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Abstract, Exact bounéis for eigenvalues of a_symmetric interval
matrix of the form A = (A,  -T0, A, + rr'] (A  symmetric,

r > 0) are given under assuﬁptions thft all eigeﬁvaluea of A
are mutually different, the eigenvectors of A 6 have nonzero
entries and r is gufficiently small in norm 8§ preserve these
properties over -

AMS subject classification: 65G10, 65F15

In this paper we investigate the eigenvalues of & symmetric
interval matrix £ - [Ac - ¥, Ay + rrr] » where A, is a sym~
metric nxn matrix and r is & (eclumn) vector whose all entries
are positive., We shall give the results under three assumptions.
First we shall assume that

(1) each AG A" has n different resl eigenvalues

A (A) € A ,(A) < L&A W),
Then we may define the seis

L= (A A€K} (1= 1,.,m,

Second we shall assume that

(i) I‘inLj = ¢ foridJ (1,5 = 1500eyn)
holds, Before formulating the third assumption, we first introduce,
for any a € Rn, the matrix Ta as the diagomal matrix with diagonal
vector &, and define Y = {_z € RY Izjl = 1 for each j} . We
assume

(1i1) for each 1€ {1,...,n} there exists & y;6 Y such that

each eigenvector X corresponding to an eigenvalue

from L; satisfies either T&I >0, or Tyix < 0.
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Here the inequalities are to be understood componentwise.

If we introduce the signature vector sgn x of a vector xeRD

by (sgn x)i =1if x;>0 and (sgn x); = =1 otherwise, then each

eigenvector corresponding to an eigenvalue from I‘i gatisfies

Bgh X = y; OF SN X = -¥i. To simplify notations, denote

Ti: ) Tyi. Since eigenvectors corresponding to different eigen-

values of A, are orthogonal, we have vy # Ty thus also T, # Tj’

for each i £ j. .
In the key part of the proof of Theorem 1, we shall use

the following lemma, which is of independent interest,

Lemma, Let B be & regular nxn matrix and let p,q be non-
negative vectors frem R, Then the interval matrix

[s- qu, B+ quJ is singular if and only if
T -]
1
z TpB Tqy >
holds for some z, y & Y.

~=

Froof, According to Theorem 6,3 in [2, p.44] ,
[

Z,y €& Y such that the matrix 35'1'.l‘yquTz has a real eigenvalue )\
T

, B+ qp'] is singular if and only if there exist
with [Al>1, Then B2 ap'T,x = (p'T,%) B'1qu = A x for some
x # 0, where pTsz # 0 due to A# O, hence premultiplying the
TTzB’1‘1‘ q= A, Setting z: = =z if

1

- S
7,870 q =lAl>1, g

equation by pTTz gives p
>\<O, we obtain zTTpB°1Tqy =P

In the main theorem to follow, we give exact bounds for

eigenvalues and also prove that the exiremal eigenvalues are -

achieved at some symmetric matrices from AI:




—~
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Theorem 1. Let © > O and let (i), (ii), (iii) hold.
Then for each 1€ {1,...,n} we have
Li =[AisAiJ
where
%i = min { AgA - D)y Aglag + D)}
i = mex { XA = Dyds Ayhg + Dy}
and

T
Di = Tirr Tio

Proof., The proof consists of several steps. let 15{19-"”1} .
(8) We prove that L, is compact. If A€Lg, then A = x'Ax
for some AGAI and x satisfying [xf, = 1, hence I; is bounded,
To prove that L, is closed, let Ae Ly (3 = 152444.) &0d
M =X | Then adxd = Axd for some Ale A{ !llel2 =1,
Tixj> 0 (j = 1,240+.) and there exists a subsequence {jk} such
tnat 4K —3 4 € &, 0K —>x, Ixl, = 1, T,x> 0, Ax =Ax.
Since x is an eigenvector, it must be T;x>0 due to (iii), thus
x corresponds to an eigenvalue from Li; this shows that KELi,
so that I"i is closed and thus also compact.
(b) Next we show that A (A )€ LY, the interior of L;. Take
en eigenvector x of A, corresponding to A.i(Ac) and choose &an
£,>0 such that \l—e_;[xlsr and (X;(a,) - £°ﬂxﬂ§ ,
)\i(Ac) + aol(xug)nLj = # for each j £ 1 (this is possible due to
the assumption (ii) and the compactness of the Lga established in
(a))e Then for each 66(-%,80) we have A +8xxTGAI and
(4, + £xxl)x = Qi(Ac) +&llxll§)x, hence 7L_L(Ac) + &lelg is
an eigenvalue from L;; thus %._(Ac)e 2.
{¢) In view of (a)y Ly - Lg # P Let A€ Ly -Lg. We shall prove
that either X = Aj (Ag= D; )s or A=2Ay(A; +D; ). Since the
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interval mtrix [A, -AE - rrt, Ay =AE + '] is
singular and >\ is not an eigenvalue of Ac in view of (b) and
(i1}, the lemma above guarantees the existence of z,y € Y such
that zT'l‘r(Ac -71E)'1Try 2 1. Assume for contrary that
zTTr(Ac -)\E)’1Try > 1, Then there exists an €, > 0 such that
(>\-€1,>\+ €PN L:j = ﬁ for each j # 1 and zTTr(Ac-XE)"1Try)1
for each Xe( A - €4s A+ & 1), which, again employing the
lemma, gives that ()\-&1, A+ e 1) C L; contrary to A# 2. ‘
Hence

20 (4, ~ AE)T M1y = 1
holds. Put x = (A, -AE)"TI_y end p = (A, - A E)‘1T1;z, then
2"l x = I p = 1 and (A=t 32" )x = Ax - Ty = Xx,
(Ac - TrzyTTr)p = lp, hence x and p ere eigenvectors correspond-
ing to A (since lTrszTrl = rrT, implying A, - TrszTrE AI ]
similarly Ac - TrzyTTr (= AI ). We shall prove that zjxj > 0 for
each jo In fact, agsuming z._jx;j <0 for some j (the possibility
of Byxy = 0 is precluded by (iii1)), for z &Y given by zj' = -2y
and zl; = z, for k # § we would have z'TTr(Ac —)LE)'1Try = z'TTrx
> zTTrx = 1 contrary to >\.¢- Lg, as before, Hence z = sgn X = 4y,
and in & gimilar way, y = sgn p = * ¥y Since, as established
above, A is an eigenvalue of Ac - rszTr, there holds either
Amy(A=T 3,7:7) = A A, - D)y or A= Aglh, + 73,700 ) =
'Ai(Ac + D).
(_dz We have proved that I'i is a compact set with nonempty interior
and (at most) two boundary points. Hence Ly =[-}~i Y iJ ,
where -k—i’ Xi are the two boundary points, satisfying (1)
in view of (c), and both A,-Dy and A +D, ere symmetric. [ ]

Next we prove that each AELy 1s an eigenvalue of a matrix
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in some special form:

Theorem 2, Let r> 0 and let (i), (ii), (iii) hold, Then
for each A€ Lys 1€{1,.0.,n}, there exists a tel-~1,1]
such that A = >\1(Ac + D, ).

Proof. The assertion obviously holds for A = )ti(Ac)
T -1
with t = 0. If A €L, A# A (A), then z T (A, ~AE)" 'y 21
for some z,,y €Y. Hence if z,y& ¥ satisfy
T -1 =T -lm = ==
2T, (A, =AE)T 'y = max { ZT.(A; ~AE)T I F; z,5¢ Y}
then for x = (A,- KE)'1Try, P = (Ac -lE)"1Trz we obtain, in
a similar way as in the part (c¢) of the above proof,

T T
sTx=y Trp}.1

and the optimality of z,y gives z = 8gn X = + y4, Y = 880 D = + §J;
implying A = >\1(A° + tDi) where t = + —-T-l—— , S0 that

I 4
t€l-1, 11 . m r

Pinally we show that for each AeLi (i = 150..4n), the

set of all eigenvectors corresponding to A

Xi‘ -{x;Az=Ax,A6AI,x¥0}

ocan be described by a system of linear inequalitiesy

Theorem 34 Let r> O and let (i), (ii), (iii) hold. Then
pY
for each léLi (1 = 15000y n), the set X, is given by
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(A, = AE = rr'2,)x £ 0
T
(a, - AE + rr ,)x> 0
x # 0.

(2)

Proof, If x # 0, then x & x;\ if and omly if (A= AE)x = 0
for some A -KEG[AQ - AE - rrT, Ac = AE + rrT] s which, in
turn, is equivalent to I(Ac -AE) x| & rrTlx( (Oettli, Prager
(1] ). Setting |x| = Tyx, we obtain (2). W

In the special case of rrT = ﬂeeT, e = (1,1,...,1)T. /~(>0
(uniform tolerances), we have Di = ﬂyiyg and the normalized

Y
eigenvectors from X; satisfying [x, = %lxi] = 1 are given

simply by
- P4 - £
fe £ (4 AE)x <4 /G e
ygx = 1,
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