A NOTE ON SOLVING EQUATIONS OF TYPE AIxI = bI
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Let AI = [Ac -4, Ac +AJ be a regular nXn interval
matrix and let bI = CE,EJ be an interval n-vector. In
this note we show that the problem of finding an interval
n-vector xI such that AIxI = bI (where the lef t-hand
multiplication is performed in interval arithmetic) can be
rather easily solved if we impose an additional restriction
on the concept of solution.
Definition. An interval n-vector xI is called a strong
solution if AIxI = bI and, moreover, if there exist
Xy 9%y € xI such that A1x1 =b, A2x2 = Db for some A1,A2 & AI.
We shall show that the problem of finding a strong solu-

tion or verifying that no such solution exists can be solved

by the following simple algorithm:

Algorithm.
0. Solve the equations A x, - A|x1l

-—

b, A x, + Alx2(= b.

1. Construct X' = QE,QJ » where x. = min{(x1)J,(x2)j} .

Xy= max{(x1)j . (xz)j} s J = T,e0e,n 4
2. It ATYT = b , stop! % 1s a strong solution.

3. Otherwise stop! No strong solution exists.
Since AI is regular, each of the two equations described

in step 0 has a unique solution, as proved in 4] . since

lx1l T,x; for some diagonal matrix TZ satisfying

[Tzl = E , we have (Ac - A’I‘z)x1 = b, where A - AT, € AI;
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similarly for x, . Hence if A%t -l , then ¥ isa
strong solution (since LR (4 }I). To Jjustify step 3,
we prove this result:

Theorem. Let AI be regular and let AIxI = bI have

a strong solution., Then ;I is also a strong solution,
Proof, Let xI be a strong solution. Then A1x'1’ =b,

®* _ = * & I I
A,x, = b for some xi, x; € x* , A A, € A~ , Due to the
Oettli-Prager theorem, we have {Axf ; A& AI} = .

I T I . .
= CACx? - Alx‘f] , Acx'f +A]xfl.] ; then Ax = b implies

Acx‘1¥ - A ’xf[ = b and the above-mentioned uniqueness of so- .
lution gives x* = X, « In a similar way we obtain x* = X, j
1 1 2 I

hence %' € x' . Now we have bl & AI;C'IC. A%t = ot b = A x

17172 B

b = A2x2 , hence 'J-c‘I is a strong solution.

We shall briefly sum up some methods for solving the

equation A x, - A|x1| = b (similariy for Ax, + Alxgl = b).
As described in (3] , we have these options:
(a) to solve the linear complementarity problem

Ya(a,-a)a, +4)x] + (a-48)Ts

*1
(p) to solve the system (Ac - 'ATz)x = b until szg 0;
if sz is not nonnegative in the current step, we ‘
set BT =Zy where k = min{J; zjxj< 0} and
return (TZ is a diagonal matrix with diagonal

elements z1,...,zn) B

(c) to solve the fixed-point equation x, A;1A lx1[ +
+ A;1 b by Banach iterations (x™*! - A:A (<™ +
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+ A;1 b, x° = A;1E) ;i We have xU —=3 x, provided

y(A;‘A ) 1.

Example 1 (Hansen £2)] ) . The system

LQ!BJ X.‘ + [0111 X2
(1,2] x, + (2,9 =,

€ o, 120]
[60, 240]

I}

has 3 unique strong solution %' = LE,EJ ; where

x = (0, 17.1420)T | ¥ = (30, 68.5714)T ,

Example 2 (Barth, Nuding £1] ). The system

£2,4] x, + [-2,1]) x,
{-1,2] =, + [ 2,4 x,

£-2,2)
["2:21

It

has no strong solution.
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