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Abstract

In the theory of the random graphs, there are properties of graphs
such that almost all graphs satisfy the property, but there is no effec-
tive way to find examples of such graphs. By the well-known results
of Razborov, for some of these properties, e.g. some Ramsey property,
there are Boolean formulas in ACC representing the graphs satisfying
the property and having exponential number of vertices with respect
to the number of variables of the formula.

Razborov’s proof is based on a probabilistic distribution on formu-
las of n variables of size approximately nd?log d, where d is a polyno-
mial in n, and depth 3 in the basis {A, @} with the following property:
the restriction of the formula randomly chosen from the distribution
to any subset A of the boolean cube {0,1}" of size at most d has
almost uniform distribution on the functions A — {0,1}.

We show a modified probabilistic distribution on boolean formulas
which is defined on formulas of size at most nd log? d and has the same
property of the restrictions to sets of size at most d as the original
one. This allows us to obtain formulas the complexity of which is a
polynomial of a lower degree in n than in Razborov’s paper while the
represented graphs satisfy the same properties.

1 Introduction

The probabilistic method is a powerful tool allowing to demonstrate the
existence of some combinatorial objects without presenting any example.
In some situations, this method is even the only known way to show the
existence of some objects. Typical examples of such situations in the graph
theory may be found in [4]. More recent information on the probabilistic
method may be found in [2].

We shall concentrate on two types of graphs the existence of which may
be proved at present only by the probabilistic method. Namely, the graphs
with nearly maximal number of vertices which do not contain clique and
independent set of a specified size and tournaments satisfying the property
called S(k) in [4] for nearly maximal possible k. The graphs satisfying the
first property will be called the Ramsey graphs. Both these properties of
graphs will be discussed in detail in section 3.

A typical probabilistic proof of the existence of a graph satisfying some
property consists of showing that a graph chosen at random from the set of
all graphs on a fixed set of vertices satisfies the desired property with positive
probability. Usually, the distribution of the random graph is such that the
edges of the graph are chosen independently. Since every graph may appear



as a result of such a random choice, the proof does not give any information
on the structure of the graph. In particular, we cannot expect that a graph
obtained in this way may have a small complexity in any reasonable model
of computation.

Since no effective way to construct a Ramsey graph is known, one may
expect that every such graph is very complex and that it is possible to find
some nontrivial lower bounds on the complexity of boolean circuits represent-
ing such graphs. Surprisingly, Razborov showed that some of the properties
described in [4], including the Ramsey property and the S(k) property for
nearly maximal k, may be satisfied by graphs representable by boolean for-
mulas exponentially smaller than the represented graph itself.

Razborov’s proof is probabilistic again, although the probabilistic space
from which the graphs are chosen is much smaller than the set of all graphs.
Moreover, in order to ensure that the resulting graph is representable by
a small formula, the probabilistic space consists only of such graphs. In a
distribution satisfying this, it is not possible to keep the choice of the edges
independent. However, it is possible to define the distribution in such a way
that in every group of the edges of a specified size, say d, the edges are
chosen almost independently. Then, it is necessary to show that this almost
independency of every d edges is sufficient to guarantee the desired property
of the graph with positive probability.

To represent a graph we need information consisting of one bit for every
pair of distinct vertices to decide whether the corresponding edge is contained
in the graph or not. These bits may be represented in different ways. For
example, we may take a boolean function of sufficiently large domain and take
the values of the function on an arbitrary subset of the domain which is in 1-1
correspondence with the pairs of vertices. For every choice of the subset and
its correspondence to the pairs of vertices we obtain a representation of graphs
using boolean functions. Consequently, any boolean formula of appropriate
number of variables represents a graph, since it represents a boolean function.
In Razborov’s results, a natural representation of this type is used. We shall
describe and use it in section 3.

In Razborov’s representation of graphs, a substantial portion (nearly one
half of the 2" elements) of the domain of the boolean function is in 1-1
correspondence with the pairs of vertices. In fact, it is not necessary. Another
interesting notion of complexity of graphs was used in [3] and [8]. In spite of
the fact that only (72‘) points of the domain of the functions are used here to
code edges, it leads to an interesting concept.

If we take a formula at random, we obtain, using any representation of the
graphs described above, a randomly chosen graph. To ensure that every d



edges of this graph are chosen almost independently, it is sufficient to require
that the values of the formula on every d points of the domain are almost
independent. We shall formulate it more precisely using the terminology of
the paper [1]. Let the restriction of any function h to a set D be denoted by
h|D .

Definition 1.1 Let a probabilistic distribution on the boolean functions
g : {0,1}" — {0,1} be given. We say that the distribution of § is
(¢,d)—independent if for every D C {0,1}", |D| = d and every f : D —
{0, 1} the following holds

P(Glp = f) - (1/2)| <=

Razborov uses a construction of (e,d)-independent formulas of size
O(ndlogdlog(1/e)). The main goal of the present paper is to show a slight
modification of Razborov’s formulas which allows to decrease the size of the
formulas to O(n log® dlog(1/¢)). This improvement is presented in section 2.
In its application to the graphs we need (¢, d)-independent random formulas,
where d is a polynomial in n of a small degree and e = (1/2)?. The size of
the formulas satisfying this is O(nd?logd) in the original construction and
O(ndlog® d) in our improved one. The latter estimate may be bounded by a
polynomial of a lower degree in n than the first one, if d is unbounded.

The properties of the graphs represented by the random boolean formulas
are discussed in section 3. In fact, we reformulate two of Razborov’s theo-
rems from [9] using our improved random boolean formulas. The two chosen
examples seem to be the most representative. The application of our result
to further theorems from [9] is straightforward.

A random formula of n variables may be viewed also as a random boolean
vector of the length 2", simply by taking the table of the corresponding func-
tion. The notion of (g, d)-independency generalizes to this case in a natural
way. In our construction, this random vector is (g, d)-independent while the
number of completely independent random bits needed to construct the vec-
tor is at most nlog® dlog(1/). Another constructions of long random vectors
which are (e, d)-independent and constructible using only a small number of
independent random bits are described in [7] and [1]. The constructions
described in the cited papers need at most 2(logn + logd + log(1/¢)) of in-
dependent random bits. Although these constructions are much better than
the construction from the present paper with respect to the number of the
random bits, they cannot be used here, since they do not provide a repre-
sentation of the output vector by a boolean formula of bounded depth and
polynomial size.



A particular case of our result may be formulated also in the following way.
For every fixed € > 0 and every n, there is a uniform log-space constructible
ACC formula ¢, (x,y) of depth 3 and size O(n?) with the following properties.
The two input vectors z and y have length n and O(n?) respectively. If y is
taken at random from the uniform distribution, then by taking all possible
values of x we get 2" pseudorandom bits which are e-biased with respect to
any linear test. It means that the sum modulo 2 of any nonempty subset
of the bits is 1 with probability 1/2 + . (Hint: in g[m,r] defined later, set
m =n+ 1 and r a sufficiently large constant and use the formula (2)).

2 Random boolean formulas

We shall use the discrete Fourier transform of a probabilistic distribution
on boolean functions to compute estimates of the difference between the
studied distribution and the uniform one. Let a probabilistic distribution on
the functions & : {0,1}* — {0,1} be given. Let D C {0,1}". The Fourier
transform of the distribution of ;L‘ p is given by the following formula: for
every A C D let )

A(A) = B(-1)054),

where X4 is the characteristic function of the set A and (.,.) denotes the
scalar product of two boolean functions modulo 2.

By standard Fourier analysis, the discrete Fourier transform has an in-
verse transform. In our situation it can be described by the following formula:
for every f: D — {0,1}

P(hlp = f) = 2|1D| A;)A(A)(_nww

Using this and the fact that A(()) = 0, we obtain the following consequence:

Lemma 2.1 For every f: D — {0,1}

1 ~
P(hlp=f) — 2D|‘ < oA ‘E(—1)<h,XA>‘

Let n be a given natural number. We shall denote by L the set of all the
affine functions from {0,1}" to {0,1}, i.e. the functions ¢y ® c1z1 @ ... ®
Cny, where ¢; € {0,1} and @ denotes the addition modulo 2. Any of these
functions may be expressed using a formula of complexity at most n. We
shall describe the random construction of the boolean formulas in four steps.
In the first step, we take a randomly chosen affine function. In each of the
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remaining steps we combine several independently chosen copies of some of
the formulas defined in the previous steps. In the following definition, the
numbers in square brackets distinguish formulas of different kind and the
subscripts are used to distinguish independently chosen copies of the same
random formula.

Definition 2.2 Let [ be a random affine function of n variables chosen from
the uniform distribution on £ and 4,m,r be natural numbers. Then, let
k[i], hlm] and g[m,r] denote the random formulas described as follows

[i] = A lZ

]: H .. @ k[m]
T h[] . ® h.Im)]

St [N
??'2
Nz [\

m
m
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Clearly, if » > 1 then the complexity of g[m,r| is at most n(1l + r(m —
1)(m+2)/2) <nrm(m+1)/2.

Notice that for every a,b € {0,1}", a # b, the distribution of the pair
I(a),1(b) is uniform on the set {0,1}2. It follows that

P(kil(a) =1) =

Lemma 2.3 Let |A| < 2'. Then

o A A
‘E(_l)<k[l],XA>‘ <1- 2|2i| (1 _ |2i|> ‘

Proof: For every real numbers z,y > 0, we have |x —y| = z+y—2min(z,y).

Using this for = P((k[i], X4) = 0) and y = P((k[i], X4) = 1) we obtain

1V RELXA) | g ; 1[4 —
B(-1) 12 min {P((k[i], Xa) = )}

For the proof of the lemma, we only need to show that for every o € {0, 1}

H@wxazanJﬁ(rﬁﬁ). )

Since
A

s

P((3a € A)kli)(a) =1) <



we have

P((k[i], X4) = 0) > P((Va € A)kli] =0) > 1 — ';' > |§‘ (1 - ’;') .

Hence, (1) is true for a = 0.
Further, for a fixed a € A, we have

Pkl

P(Rlil(a) = LA (3 € A\ {a})Eli)(D) =1) < ==

- - 1 A -1 _ 1 A
P(Rli)(a) = 1A (¥b € A\ {a})RLi)(b) = 0) = & — - 221-(1—2@-)-

The events considered in the last formula are disjoint for different a € A and
any of these events implies (k[i], X4) = 1. Hence, (1) is true also for a = 1.
O

Theorem 2.4 Let m > 2, r > 1. Then the distribution of glm,r] is
((1/2)", d)-independent for every d < 2m~1.

Proof: By Lemma 2.1 it is enough to show that for every ) # A C {0, 1}",
|A] < 2™~ we have
‘E(_1)<§[m7r],XA>‘ < er (2)

Notice that (—1)@mr-Xa) is a product of (—=1)%X4) and of r independent

copies of (—1)"m:X4) By the well-known theorem on the expected value of

the product of several independent variables we obtain:
E(—1)mrXa) = B(—1)0XAEr(—1)mXa)

If 1 < |A| < 2, the estimate (2) follows from the fact that E(—1)#*4) = 0.
In the case that 3 < |A| < 2™~ we shall prove (2) by proving that

[B(—1)m 0| <

: (3)

Let ¢ be the minimal ¢ such that |A| < 2¢. Clearly, 2 < i < m — 1. Let us
denote t = |A|/2""!. Since

N | —

(_1)(E[m]7XA> — (_1)(15[2]7XA> o (_1)<];[m]aXA>



and the factors on the right hand side are independent, we obtain that
‘E(_l)@[m],XM‘ < ‘E(—l)@[i]’XM’ . ‘E(_1)<15[i+1],XA>‘_
It follows by Lemma 2.3 that
[B(—1) X < (1 — 4t + 8£2)(1 — 2t + 2t

Further, we know that 1/4 < ¢ < 1/2. For t from this interval we have
0<1—4t+8><2tand 0 <1—2t+2t> <1—t. Since 2t(1 —t) < 1/2, the
estimate (3) is proved. O

3 Application to the graphs

Let G = (V, E) be an undirected graph. A nonempty subset A C V will be
called homogeneous if the induced subgraph of G on the set A is either a
complete graph or an empty graph.

Definition 3.1 Let w(G) be the size of the maximal homogeneous set in a
graph G.

The formulation of the following theorem is adopted for the purpose of
representation of graphs using boolean functions. The original (and a little
stronger) formulation may be found in [4].

Theorem 3.2 (Erdds, 1947) For every sufficiently large even n there is a
graph G on 2™?* vertices satisfying w(G) < n.

Despite intensive research, no effective deterministic procedure gener-
ating graphs satisfying the property from this theorem is known. The
best known effective construction (see. [5]) generates graphs satisfying
w(G) < 200y nlogn),

For the formulation of our result, we shall use the following property of
a probabilistic distribution on graphs.

Definition 3.3 Let G’ = (V, E) be a random graph with a fixed set of ver-
tices V and a randomly chosen set of edges E. We say that the distribution
of G is (e, d)-independent, if for every two sets of edges Fy, By, Fy C Ej,
|Eo| = d the following holds:

- 1
P(EﬁEozEl)—? §€



The probabilistic proof of Theorem 3.2 is based on the following: we
take a random graph G on 2"/2 vertices such that every edge is chosen with
probability 1/2 and independently of the other ones. The probability that
the graph G contains a homogeneous set of size n is bounded from above by

> P(A is homogeneous in G) = (271/2)2(1/2)(2).

|A|=n n

The proof is then completed by showing that this bound tends to zero if n
tends to infinity. It is a simple observation that this proof remains valid if
instead of the independency of the edges we use the assumption that the

distribution of the random graph is (g, d)-independent, where d = (") and

2
e =0((1/2)9).

If h is a boolean function of n variables and u,v € {0,1}"/2, we de-
fine h(u,v) in the natural way. Let <; denote the lexicographic ordering of
boolean vectors.

Definition 3.4 Let h be a boolean function of n variables. We say that h
represents a graph G = (V, E), if V = {0,1}"/2 and for every u,v € {0,1}"/?
such that u <; v we have {u,v} € £ <= h(u,v) = 1.

Theorem 3.5 ([9]) For every sufficiently large even n there is a formula of
n variables, of depth 3 in the basis {\, ®} and of size O(n®logn) representing
a graph G,, on 2"/? wvertices satisfying w(G,) < n.

Using our result we obtain the following improvement:

Theorem 3.6 In Theorem 3.5 the upper bound on complexity of the formulas
may be replaced by O(n®log®n).

Proof: Let d = (g), m = [logd] +1 and ¢ = (1/2)%. Then, by Theorem 2.4,

the distribution of the graph G represented by the random formula §[m, d]
is (e,d)-independent. Hence, for n large enough, the probability that the
graph G satisfies w(G) < n is positive. The complexity of §[m, d] is at most
ndlog®d. O

Now, we shall turn to the tournaments. A directed graph is a tournament,
if for every pair of its vertices there is exactly one directed edge between them.

Definition 3.7 A tournament 7 satisfies S(k) if for every set A of its vertices
of size at most k there is a vertex v ¢ A such that for every u € A there is
an edge from v to u.



The formulation of the following theorem is adopted to our situation. The
original formulation may be found in [4].

Theorem 3.8 (Erdds, 1963) For every sufficiently large even n there is a
tournament on 22 vertices satisfying S(|n/2 — 2logn + 2]).

So far, no effectively constructed tournament satisfying this property is
known. The best known construction (see [6]) yields k nearly n/4.
The tournaments may be represented by boolean functions as follows.

Definition 3.9 Let h be a boolean function of n variables. We say that h
represents a tournament 7' = (V, E), if V = {0,1}"/2 and for every u,v €
{0,1}2 such that v <; v we have (u,v) € E <= h(u,v) = 1 (and
consequently (v,u) € E <= h(u,v) =0).

Definition 3.3 generalizes to the tournaments in a straightforward way. To
obtain a representation of tournaments satisfying the property from Theorem
3.8 using small boolean formulas, Razborov used the following lemma.

Lemma 3.10 For every natural number n let a random tournament T, on
22 wertices be ((1/2)"",d)-independent for all 1 < d < n®. Then

lim P(T, satisfies S(|n/2 —2logn +2])) = 1.

Theorem 3.11 ([9]) For every sufficiently large even n there is a formula of
n variables, of depth 3 in the basis {\, ®} and of size O(n"logn) representing
a tournament T, on 22 vertices satisfying S(|n/2 — 2logn + 2]).

Using our result we obtain the following improvement:

Theorem 3.12 In Theorem 3.11 the upper bound on complexity of the for-
mulas may be replaced by O(n*log®n).

Proof: By Theorem 2.4, the assumption of Lemma 3.10 is satisfied by the
random tournaments represented by g[m, r|, where r = n® and m = [logr] +
1. The complexity of §[m,7] is then at most nrm? = O(n*log®n). O
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