logic BL. In classical Zermelo-Fraenkel set theory, we use an analogy of the construction of a Boolean-valued universe— over a particular algebra of truth values—to show the nontriviality of our theory. We present a list of problems and research tasks.

1 Introduction

Fuzzy set theory originated with Zadeh’s 1965 paper [32] and has been developed since by many authors, with various degrees of insight. It has evolved as an informal, non-axiomatic theory inside the classical informal set theory, a fuzzy subset of a crisp set being identified with its (crisp) characteristic function taking values in the real interval [0, 1]. Gradually one began to speak of “fuzzy logic” in a broad sense, and currently the term “fuzzy logic” is being used as synonymous with the term “fuzzy set theory”. Recently, however, fuzzy logic has also been developed in a narrow sense as a fully fledged symbolic logical system (cf. [13] for a systematic presentation and historical remarks). Time seems ripe therefore to pose the question of the possibility to develop an axiomatic set theory within the framework of fuzzy logic (in the narrow sense). Any such system ought to be natural, sufficiently general, and should formalize the ways of thinking of those who use the naive fuzzy set theory. This paper is our first attempt to develop such a system—i.e., an axiomatic set theory based on fuzzy logic.

In our work we rely heavily on previous papers developing various systems of set theories as first-order theories in many-valued logics. Let us mention in passing that the first attempt in this area we know about is the work of Skolem and others ([22]-[26], [3]), trying to formulate a many-valued set theory with full comprehension (for each formula φ(x) there is a set of all objects satisfying φ). This approach is not directly relevant to our aims. Next there is a series of papers trying to develop a theory generalizing the classical Zermelo-Fraenkel set theory, in a formally weaker logic—intuitionistic ([15], [8]) and later its strengthening presently referred to as Gödel logic ([27], [28], [29]). Finally, a similar approach based on linear logic is described in [21] (a paper which we find particularly inspiring): the author works over the so-called phase spaces as algebras of truth values and builds, using an analogy of the construction of a Boolean-valued universe (here over a phase-space), a class, with class operations evaluating formulas in the language {∈, =}, in which he verifies the chosen axioms of his set theory.

Having observed that the standard Łukasiewicz algebra enriched with the Δ operator is a particular phase space, we have studied this paper thinking of a more general approach employing (linearly ordered) BL-algebras with Δ; this should form a common basis for the approach of [27] and [28] and that of [21]. Our present proposal sketches the axiomatic system and construes a “BL-algebra-valued” universe, as the canonical “model” of the theory. This universe can give us at least a hint of what is natural to the theory and what is not; for example, it speaks strongly in favour of the axiom of support (cf. first [15]).

We start with the construction of a class V^L, define operations on it, and prove a handful of technicalities. We proceed by formulating the theory (as a set of axioms) and showing its validity in the constructed model. And we formulate a sort of a future research program.

This paper should be viewed as a report on a topic being worked on; the authors hope to carry their research in this area somewhat farther (it being the intended subject of the second author’s PhD thesis) by a detailed inspection of the theory and by endowing it with some of the standard settheoretic tools; besides we hope to establish it as a natural common platform for general discussions on the foundations of theory of fuzzy sets.

Regarding the nature of this paper we omit all the logical background, which is to be found elsewhere, as well as many technical details and some proofs. A more detailed and perhaps enhanced version of this material is to be found in a full paper to follow. Among the references we include all papers we have so far encountered on this subject, some of which (those not referred to in the text) we have not yet studied.

Acknowledgement. Partial support by the grant No. IAA1030004 of the Grant Agency of the Academy of Sciences of the Czech Republic is acknowledged.

2 A Model

For a broad description of the basic fuzzy logic BL and its extensions (including the addition of the Δ connective) see [13].

Definition 1 BL∀Δ is the logic given by (propositional and predicate) axioms and inference rules of BL∀, together with the axioms and inference rule for the Δ connective (see [13]).

Remark 1 For the definition of a BLΔ-algebra see [13].

Consider the classical ZFC. Fix a constant L for an arbitrary linearly ordered complete BL-algebra; write L = (L, ∗, ⇒, ∧, ∨, 0, 1) (as usual, L denotes both the algebra and its support). In ZFC let us make the following construction: in analogy to the construction of a Boolean-valued universe over a complete Boolean algebra, we build the class V^L by ordinal induction.

V^L_0 = ∅

V^L_{α+1} = {f : Fnc(f) & D(f) ⊆ V^L_α & R(f) ⊆ L}

and for limit ordinals λ

V^L_λ = ⋃ α<λ V^L_α Here Fnc(x) is a unary predicate stating that x is a function, and D(x) and R(x) are unary functions assigning to x its domain and range, respectively.

Finally we put

V^L = ⋃ α∈On V^L_α Observe that for α ≤ β, V^L_α ⊆ V^L_β .

For any x ∈ V^L we define ρ(x) = min{α : x ∈ V^L_α }. Using induction on ρ we define three binary functions from V^L into L, assigning to any tuple x, y ∈ V^L the values ||x ∈ y||, ||x ⊆ y|| and ||x = y|| (representing the “truth values” of the three predicates ∈, ⊆ and =): ||x ∈ y|| = ⋁ u∈D(y) (||u = x|| ∗ y(u)),

||x ⊆ y|| = ⋀ u∈D(x) (x(u) ⇒ ||u ∈ y||),

||x = y|| = Δ||x ⊆ y|| ∗ Δ||y ⊆ x||. We now use induction on the complexity of formulas to define for any formula φ(x_1, . . . , x_n)—the free variables in φ being among x_1, . . . , x_n—a corresponding n-ary function from (V^L)^n into L. The induction steps admit the following cases (we just write φ for short): φ is 0: then ||φ|| = 0; φ is ψ & χ; then ||φ|| = ||ψ|| ∗ ||χ||; φ is ψ → χ: then ||φ|| = ||ψ|| ⇒ ||χ||; φ is ψ ∧ χ: then ||φ|| = ||ψ|| ∧ ||χ||; φ is ψ ∨ χ: then ||φ|| = ||ψ|| ∨ ||χ||; φ is Δψ; then ||φ|| = Δ||ψ||: φ is ∀xψ: then ||φ|| = ⋀ u∈V^L ψ(x/u); φ is ∃xψ: then ||φ|| = ⋁ u∈V^L ψ(x/u). Here ψ(x/u) is the result of substituting u for the variable x in ψ. We use the symbols ∧, ∨, Δ for both logical connectives and operations in L.

Definition 2 Let φ be a closed formula. We say that φ is valid in V^L iff ||φ = 1|| is provable in ZFC.

(As usual, we take closures of formulas containing free variables when considering their validity.)

The rest of this section contains some useful statements that might be of some interest.

Lemma 1 (1) ZFC proves that for u, x ∈ V^L the following expressions always have value 1: u(x) ⇒ ||x ∈ u||, ||u ⊆ u||, ||u = u|| (2) ZFC proves for u, v, w ∈ V^L: (i)||u ∈ v|| ∗ ||v ⊆ w|| ≤ ||u ∈ w|| (ii)||u ⊆ v|| ∗ ||v ⊆ w|| ≤ ||u ⊆ w|| (iii)||u ⊆ v|| ∗ ||v = w|| ≤ ||u ⊆ w|| (iv)||u = v|| ∗ ||v ⊆ w|| ≤ ||u ⊆ w|| (v)||u ∈ v|| ∗ ||v = w|| ≤ ||u ∈ w|| (vi)||u = v|| ∗ ||v = w|| ≤ ||u = w|| (vii)||u = v|| ∗ ||v ∈ w|| ≤ ||u ∈ v||

Proof by transfinite induction on ρ: (1) clear, (2) (i) ||u ∈ v|| ∗ ||v ⊆ w|| = ( ⋁ z∈D(v)(||z = u|| ∗ v(z))) ∗ ( ⋀ y∈D(v)(v(y) ⇒ ||y ∈ w||)) = ⋁ z∈D(v)(||z = u|| ∗ v(z) ∗ ⋀ y∈D(v)(v(y) ⇒ ||y ∈ w||)) ≤ ⋁ z∈D(v)(||z = u|| ∗ v(z) ∗ (v(z) ⇒ ||z ∈ w||)) ≤ ⋁ z∈D(v)(||z = u|| ∗ ||z ∈ w||) = ⋁ z∈D(v)(||z = u|| ∗ ( ⋁ x∈D(v)(||z = x|| ∗ w(x))) = ⋁ z∈D(v) ⋁ x∈D(w)(||z = u|| ∗ ||z = x|| ∗ w(x)) ≤ ⋁ x∈D(w)(||x = u|| ∗ w(x)) = ||u ∈ w||

(ii) ⋀ x∈D(u)(u(x) ⇒ ||x ∈ v||) ∗ ||v ⊆ w|| ≤ ⋀ x∈D(u)(u(x) ⇒ (||x ∈ v|| ∗ ||v ⊆ w||)) ≤ ⋀ x∈D(u)(u(x) ⇒ ||x ∈ w||) = ||u ⊆ w|| (iii) ||u ⊆ v|| ∗ ||v ⊆ w|| ≤ ||u ⊆ w|| ||u ⊆ v|| ∗ Δ||v ⊆ w|| ≤ ||u ⊆ w|| ||u ⊆ v|| ∗ Δ||v ⊆ w|| ∗ Δ||w ⊆ v|| ≤ ||u ⊆ w|| (iv) ||u ⊆ v|| ∗ ||v ⊆ w|| ≤ ||u ⊆ w|| Δ||u ⊆ v|| ∗ ||v ⊆ w|| ≤ ||u ⊆ w|| Δ||u ⊆ v|| ∗ Δ||v ⊆ u|| ∗ ||v ⊆ w|| ≤ ||u ⊆ w|| (v) ||u ∈ v|| ∗ ||v ⊆ w|| ≤ ||u ∈ w|| ||u ∈ v|| ∗ Δ||v ⊆ w|| ≤ ||u ∈ w|| ||u ∈ v|| ∗ Δ||v ⊆ w|| ∗ Δ||w ⊆ v|| ≤ ||u ∈ w|| (vi) ||u ⊆ v|| ∗ ||v ⊆ w|| ∗ ||v ⊆ u|| ∗ ||w ⊆ v|| ≤ ||u ⊆ w|| ∗ ||w ⊆ u|| Δ||u ⊆ v|| ∗ Δ||v ⊆ w|| ∗ Δ||v ⊆ u|| ∗ Δ||w ⊆ v|| ≤ Δ||u ⊆ w|| ∗ Δ||w ⊆ u|| (vii) ||u = v|| ∗ ||v ∈ w|| = ||u = v|| ∗ ⋁ x∈D(w)(||x = v|| ∗ w(x)) = ⋁ x∈D(w)(||x = v|| ∗ w(x) ∗ ||u = v||) ≤ ⋁ x∈D(w)(||x = u|| ∗ w(x)) = ||u ∈ w|| Lemma 2 (Substitution) For any formula φ, ZFC proves: ∀u, v ∈ V^L, ||u = v|| ∗ ||φ(u)|| ≤ ||φ(v)||. Proof by induction on the complexity of φ, using the previous lemma for φ atomic.

Lemma 3 (Bounded quantifiers) ∀x ∈ V^L: ||∃y(y ∈ x & φ(y)|| = ⋁ y∈D(x)(x(y) ∗ ||φ(y)||); ||∀y(y ∈ x → φ(y))|| = ⋀ y∈D(x)(x(y) ⇒ ||φ(y)||) Corollary 1 ||x ⊆ y|| = ||∀u ∈ x(u ∈ y)|| = ||∀u(u ∈ x → u ∈ y)||. Remark 2 (1) We use the following auxiliary statements about BLΔ-algebras. Suppose A, B, A_i, B_i, . . . are (sequences of) elements of the algebra. Then: (i) ⋁ i A_i ∗ B = ⋁ (A_i ∗ B) (ii) ⋀ i A_i ∗ B ≤ ⋀ (A_i ∗ B) (iii) ⋀ i(A_i ⇒ B_i) ∗ C ≤ ⋀ i(A_i ⇒ (B_i ∗ C)) (2) About linearly ordered complete BLΔ-algebras. Particular examples are the algebras on the real unit interval given by a continuous t-norm (these have the standard order of reals), among them the three famous ones given by Łukasiewicz, Gödel, and product t-norms. Known properties of linearly ordered BL-algebras ([2]) give the following:

each completely linearly ordered (c. l. o.) BL-algebra is an ordered sum of copies of c. l. o. MV-algebras, G-algebras, and product algebras, and the latter are as follows (the degenerated one-element algebra disregarded): - c. l. o. MV-algebras: the standard Łukasiewicz algebra on [0, 1] and its finite n-element subalgebras, n ≥ 1; - c. l. o. G-algebras: any complete linear order determines a G-algebra;

- c. l. o. product algebras: the standard product algebra on [0, 1], the two-element Boolean algebra, and the restriction of the standard product algebra to {0} ∪ {(1/2)^n; n ≥ 0}.

3 The theory FST

We introduce the theory FST in the language {∈, =}; we prefer to include = among the basic predicates although it is definable via the axiom of extensionality, to be able to use shorthand formulations of some other axioms. Note in the following that ours is a “crisp” equality, i.e. admits only 0-1 interpretations in the (potential) models. This is forced by the fact that e.g. in Łukasiewicz and product logic, the axiom of separation together with equality axioms imply crispness of = anyway. Moreover, under the “standard” formulation of extensionality, crispness of = implies crispness of ∈ (cf. [9]).

Definition 3 FST is a first order theory in the language {∈, =}, with the following axioms:

(i) (extensionality) ∀x∀y(x = y ≡ (Δ(x ⊆ y) & Δ(y ⊆ x))) (ii) (empty set) ∃xΔ∀y(y ∉ x) (iii) (pair) ∀x∀y∃zΔ∀u(u ∈ z ≡ (u = x ∨ u = y)) (iv) (union) ∀x∃zΔ∀u(u ∈ z ≡ ∃y(u ∈ y & y ∈ x)) (v) (infinity)∃zΔ(∅ ∈ z & ∀x ∈ z∃y ∈ z(x ⊆ y & x ∈ y)) (vi) (separation) ∀x∃zΔ∀u(u ∈ z ≡ (u ∈ x & φ(u, x)), for any formula not containing z as a free variable (vii) (collection) ∀u ∈ x∃z φ(u, z) → ∃yΔ∀u ∈ x∃z ∈ yφ(u, z)) for any formula not containing y as a free variable (viii) (crisp power) ∀x∃zΔ∀u(u ∈ z ≡ Δ(u ⊆ x)) (ix) (support) ∀x∃z(Crisp(z) & Δx ⊆ z)),

where Crisp(x) ≡ ∀yΔ(x ∈ y ∨ ¬x ∈ y).

V^L is a model of ST We proceed by verifying that all axioms of FST (including logical axioms) are valid in V^L and that inference rules preserve validity. Having proved this we take the liberty to call V^L a model of ST. (More pedanticly, we have constructed an interpretation of FST (over C) in ZFC.)

We omit all validity proofs for logical axioms and inference rules.

Lemma 4 The set-theoretical axioms (i)-(ix) hold in V^L.

We present the validity proof for some axioms: (empty set) Take an arbitrary x ∈ V^L such that ∀z ∈ D(x) x(z) = 0. Then for any y ∈ V^L we have ||y ∈ x|| = ⋁ z∈D(x)(||y = z|| ∗ x(z)) = 0 and ||¬y ∈ x|| = 1. (Note that if x_1 and x_2 satisfy the above condition then ||x_1 = x_2|| = 1, thus the empty set is unique modulo equality.) (pair) Let x, y ∈ V^L be given. Set α = max(ρ(x), ρ(y)); then there is a z ∈ V^L_{α+1} such that D(z) = {x, y} and z(x) = z(y) = 1. The set z has the desired properties: for arbitrary u ∈ V^L we have ||u ∈ z|| = ⋁ v∈D(z)(||v = u|| ∗ z(v)) = ||x = u|| ∨ ||y = u||. (union) Define D(z) = ⋃ y∈D(x) D(y), and z(u) = ⋁ {y∈D(x):u∈D(y)}(x(y) ∗ y(u)). Then for u ∈ D(y) and y ∈ D(x) we have x(y) ∗ y(u) ≤ z(u) ≤ ||u ∈ z||, therefore ∀y ∈ D(x)∀u ∈ D(y)(x(y) ≤ y(u) ⇒ ||u ∈ z||). Then also ∀y ∈ D(x)(x(y) ≤ ⋀ u∈D(y)(y(u) ⇒ ||u ∈ z||)). By a similar treat-

ment, 1 ≤ ⋀ y∈D(x)(x(y) ⇒ ⋀ u∈D(y)(y(u) ⇒ ||u ∈ z||)), thus ||∀y ∈ x∀u ∈ y(u ∈ z)|| = 1, and the obtained formula is C-equivalent to the desired axiom. (separation) Suppose x is given. Define z so that D(z) = D(x) and for u ∈ D(z) set z(u) = x(u) ∗ ||φ(u)||. It is enough to verify the validity of two implications: first we show, ||∀u(u ∈ z → (u ∈ x & φ(u)))|| = 1. The expression on the left is by Lemma 3 equal to ⋀ u∈D(z) z(u) ⇒ (||u ∈ x|| ∗ ||φ(u)||); this evaluates to 1 since by definition z(u) = x(u) ∗ ||φ(u)|| and x(u) ≤ ||u ∈ x|| for all u ∈ D(z). The converse implication is ||∀u((u ∈ x & φ(u)) → u ∈ z)|| = 1; the expression on the left is by Lemma 3 equal to ⋀ u∈D(x)(x(u) ⇒ (||φ(u)|| ⇒ ||u ∈ z||)), which is ⋀ u∈D(x)(x(u) ∗ ||φ(u)|| ⇒ ||u ∈ z||), which is 1 since ∀u ∈ D(x) x(u) ∗ ||φ(u)|| = z(u) and z(u) ≤ ||u ∈ z||. (support) For an arbitrary x take z such that D(z) = D(x) and z(u) = 1 for all u ∈ D(z). Then ||Crisp(z)|| = 1 and ⋀ u∈D(x)(x(u) ⇒ ||u ∈ z||) = 1 since x(u) ≤ z(u) and z(u) ≤ ||u ∈ z||. 4 Conclusion

Let us stress one more time that we describe just a project of an axiomatic fuzzy set theory in its beginning, and that Shirahata’s paper [21] has been used heavily. Trivially, FST is relatively consistent with respect to SFC since the former is weaker than the latter: strengthening the logic to Boolean our theory is a subtheory of ZFC in the classical sense. Our model shows that FST (in the fuzzy logic) is non-trivial: it does not prove tertium non datur and admits existence of non-crisp sets.

We now give a list of our task and questions: (1) Is the interpretation of FST over C in ZFC faithful, i.e., is it true that FST ⊢ φ iff ZFC ⊢ ||φ|| = 1?

(2) Which additional axioms might/should be added? Which must not be added since they imply crispness of everything? (Several examples of the latter are known, see e.g. [8].)

(3) How far can we depart from ZFC, e.g. allowing more comprehension, partially accepting Skolem’s program? (4) Inside FST, can we prove the existence of enough hereditarily crisp sets? Do they model the classical ZFC? (5) In an analogy to [8, 18], investigate the crisp power P (1) of 1 = {0} and show that it bears the structure of a linearly ordered BL-algebra.

(6) How do we define basic mathematical structures (natural, real, ordinal, cardinal numbers etc.) in FST? (7) Which (if any) interesting facts follow from the choice of a particular underlying logic, especially Łukasiewicz, Gödel, and product logic?

(8) Is it possible to formalize facts about fuzzy control (and similar applications of the theory of fuzzy sets) in FST?

References

[1] C. C. Chang, “The axiom of comprehension in infinite-valued logic”, Math. Scand., 13 (1963), pp. 9-30.

[2] R. Cignoli, F. Esteva, L. Godo, A. Torrens, “Basic Fuzzy Logic is the logic of continuous t-norms and their residua”, Soft Computing, 4 (2000), pp. 106-112.

[3] J. E. Fenstad, “On the consistency of the axiom of comprehension in the Łukasiewicz infinite valued logic”, Math. Scand., 14 (1964), pp. 65-74.

[4] M. Forti, F. Honsell, “Choice principles in hyperuniverses”, Annals of Pure and Applied Logic, 77 (1996), pp. 35-52.

[5] M. Forti, F. Honsell, M. Lenisa, “Operations, collections ans sets within a general axiomatic framework”, Logic in Florence, LMPS ’95: Selected Contributed Papers (A. Cantini et al., eds.), Kluwer, Amsterdam (1997).

[6] M. Forti, G. Lenzi, “A general axiomatic framework for the foundations of mathematics, logic and computer science”, Memorie di Matematica e Applicazioni, 115 (1997), vol. XXI, fasc. 1, pp. 171-207.

[7] M. P. Fourman, D. Scott, “Sheaves and Logic”, Application of Sheaves: Lect. Notes Math., 753 (1979), pp. 302-401.

[8] R. J. Grayson, “Heyting-valued models for intuitionistic set theory”, Application of Sheaves: Lect. Notes Math., 753 (1979), pp. 402-414.

[9] V. N. Grishin, “O vese aksiomy svertyvania v teorii, osnovannoi na logike bez sokrashtchenii”, Matematitcheskiye zamjetki, 66, no. 5 (1999), pp. 643-652.

[10] V. N. Grishin, “Ob odnoy nestandartnoi logike i ee primenenii k teorii mnozhestv”, Issledovania po formalizovannym jazykam i neklasicheskim logikam, Izdatel’stvo Nauka, Moskva (1974), pp. 135-171.

[11] V. N. Grishin, “Ob algebraicheskoi semantike logiki bez sokrashchenii, Issledovania po formalizovannym jazykam i neklasicheskim logikam, Izdatel’stvo Nauka, Moskva (1974), pp. 247-264.

[12] V. N. Grishin, “Predicate and set theoretic calculi based on logic without contraction rules (Russian), Izvestia Akademii Nauk SSSR Seria Matematitcheskaya, 45, no. 1 (1981), pp. 47-68. 239. Math. USSR Izv., 18, no. 1 (1982), 41-59 (English translation).

[13] P. Hájek, “Metamathematics of Fuzzy Logic”, Kluwer Academic Publishers (1998).

[14] P. Hájek, “Function symbols in fuzzy predicate logic”, Proc. East-West Fuzzy Colloq. Zittau, 2000.

[15] W. C. Powell, “Extending Gödel’s negative interpretation to ZF”, J. Symb. Logic 40, no. 2 (1975), pp. 221-229.

[16] M. E. Ragaz, “Aritmetische Klassifikation von Formelmengen der Unendlichen Logik”, PhD. thesis, Technische Hochschule Zürich (1981).

[17] M. Shirahata, “A coherence space semantics for linear set theory”, preprint.

[18] M. Shirahata, “A linear conservative extension of Zermelo- Fraenkel set theory”, Studia Logica, 56 (1996), pp. 361-392.

[19] M. Shirahata, “Fixpoint theorem in linear set theory”, preprint.

[20] M. Shirahata, “Linear set theory with strict comprehension”, Proc. 6th Annual Logic Conference, Singapore (1996), pp. 223-245.

[21] M. Shirahata, “Phase-valued models of linear set theory”, preprint.

[22] T. Skolem, “A set theory based on a certain 3-valued logic”, Math. Scand., vol. 8 (1960), pp. 127-136.

[23] T. Skolem, “Bemerkungen zum Komprehensionsaxiom”, Z. Math. Logik Grundlagen Math., 3 (1957), pp. 1-17.

[24] T. Skolem, “Investigations on a comprehension axiom without negation in the defining propositional functions”, Notre Dame Journal of Formal Logic, 1 (1960), pp. 13-22.

[25] T. Skolem, “Studies on the axiom of comprehension”, Selected Works in Logic (1970), pp. 703-711.

[26] T. Skolem, “Two remarks on set theory”, Math. Scand., 5 (1957), pp. 40-46.

[27] G. Takeuti, S. Titani, “Intuitionistic fuzzy logic and intuitionistic fuzzy set theory”, J. Symb. Logic 49 (1984), pp. 851-866.

[28] G. Takeuti, S. Titani, “Fuzzy logic and fuzzy set theory”, Arch. Math. Logic, 32 (1992), pp. 1-32.

[29] S. Titani, “A lattice-valued set theory”, Arch. Math. Logic, 38 (1999), pp. 395-421.

[30] R. B. White, “A consistent theory of attributes in a logic without contraction”, Studia Logica, 52 (1993), pp. 113-142.

[31] R. B. White, “The consistency of the axiom of comprehension in the infinite-valued predicate logic of Łukasiewicz”, Journal Phil. Logic, 8 (1979), pp. 509-534.

[32] L. A. Zadeh, “Fuzzy sets”, Information and Control 8, 3 (1965), pp. 338-353.