Dual Complementarity in Interval Linear Programming Problems

JIRf ROHN

In certain practical linear programming problems, coefficients of the system of
constraints are not exactly known. Assuming that interval estimations of these coef-
ficients are given, we obtain an interval linear programming problem

(P) max {cx | Alx = bl x 2 0},

where A= {4|4A S A< A} and "= {b|b < b < b}, A and A being m by n
matrices satisfying 4 < 4 and b, b being two m-vectors with b < b (the inequality
is to be understood componentwise). A nonnegative x is said to be a feasible solution
of (P) if there are 4 A’ and b e b such that Ax = b holds. It is known that (P)
is equivalent to the problem

(Po) max {¢"x [ Ax £b, —Ax £ ~b,x 2 0},

since the sets of feasible solutions of (P) and (P,) are identical (see [2], [4]). The
problem (P,) has a dual problem

(Do) min {b7u — bv | ATu — A" 2 c,u = 0,0 = 0}.

This paper is aimed at giving some rather theoretical results concerning comple-
mentarity properties of optimal solutions of (Dy); a feasible solution (u, v) of (Do)
is called a complementary one if uTv = 0 holds. Below, after some preliminary results,
we prove that if (D) has a finite oplimum, then it has at least one complementary
optimal solution (Theorem 5) and we examine necessary and sufficient conditions
for any optimal solution of (D,) to be a complementary one (Theorems 6, § and 9).

First, we give some notations. The i-th row of the nonnegative matrix 4 — 4
is denoted by d; and the i-th unit vector (whose i-th entry is 1 and the others are 0)
is denoted by e; (i = 1,...,m). For two m-vectors u = (u;), v = (v;), we define
min (u, v) as the vector whose i-th enity is equal to min {u;, v;} (i = 1, ..., m), and
similarly for max (u, v). The set of optimal solutions of (D,) is denoted by W.

Theorem 1. Let (u, v) € W and let vectors u’, v’ be given bv

(1) u' = max (u — ve;, 0)
v\ = max (v — u;e,0) (i=1,...,m).
Then, we have (v, v')e Wlori = 1,...,m.
Proof. Put p = min (u, v), p = (p;) and take an arbitrary i, 1 £ i < m. Then,
we have AT’ — ATv' = ATu — ATv + p,d] 2 A"u — A%v 2 ¢, hence (u',v") is a
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feasible solution of (D) satisfying b"u’ — bTv' = bTu — bTv — pi(b, — b)) < HTu —
— b"v, which in view of the optimality of (u, v) implies (v, v') € W, Q.E.D.

Notice that if uTv > 0, then u; > 0 for some i and we have (u', v') + (u, v),
hence Theorem 1 yields at least one new optimal solution of (Do) in this casc. On the
other hand, if u"v = 0, then (v, v') = (u,v) for i = 1,..., m.

In the following theorem, |J | denotes the number of elements of J.

Theorem 2. Let (u, v)e Wand let J = {i | uw, > 0,1 < i £ m}. Then, we have
dim W z |J|.

Proof. If J = 0, then the conclusion is evident. Thus let J += @ and let p =
= min (u, v). Then for vectors u’,v' defined by (1) we have (u',v') — (u,v) =
= —pi(e:» &), hence the vectors (u’, v) — (u, v), i € J, are linearly independent which
means that the convex hull of the |[J| + 1 optimal solutions (u,v), (u',v"), ieJ,
which is a part of W, has dimension |J|. This gives dim W 2 |J|, Q.E.D.

Theorem 3. Let (D) have a unique optimal solution. Then it is a complementary
one.

Proof. Assume that the unique optimal solution (u, v) of (D,) satisfies u"v > 0.
Then Theorem 2 implies dim W = 1, which contradicts the uniqueness of optimal
solution. Q.E.D.

The following theorem shows that any optimal solution of (D) can be easily
transformed into a complementary one.

Theorem 4. Let (u, v) € Wand let uy, v, be given by
(2 uy = max (u — v, 0)
vo = max (v — u,0).
Then, we have (ug, v,) € W.

Proof. Define vectors ‘u, ‘v (i = 0, ..., m) with the help of (1) by induction as
follows: °u = u, ° = vand 'u = (*"'u)’, 'v = (*""0)!, (i = 1, ..., m). Then Theorem
1 gives by induction that (iu, iu) e Wfori =0, ..., m. Since ("u, ™) = (uo, Vo), We
obtain (uo, vo) € W, which completes the proof.

Theorem 5. Let (D) have a finite optimum. Then it has a complementary opti-
mal solution.

The proof follows immediately from Theotem 4 since u,, v, defined by (2)
satisfy ugv, = 0.

Next, we shall examine conditions for (D,) to have complementary optimal solu-
tions only. First, we shall give conditions in terms of dual optimal solutions (Theo-
rem 6), then, aftcr an auxiliary result, in terms of primal optimal solutions (Theo-
rem 8).

Theorem 6. The following (i)—(iii) are mutually equivalent:

(i) Each optimal solution of (D) is a complementary one.
(if) ()T 0" = 0 for any (v, v) e W, (u", ") € W.
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(iii) Forany i, 1 £ i £ m, cither (a) or (b) holds:
(a) u; = 0 for any (u, v) e W,
(b) v; = 0 for any (u, v) e W.

Proof. We prove (i) = (ii) = (iii) = (i).
(i) = (ii): Assume that (u')"¢” > 0 for some (u',v')e W, (u",0")e W and put
u =13 +u"), v="24v + ). Then (u,v)e W and u"v Z }(')" v" > 0, which
contradicts (i).
(ii) = (iii): Assume that neither (a), nor (b) holds for some i. Then there is a (', ') €
e Wwith u} > 0 and a (", v") € W with v} > 0, hence (u')" " 2 ujp; > 0, a contra-
diction,
(iii) = (i) is obvious.

Theorem 7. Let W # @ and 1 < i £ m. Then (i), (ii) are equivalent:

(i) u;v; > 0 for some (u, v) & W.
(i) b; = b; and d;x = 0 for any optimal solution x of (P).

Proof. (i) = (ii): Let (i) hold and let x be an optimal solution of (P). Then,
according to usual optimality conditions, we have u”(4x — b) = Oand v"(Ax — b) =
= 0, which implies (4x); = b; and (Ax); = b;, hence d;x = b; — by, the left-hand
side of the last equation being nonnegative and the right-hand one being nonpositive.
Thus d;x = 0 and b; = b,, which proves (ii).

(i) = (i): According to a well-known theorem (see [1], p. 138), (Po) and (Do)
have a pair of optimal solutions x and u, v such that u; > 0if and only if (4x); = b;
and v; > 0 if and only if (Ax); = b; (j = 1,..., m). Let (ii) hold; then in view of
the fact that x is a feasible solution of (P,), we have b, = (4x); = (4x); = b; = b;,
hence (4x); = b; and (Ax), = b;, which implies u; > 0 and v; > 0 and the proof is
complete.

Theorem 8. Let W + 0. Then, the following (i), (ii) are equivalent:
(i) Each optimal solution of (D) is a complementary one.
(i) For any i with b; = b,, thetc is an optimal solution x of (Po) with d;x > 0.

The proof is obvious.
Theorem 8 gives two simple sufficient conditions.

Theorem 9. Let either (a) or (b) hold:
(a) A < Aand 0¢ b,
(b) b < b.
Then each optimal solution of (Dy) is a complementary one.

Proof. For W = 0, thete is nothing to prove. If W % 0, then cach of the condi-
tions (a), (b) ensures the condition (ii) of Theorem 8 to be satisfied. Thus each optimal
solution of (Do) is a complementary onc, Q.E.D.

Finally, we give a property of optimal solutions of (P,) based on Theorem 7.
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Theorem 10. Let
K = {i|uw; > 0for some (u,v)e W,1 < i = m}.

Then each optimal solution of (P,) belongs to the orthccomplement of the set
{d,]ieK]}.

Proof. The assertion obviously holds if K = (. Thus let K = 0 and et x be an
optimal solution of (P,). Then according to Theorem 7 we have d,x = 0 for any
i € K, which means that x belongs to the orthccomplement of the set {d; | ie K}.
Q.E.D.

For some related results, see [3].
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Resumé

DUALNI KOMPLEMENTARITA V ULOHACH
INTERVALOVEHO LINEARNiHO PROGRAMOVANI

JiFi Rohn

V &lanku jsou uvedeny nékteré vysledky tykajici sc komplementarity optimdlnich FeSenf
duilni ulohy intervalového linedrniho programovani

(Dy) min {p"u — b0 | A"u— 4" = ¢,u = 0,0 = 0}
(kde b £ b, A S A a Feleni (u, v) se nazyva komplementdrni, jestliZe wy = 0).

M;j. je ukdzino, Zc mé-li iloha (D) optimalni fefeni, potom mé i komplementarni optimalni
fefeni a jsou uvedeny nutné a postalujici podminky pro to, aby kazdé optimalni fefeni tlohy
(Dy) bylo komplementarni.

89



