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Abstract:

This is a facsimile copy of a 1994 report on the unpublished last paper by Dr. Erich Nuding. It
is being made public here in the hope that even after twenty-two years it may be of interest for
researchers working in the area of interval computations because of the intriguing concept of the
“fourth modality” which has not been rediscovered during a quarter of century which has elapsed
since its original formulation.2

Keywords:
Set-valued mapping, interval linear equations, solution set, fourth modality.

1This work was supported with institutional support RVO:67985807.
2Below: logo of interval computations and related areas (depiction of the solution set of the system

[2, 4]x1 + [−2, 1]x2 = [−2, 2], [−1, 2]x1 + [2, 4]x2 = [−2, 2] (Barth and Nuding 1974).
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J. Rob.n

Charles Uníversíty, PragUBr Czech Repub11c

}s-Qg1a1B-g!-!b1e-repg,E!r, Dr. Erích Nudíng d1eťl ín sovember 199]..

Sbortl-y aftenrards I was agkeťl by bís son' Herr G. $ud{ng, and

Frau Dr. Kah]-ert:TÍarmbo1ťl to exan1ne h1s posthunous papers and to

61ve qy eva3.uat1on of the results contaÍnect there1n. EhLe report,
whÍcb cov rs approxírnately a hal.f of the work, handleg the resu]'tg
g1ven tn the last papeT by Dr. NuČl1ng, completecl shortly before
hls death.

3.?-!bg_Eg!gflgl! I recelved a eopy of the nanusoript 1a Gernaa,

typed by Dr. Kab1ert-![armbold and entitleťl ''AbgcbrLft deg Manu-

skr1pteg voll HErrn Dr. E. NudÍng'r (69 pages + 8 pages of anenťlnénts)

and under a separate oover a I rKomeatar Eu letzten Arbelt von

Eetrn Dr. NudÍ4t'' wh1ch consísts of parts of corresponťlence between

Dr. t{uťl{na ancl Dr. Kah1ert-!Íarmbold re].ated to the f1rst part of the
manuscrÍpt (r p.), references (r p.) and very detaLled contents
of the {anusor1pt wltb crogs-referenceg (12 p.). Aťlclítíonal'ly I
wag sent a Broof of one theorem (2 p.). wLth thls slngJ'e exceptíon,
a].]. tbe regu]'ts are contalrreťl ín the ''Abscbrlft .,,) ) to wbleb I
w111 refer í-a the sequeI.

3r-!1g1gg-egg-9u9ugg!es999r, Tb'e nanuscr1pt, whích was 
"6g'n{n81y

mot1vated by an attenpt to put together prev1ous resu]'ts Jo a unÍ-
f1eťl approacb, was started on August 3' 1991 anťl fl-n1sbed on Octo-
ber 31' 1991i Dr. Ii[ud{n8 díed less tbaa a month later.0n two p}aceo

be trÍnted lnd1rect1y that he was compet{ng wÍth tí^ne (r, ... 8 DLT



- 2 -

1nmer sohwerer fá].lt...|) r P. 1; )).,'1n Ánbetracbt cler ZeLt ...)r 1

p. 55).

4.-!bg-9gg!eg!Eg Dr. I{udíng starts ín sect1on I wÍ.tb bagÍc no-
tatlons on set-va].ued pappÍ?r8s (''nengenwert1ge Abb1ldr:ngen'')

t,: M.+P(M,) (1)

where Ít ís clear fron tbe context (aIthough not stateťt explí.c1tly)
that P(u') 1s the set of al,l subsets of M'. rn the flrst two sec-
t1oas he consÍders 1n paral.le1 a napp{n8

p r P(M)'-t P(M')

wlth the property

xcx' *Q{x)c {tx',)
but thl's parallel1sn 1s. sometLmes confusíng ancl the author onÍttecl
lt from the be5ínn{jg of sectÍon 3. In sect1on 2, whtch ís devotecl
to the conoept of solutJ.on of an equatíon of tbe type r(x) = Yr
wbere Y6P(M') ' be def1nes two concepts of a solutíon:

ext(rrY) = [x M; r(x)nr # ]
ca]-leťl aa ''outer solutÍoa'' (''iiussere ! srrngl l) or ''so]'ut1on
settI (ttlr sungsmengerr) and

lnt(FrY) = {x M; r(x)CyJ
caIled an ' '{nner solutÍon'' (t'Ínnere LÓsrrng'') . Both these so]'u-
t1ons are ev1clently taken from the íntenraI analys1s where they
weÍe ťlevelopecl ln ]-96O's and 197O's. to rny }orowledge, tbe concept
of lnner solut1oas wag íntroduced by Dr. I{udía6 Ín hÍg we].].-brown
paBer w1th TÍ1].be].n [].]. lhe ''{nner so].utÍons'l are now preferrabJ.y
called 'rtoletance solut1ons'r and have been studteťl sínce by var1ous
authorg (Neurna1er ť2ll Kel1Íng t3] , Shary f41 , ryself c5J), but
the pr1or1ty of 1ntroduc{n8 thíg coneept 1s ťlue to Dr. Nudín8.

The J-ntroductlon of the solutlon set (2) enables the author to
Íntroduce an r'Írnrerge set-valued napplrrgll

(a)

(3)



by

for y M',
concept of
(p. 15) as

+*e, Xo and Tffi Xo for a

due to Hausdortf. [hese

sequence of sets {""} , whích ís seenÍ-q8}y

concepts are utlllzed 1n section S (, ,Appro-

3-'

!r-1 : M'+ p(M)

"-t(y) = ext(F, {vJ)
ÍhÍs ís then enployecl Ín t}re defínttÍon of an 1rrterestíng
the''fourth modalítyl r (''víerte Moťla1ttatr r) def1aecl

the set

Ínt(r-1 ,x) (4)

wb,ere ' 'íat ...) ) ls g1ven by (3) . wíth erceptíon of two hÍstor1caI
remarks on pp. ].6 ancl 24 t wblch are rather vague ' the author ťlÍct

not elaborate on the concept and ment1oned ít onJ.y once morer o11

the lagt, page (amendnent A8). In the nanuscrlpt b.e left unanswered
the natura]. questÍon, w}1y the ''forrrthr r .modaI1ty; Ln h1s rep1y to
thís answer put by Dr. Kah]'ert-TÍarnbo].d be wrote; ''Ich me1ne Ja,
dass d1e Ph1losophen seít Ar1stoteles dLe 4. Moda].1tát iibersehen
haben k r:nten. Se]'bst be1 Kant slnct es lmner deren J ! Und clÍe J"1egen
scbief .)). I w1Ll devote thl.s concept a speclal. paragraph 1ater.

From sectlon 1 on, Dr. l[ud1ng trÍes to handle systenat1ca1J.y gome

baslc Broblenos coneernÍng set-va].ued nappÍrrgs usÍrrg the operators
ext(rrr) anil Ínt(r'rY). In seetton 3 he def1nes lower and upper sem1-
eont1nuíty of set-valued raappÍ4gs ( p. 30) and g1ves a nrrmber of equÍ-
va]-ent foruu].atíons. In sectlon 3a he cons1ders a specÍal' cage of
Íaterva]- funct1ons (tn semíordered vector spaces) and Ínvest1gates
the connectLon of sem!.conttnuí.ty of these firnet!.ons ln tbe above

""''ě w1th the cIassÍca]. sem1contÍnulty of tbe firnctÍons Ínf F'
sup F whÍch form the bounds of the Ínterval functÍon. Another
connectíons' further topoIogÍ'ca]. propert1es and the bebav1our of
3'(x) on the bounťlary of X are exanÍned 1n sectíons 3b, 3c and 3d.
A very short sectLon 4,rrltenzwerte'' (r p.) brín8s deffur1t1ons of
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x1natJ.oou'') . TBreleag the prevÍouE sectíons brorrgbt only a few
proofs' here tbe rb'eoren 60 ís gíven wLth a tleta1J.eťl proof, and

both the theorem and the proof seen nontr1víal to ne' tbe ].ast
sectÍon 6 hanťtles collvex sets and coneave uappírngs. Convex1ty of
a set-va]'uecl napp1ng ís defíaed on p. 62. Dr. Nuťl1ng especíally
enpbas1zes lheoren 75 on p. 65 wbÍch demonstrates a nontrívlal
''concavÍty propertyl r of ext(Fr ) . The regu].t sent to me separately
later (cf . part 2 of this report) 1s also reLated to tbl.s tb,eoren.
lhe ].ast 8 pages of amenťlments br1ng so&e ínprovements and exten-
glong.

2.-EgalBe!'1gg. I have read the manuscrÍpt with ínterestr et I
do not feel eompetent to express a qr'raIí.f1ed opíníon about tbe
natter of sectíons 3-6. t f,tr{nk they nlght be novel, as they are
basecl on the concepts of the sets (2) aad (3) w}rích I have nevgr
gaea to be coasLdered 1n thÍs general sett{n6. But as I have never
workeťl 1n topototy or relateťl areas, I cannot be sure of lti tbere-
fgre r worl].d propoge to let tbe nanuscrípt to be exan1neťl by soneoae
who Ís better oríented Ín tbese areas.

on the other síele, I am sure that tbe concept of the l lfourth
modal1tyl l 1s new and I forrnd 1t ínterest1ng anťt PosJng nontrÍvÍal
quest1ons. I w111 hanclle t}rÍs natter Ln íts 1ntenral' anaLyt1o gett-
Jn8:'írr the next part, addlng gome ry own í.deas oa tb'e subJect.

É.-1]Egug!b-EgĚeulg::. AJ.thorrgh Dr. IÍud{nt dÍd not expla1n
what were the fLrst tbree ' 'moda11t1es'' , 1t 1s í-nterestÍrrg that
Í.a my v1ew 1t 1s also the teuxlb concept l et seenío1gIy ln another
connt{ng. consr.der an m xn lnterval ratrtx

' AI=tl;l"-^-(AšAc *A}
and an nn-dl"measlonaL lntervaL veetor

bI = to'bo Ěá
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1

lÍítb' AI fí*"d, consÍd'er a get-valueťl nappíng

r(x) = ATx = {*, ee ar3 . O)
It follows from ttre well-kaounr theorem by Oettlí and Prager r6J

that
r(x) = [R"x - Á lxt , Aox + Al*l].

Then for the set

x(llrul) = t*, Ax = b for gome A€AII b€ bIJ ,
wbích 1s uguaLly cal.].ed tbe 'rso].ut1on set'r 1n íntenral anaLys1s,
we have

xlnr,rr) = {*; r(x) n br / d} = exp(trrrr) .

Sext, for tbe set of tolerance solutlons
xt (AI rbl) = t'' * €, uI for each ae oIJ

we have

xt (AI,bI) = {x; r(x)c bIJ = ínt(rrtI) ,
}rence the two concepts of solutíon introťtuced^ by Dr. Nud{ng corres-
pond exactly to those al.ready brow:r. Recent\r, shary [?J introduced
tb'e thíril concept, oalled by hln the ''control].ed solutÍon set''l

xc(Ar,br) = {r; trcr(x)l .

It ls'worth neatÍon{ng that these tbree sets, althorrgh' essentíá1r'y
clífferent' share" very sín1lar clescrLptÍons3

x(lrrnt)_ = [*, lAo" - bol < "Alxl * 3],
xr1ll,tl ={"'lA"*-bcl< -Al*l *ď},
X"(oI,u') ={*; [a"x-b"l ( Al*l -ď]

(cf. [6], ť.il, c8]). It can be sbown that xt 1s a convex polytope
t5l wbereas X and X" are geaeral.ly nonconvex.

Iilow, Dr. Nuclíntlg ''forrrtb. modal.Í.tyl l (4) for the nappÍng F
glven by (5) 1s sinply the set

xrlerrxr) = tut1r-l,xr) =.{b; x(Arr{tJ)c*tJ,
wb,ere an lrrterrraI vector *I í" assuned to be 51ven. Hence' L,, con-
trast to the prevÍous tb'ree caseg, where we were Look1ag for gome
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solutlon x, b'ere we look for a r1ght-hand sícle vector b for whích
the so].utíon set X(A', {oJ) woul.cl be completely conta1necl wLth1n
a prescrlbect 

".og" *I. To ry lorowJ.edge, nobody has introduced or
studíed' such a concept so far, 60 that Dr. IvuČlín8's vÍew 1s new.
Unfortrrnate}y, as I ment1oned above, Dr. Nuťtíng dí.d not elaborate
on the ldea' In what follows, I sball shortly describe some of ny
ourrr 1ťleas on thls natter for the spee1aL (but nost]"y studíecl) cage
m = llr í.B. when Ar lE square.

I,et us fírst reca].]. a notatíon used ín t9]. 3y

r = {r€ Rn; lyl l = 1 for each J € [r., ... rn]}
we 1atroduce the set of al1 tl-vectors Ín Bn. For each T€rl let

[y = diag{t' o.. r o}
be the ťl1agonal natrÍ-x wÍth d1a6ona1 vector y. Assum1ng as above
that AI is of the form

.o,r = [a" - A, A" * A),
we íntroduce, for eacb' pa1r yrz of vectors from Y, the natrlx

tl = o" - rv Arr'
obv1ousJ-y, Aro AI for each yrzQY. Then we have thÍs characte:iÍza-"
tLon:

!!eereg-!. I,et AI be regular and xI = [rrÍJ. Then b xf(AIr*I)
1f and only 1f

s<\'ht (6)
hol"ds for each y ,z ey .

ElggÍ' Accord1ng to the ''convex-hu11 theorem'l 2,2 Ln l9J,
we have

Conv x1al,1uJ) = Conv {t}n i Ylzéy}. '
E9nc:' x(áIr{u})c *I íf and only lf Coav x1elr1tJ)c 

"I, whÍch
is equj.vaLent to A:lb6*T for each yrzey.y%
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Tbeorem ]. enables us, at 1east theoretÍcally, to check by

fln1te means whether a g1ven r1ght-hand sLťte b belongs to Xr.
lhís W8ý; of course, ls very ÍupractÍcaI. Neverthe].ess, Ít ÍmpJ.1eo

tbis result:

T'begreE-!3g For AI regu].ar and arbítraly xI, the set xr(aIrx)
Í.s a convex polyhedrott.

Er99!r' téxr Íf ancl only tf 1t gatÍsfíes all tbe systems G)
for all yrzQT. Hence, the set X' t.s descríbect by a systom of

'.línear í.nequalitLes and therefore ít 1s a convex polytope. Sínce
xr(eIrx')c 1*' A€AI l nG'IJ, we can gee that X, ís bormtleťtr so

that Ít 1s a convex po].yhedtrotl.

Desp1te these two resuIts' gome problens renaí.n opens

Open problems.
-----_Ď

1 Does tb'ere exÍst a sí.np}er desoríptíon of X, ?

2 Does there ex1st a ver1fiable necessary and suffíclent
coad1tlon for xt / ó ?

3 Does tbere ex1st a polynom1a].-tíne al'gor1tbn for f1adÍ'ng
a t€ xr provÍ.cled Xr l ú t

4 l[hat are the vertíeos of X' ?

ťbese probJ.ems show ttrat Dr. Nud{n€'s 1dea of the ''fourth moda1ttyl r

ls frultful. I do hope that tbe resuLts w111 sonetimes be furtb.er
developeČl.

Z&*{9BgEleĚggg4!,.c I wlsh to hígbly achowJ.edge the work done

b5r Dr. Kablert-War'nboLd wb,o undertook the diffLcuLt task of typ{ng
the bandwrÍtten &anuscrípt, tlrereby makÍ.ng ít access1ble.
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