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Abstract

A new formulation and proof is given for the Hansen-Bliek-Rohn descrip-
tion of the interval hull of the solution set of a system of interval linear
equations with unit midpoint. As a consequence we obtain an explicit
formula for an enclosure of the solution set of a system of overdetermined
interval linear equations.
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1 Introduction

For a system of interval linear equations Az = b, where A is an n X n interval matrix
and b is an interval n-vector, the interval hull is defined as

z(Ab)= () [,
X(Ab)Cly.yl

where
X(A,b)={xz| Az =0bfor some A€ A, beb}, (1)

i.e., as the narrowest interval vector containing the solution set X(A,b). Computing
the interval hull is NP-hard [12], yet it was shown by Hansen [4], Bliek [2] and Rohn [8]
that the hull can be expressed by relatively simple closed-form formulae when the
system matrix has unit midpoint, i.e., is of the form A = [ — A, I + A], where I is the
unit matrix. However, the proof of this result is by no means straightforward. The
formulae not using interval arithmetic were proved in [8], [I0], and those formulated
in terms of interval arithmetic by Ning and Kearfott [7] (using the result from [§]) and
by Neumaier [6].

In this paper we present another proof of the optimality result, based on a new
description of the interval hull (Theorem [2.1]). This description is expressed in terms
of vectors rather than of entries like in [8], and as a direct consequence of the new
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formulation we obtain a formula for an explicit enclosure of the solution set of an
overdetermined system of interval linear equations (Theorem [5.1]).

Notation used: diag(M) denotes the diagonal of a matrix M, My, is the kth row
of M, T is the diagonal matrix with diagonal vector z, a o b = (a;b;) stands for the
Hadamard (entrywise) product of vectors a = (a;), b = (b;) and a/b = (a;/b;) for
their Hadamard division, minimum/maximum of a finite number of vectors is taken
entrywise, [ is the identity matrix, ex is the kth column of I, and e is the vector of all
ones.

2 Interval Hull

We shall later make use of the following general characterization of the interval hull.
An interval matrix A is called regular if each A € A is nonsingular.

Theorem 2.1. Let A = [Ac — A, Ac. + A] be regular. Then for each z € {—1,1}" the
matrix equation

QA — |QIAT, =1
has a unique solution Q. and for each right-hand side b = [be — 8, be + 0] there holds

2(Ab) = [ _min  (Qube —[Q:]), _max (Q:be+|Q:19)]- (2)

ze{~-1,1}n ze{-1,1}n

Proof: The first part of the theorem is the assertion of [II, Thm. 1], while the
second one follows from [9, Thm. 2] if we take Z = {—1,1}" there. [

3 Matrices @),

In this section we show that the matrices @), can be expressed explicitly in the case of
an interval matrix of the form A = [I —A, I+ A]. The result, as well as the subsequent
ones, is formulated in terms of the matrix

M=(I-A)"".
Notice that
MA =M —1. (3)

In Theorem [3.1] we shall assume that M > I. This is equivalent to regularity of
[I — A, T+ Al see [5]. Define
Vv =

1
M —1

since My, > 1 for each k by assumption, we have 2My — 1 > 1, hence all the v’s are
well defined and are positive. Next, define p(z) by

1 ifam= 1, 3
,uk(z)—{ ve if zp = —1 (k=1,...,n). (4)

Vector u(z) is again positive.
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Theorem 3.1. Let M > I. Then for each z € {—1,1}" the unique solution Q. of the
matrix equation

Q—|QIAT. =1 (5)
is given by
Q.= H(z)(Mff)TZ#»I (6)
or, alternatively, rowwise by
_ Mk.TZ if Zk = 17 _
(Qz)k.*{ Vk(Mkl,-v-7_Mkk7---7Mkn)Tz if Zk:—l (k—l, .,TL). (7)

Proof: For a given z € {—1,1}" define a matrix Q rowwise by

_ Mlc-Tz if Zk = 1, _
Qk.i{ l/k(Mkh...,*Mkk,,..,Mkn)TZ if Zszl (kiL. ,TL)
Then
_ My if 2z, = 17 _
(@l = { veMie if zp = —1 (k=1,...,n). (8)

We shall prove that @ solves . Let k€ {1,...,n}. If zx = 1, then

(QIAT. + ke = MyeAT: +ei =ef MAT, +ei =ef (M —I)T, + e},
= epfMT, — e} +ef = MyaT: = Qre

and if zp = —1, then

(|QIAT: + Nie = vEMyeAT: + e = vkef MAT, + ef = viel (M — I)T, + ef
= Vk(iZMTZ — uke{Tz + eg = l/kegMTz + (vk + 1)65
= ukeTkFMTz =+ 2VkMkkef = l/kefMTz — I/k(ZMkkez)Tz
= uk(efM — 2Mkke£)Tz = Vk(Mkl, ey —Mkk, ey Mkn)Tz
= Qk.v
so that in both cases the kth equation of is satisfied, which proves that @) solves .
In view of Theorem under the regularity assumption the equation possesses a
unique solution @, hence Q = Q., so Q. is given by @
Now, from and we can see that |Q:|ke = ur(z)Mpe for each k which can
be written as
|Q:| = Ty M.
Then, from the fact that Q. solves , it follows that

Qz = |Qz|ATz +1= T#(Z)MAT,Z + 1= Tu(z)<M — I)Tz + 1

(see (3)), which is (6). O

4 HBR Optimality Result

As is well known, arithmetic operations with one-dimensional intervals a = [a,d],

b = [b, b] are defined by the general rule

adb={adb|aca,beb},
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where { € {4, —,*,—}. We shall later use only division of intervals for which a
simple continuity argument shows that

o ?]] — [min{a/b a/b,a/b, a8}, max{a/b,a/b,a/b,a/b)] (9)
holds, under assumption that 0 ¢ [b, b].

The Hansen-Bliek-Rohn (abbreviated as HBR) optimality result gives an explicit
formula for the interval hull of an interval linear system of the form

(=

Ix=0,
where I = (I,A) =[I — A, I+ A].

Theorem 4.1. Let M := (I — A)~" > I. Then we have

T, T — |z,
2({1, ), (b, 8)) = L=l (10)
where
d = diag(M),
r, = dob.,
¥ = M(|be| + 9).

Comment. In we use the Hadamard (entrywise) division of interval vectors
in their midpoint-radius representation, i.e., (a,b) = [a — b,a + b]. To be perfectly

clear, (|10) means that
(@, 2" — o))"
I1.by=| —F— —71
e = (S5

Evidently, the shortened version is less cumbersome.
Proof: Denote [z,7] = ®(I,b). Let k € {1,...,n}. We shall first derive a formula
for Ty. From , we have

T = (Qzbe +1Q:[0)r = max  ((Q:)rebe +|Q=[red),

ZG{ 1 1}” e{-1,1}

so, according to , for each z € {—1,1}" we must consider two cases: zr = 1 and
zr = —1.
If zx = 1, then by Theorem

MkoT b + Mk.d
= ZMkJZJ )i + Mk (be)r + Mred
J#k

< ZM’C]‘ )il + Mg (be)k + Mo
i#k

(Qz)kobc + ‘Qz|k.5

Introducing the vector z(k) € {—1,1}" by
1 if j =k,
E(k)j = 1 if j #k and (bc)j >0
-1 if j#kand (b.); <O

—
<
Il

—_
3

=
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we can write

ZMkj|(bc)j| + Mk (be)k + Mred = MieTz(1)be + Myed = (Qz(k))kebe + |Qz(k)| ko0.
ik

Hence, for each z € {—1,1}" with z; = 1 we have
(Q=)kebe + |Qz|ked < (Qz(k))kebe + [Qz(k) ko),

and the upper bound is obviously attained.
If z;, = —1, then, again by Theorem [3.1]

(Q:2)kebe +|Qzlked = vig(Mpg1,..., — Mk, ..., Mgn)T:be + v Myed
= U ZMijj(bc)j +1/kMkk(bc)k + v Myed
J#k
< ZMkj|(bc)j| + vk Mk (be) ke + Vi Mied
ik
= Vk(Mkh---,_MkkwuyMkn)Ti(k)bc+VkMko(5

= (Qzk))kebe + Q= (k)|ked

where we have employed the vector z(k) given by

-1 if j=k%,
z(k); = 1 if j # k and (b.); > 0, (j=1,...,n).
-1 ifj#kand (b); <O
Hence, for each z € {—1,1}" with 2z = —1 we have

(Q2)rebe +[Q21ked < (Qz(k))kobe + |Qz(k)|ked,

and the upper bound is again obviously attained. In this way we have proved the
formula

T = maX{Qg(k))k.bc + ‘Qz(k)|k-5, (Qg(k))kobc + |Q§(k)|k06}'

Now,

(Qz(k))kobe + |Qz(k)|ked D M| (be)s| + Mk (be) s, + Myad

J#k
= Mue(|be| +8) + Mir((be)r — |belk)
= (@ +z" — |z

= :ik:7
where we have denoted & = z, + z* — |z,, and similarly

(Qz(k))kebe + |Qz(k)ked = v ZMkj|(bc)j| + v Mk (be )k + Vi Mo
J#k
= U(Mre(|be] 4+ 8) + Mir((be)r — |belr))
= Vk(x*+x*_|m*|)k

= UpTk
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which together gives
T = max{j:k, l/kj:k}.
Since
VieTr = Lfk/(QMkk — 1),
we finally obtain
T = max{Z,z/(2d — e)},
where we have used the Hadamard (entrywise) division of vectors.

To prove the formula for z, consider the system Iz = —b, where I = [I — A, I+ A]
as before and —b={—-b|be b} =[-b.—0,—b.+6]. Then X(I,—b) =—-X(I,b), so
x(I,-b) = [-Z, —z]. Now we can apply the previously derived formula for the upper
bound of the interval hull:

—z = max{—dobc+ M(|bc|+ ) —|dob|,
(=dobec+ M(|bc| +6) — [dobe|)/(2d —e)},
hence
z = min{dob. — M(|bc| + )+ |dobe|, (dobe — M(|be| + )+ |dobe])/(2d —e)}

min{z, —z" + |z,|, (z. — 2" + |z.])/(2d — )}
= min{z, z/(2d —¢)},

where ¢ = z, — 2™ + |z,|. This proves that

2(1,b) = [min{a, 2/(2d — )}, max{z, #/(2d — )} (1)
Because £ < Z and v > 0, we can write as
@(I,b) = [min{z/e, 2/(2d—e¢),Z/e, &/(2d—e)}, max{z/e, z/(2d—e), /e, 2/(2d—e)}],

which is the Hadamard division performed in interval arithmetic (see (9)):

[z, 7]
x(I,b) = m. (12)
Since
[z, 7] = [z, — (27 — |2.]), 2 + (27 = [2.])] = (20, 27 = [2.])
and

[6, 2d — e] = <d7 d— €>,
implies . O

5 The Overdetermined Case

Now we shall turn to the general case of an interval linear system Az = b with an
m X n interval matrix A = (A.,A) and an interval m-vector b = (b.,0). We shall
assume below that A. has full column rank, which already implies that m > n, i.e.,
that the system is overdetermined. In this case we are no longer able to describe
the interval hull by simple formulae (the problem is NP-hard, see [3] Thm. 2.38]);
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instead, we construct an enclosure (i.e., an interval vector containing the solution set)
computable in polynomial time. As it will be seen in the following theorem, all that
is needed is evaluation of one pseudoinverse, one inverse and several matrix-vector
multiplications. In the proof, we shall essentially use the Oettli-Prager description [3]
Thm. 2.9] of the solution set by

X ((Ac, &), (be, ) = {@ | [Acr — be| < Ala] +5}.

In the description below we shall employ the pseudoinverse of the midpoint matrix. As
is well known, for each matrix A € R™*"™ there exists exactly one matrix AT € R**™
satisfying

AATA = A,
AtAAT = AT,
(ATA)T = AT4,
(AAHT = AAT

This matrix is called the pseudoinverse (or Moore-Penrose inverse) of A. If A has full
column rank, then A" is given explicitly by AT = (ATA)7'AT, so that ATA = I in
this case. If A is square nonsingular, then A" = A1

Theorem 5.1. Let A. have full column rank and let M := (I — |AL|A)™! > I. Then

we have .
Ly, T — |l'*|>

X ({4, 8), (e 8) € Ll (13
where
d = diag(M), (14)
z, = do(Alb.), (15)
z* = M(|Alb.| +|ALlS). (16)

Proof: Because A, has full column rank, AfA, = I. Thus, if z € X ((A, A), (b, ),
the Oettli-Prager theorem implies

|Acx — be| < Alx| + 6
and hence also
o — Albe| = [Al(Aca — bo)| < A - [Acx — b < |AT|Ala] + | AL[0
which, again by the Oettli-Prager theorem, means that
z € X((1,]AL|A), (Albe, |AL)).
In this way we have proved that
X ((Ac, A), (be, 8)) € X((1,|ALA), (Albe, |ALl5)).
Now, the right-hand side solution set is by definition contained in its interval hull:

X ((1,1A%4), (Albe, |AL]16) € 2((1,AL|A), (Albe, |ALl6)),
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which by Theorem implies

(T, " — |.])
<d7 d76> ’

where in the formulae for M, d, z. and z* in Theorem the values of A, b, and §
were replaced by |Af|A, Alb. and |A[|6, respectively, which gives —. |

The enclosure can be naturally also applied to the square case simply by
replacing Al by A- L.

6 Example

Consider the example by Bentbib [I]

Az =b,
where
[0.1,0.3] [0.9,1.1] [0.8,1.2]
A= [8.9,9.1] [0.4,0.6] , b= [-0.2,0.2]
[0.9,1.1] [6.9,7.1] [1.8,2.2]

When we attempt to visualize the solution set with the help of the file EqnWeak2D.m
by Sharaya [13], we get the message

>> EqnWeak2D(Ac-Delta,Ac+Delta,bc-delta,bc+delta)
Solution set is empty (it does not have boundary intervals)

which shows that no solution exists. If we, however, replace the right-hand side b by

0.8,1.2]
b= 0307 |,
[6.8,7.2]

then the same file EqnWeak2D.m depicts the solution set of
Az =1b (17)

as nonempty (Fig. 1), an exponential orthant-by-orthant algorithm determines the

interval hull as
( [—0.0370,0.0359] >

[0.9522,1.0494]
and our method yields the enclosure

[—0.0372,0.0372]
09471, 1.0548]

whose overestimation can be considered acceptable.

Nevertheless, these results show that overdetermined systems require additional
care when compared with square systems, where regularity of the interval matrix
already guarantees nonemptiness of the solution set.
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Figure 1: Plot of the solution set of .
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