Real First-Order Inequality Constraints Are Stable with Probability One— A Case for Constraint Programming

Stefan Ratschan

Institut d’Informatica i Aplicacions, Universitat de Girona, Spain, e-mail: stefan.ratschan@risc.uni-linz.ac.at

Abstract. Let a real first-order inequality constraint be a formula in the first-order predicate language over the reals, with the predicate symbols ≥ and >, and function symbols such as +, ×, sin, . . . . A closed real first-order constraint is stable iff its truth value does not change under small perturbations of its constants. Traditionally, such constraints have been solved using methods from computer algebra. These use symbolic arithmetic that allow them to solve even unstable inputs. Recently, methods based on interval computation/constraint satisfaction techniques appear. These cannot solve unstable inputs, but concentrate on being fast for stable inputs, instead. In this paper we present a strong case for such methods by proving that in a realistic stochastic model, real first-order constraints are stable with probability one.

1 Introduction

Real first-order inequality constraints occur in numerous applications [7]. They have been traditionally solved by methods from computer algebra [3, 4], but recently methods based on interval arithmetic and constraint satisfaction appear [5, 6, 8, 1, 9].

Computer algebra methods take a huge effort by employing symbolic arithmetic with real algebraic numbers [11], which allows them to deal with inputs that are not stable, that is, inputs whose truth value changes under small perturbations of its constants [10]. The methods based on interval arithmetic/constraint satisfaction avoid this effort, by concentrating on stable inputs. This allows them to use floating-point arithmetic, which is usually several orders of magnitude faster than arithmetic with real algebraic numbers.

In this paper we give a strong theoretical argument for using constraint satisfaction techniques for solving real first-order inequality constraints: We develop a realistic stochastic model and show that, in this model, stable first-order constraints occur with probability one.

The structure of the paper is as follows: Section 2 describes the stochastic model, Section 3 recalls some characterizations of unstable first-order constraints, Section 4 proves the main theorem, and Section 5 contains an extended conclusion with a detailed discussion of the consequences of the result, and of our corresponding ongoing research program. Except for basic predicate logic and probability theory, the paper is self-contained.

2 A Stochastic Model for First-Order Inequality Constraints

A real first-order inequality constraint (from now on, short: constraint) is a formula in the first-order predicate language over the structure of the real numbers, where—in addition to the usual logical symbols—we allow the predicate symbols ≥ and >, and function symbols such as +, ×, sin, . . . . We give the usual meaning in the structure of real numbers to all predicate and function symbols, and denote by [[ϕ]] the according semantics of a constraint or term ϕ (for closed constraints this is a truth-value, and for terms a function over the reals).

We assume that all atomic constraints are of the form f ≥ 0 or f > 0. Furthermore we divide the set of constraints into equivalence classes (the supports) of constraints that are the same up to constants. For example, ∀x x − 0y ≤ 0 has the same support as ∀x x − 1y ≤ 0. We address the constants appearing at the same position in each constraint of a support by S-constant addresses (this can be either be the path from the root to this position in a tree representation of the constraints, or just a unique integer value). For the rest of the paper let S be an arbitrary, but fixed support, containing only closed constraints.

Definition 1. A left-constant assignment for S is an assignment of real numbers to all S-constant addresses on the left-hand side of predicate symbols. A rightconstant assignment for S is an assignment of real numbers to the S-constant addresses on the right-hand side of predicate symbols. A constant assignment for S is a left-constant assignment in S plus a right-constant assignment in S.

There is a one-to-one correspondence between S-constant assignments and constraints in S. For each constant assignment C, we denote its constraint in S by C^S .

Now we associate with each constant address an according probability space (R, B, P ) (where B is the set of Borel sets in R). Here we assume that the distribution function of the probability measure P is continuous (i.e., no point masses). We arrive at a probability space on left-constant assignments, right-constant assignments and constant assignments, respectively, by taking the product of the probability spaces of the according constant addresses. The probability space on constant assignments corresponds to a probability space on the constraints in S. Intuitively, given a set of constraints A ⊆ S, the according probability assesses how often a constraint occurring in a practical applications is an element of A.

Of course it is impossible to determine exactly the probability measures on the constant addresses that correspond to reality. This is why we use no specific knowledge about them except for the above “no-point-mass” assumption.

3 Unstable Constraints

In this paper we summarize special cases of some older results [10] necessary for proving the main theorem of this paper. From now on we assume an ordered set of variables V where each variable x in V ranges over a compact set R_x. For two real numbers x and y, we call |x − y| their distance.

Definition 2. A closed constraint ϕ in S is stable iff there exists a δ > 0 such that for all ϕ^′ in S such that the distance between constants in ϕ and ϕ^′ with the same address is smaller than δ, ϕ and ϕ^′ have the same truth value.

For characterizing stable constraints, we use a continuous notion of truth:

Definition 3. For every constraint ϕ, let [[ϕ]]^∘, the degree of truth of ϕ, be the following function in R^{|V |} → R:

– [[θ r 0]]^∘(a_1, . . . , a_{|V |}) = [[θ]](a_1, . . . , a_{|V |}), where r is a predicate symbol and θ a term.

– [[ϕ_1 ∧ ϕ_2]]^∘(a_1, . . . , a_{|V |}) = min{[[ϕ_1]]^∘(a_1, . . . , a_{|V |}), [[ϕ_2]]^∘(a_1, . . . , a_{|V |})} – [[ϕ_1 ∨ ϕ_2]]^∘(a_1, . . . , a_{|V |}) = max{[[ϕ_1]]^∘(a_1, . . . , a_{|V |}), [[ϕ_2]]^∘(a_1, . . . , a_{|V |})} – [[∀x ϕ^′]]^∘(a_1, . . . , a_{|V |}) = inf{[[ϕ^′]]^∘(a_1, . . . , a_{k−1}, u, a_{k+1}, . . . , a_{|V |})|u ∈ R_x}, where x is the k-th variable in V .

– [[∃x ϕ^′]]^∘(a_1, . . . , a_{|V |}) = sup{[[ϕ^′]]^∘(a_1, . . . , a_{k−1}, u, a_{k+1}, . . . , a_{|V |})|u ∈ R_x}, where x is the k-th variable in V .

One can view this definition as the interpretation of constraints in an infinitelymany-valued logic. The degree of truth of a closed constraint is a constant function, and so we just call the assigned real number its degree of truth.

In the rest of the paper we will use the following characterization of stable constraints [10]:

Property 1. A closed constraint ϕ is unstable iff the degree of truth of ϕ zero.

Furthermore, adding a real number to the constants on the right-hand side of predicate symbols, lowers the degree of truth by that number [10]:

Property 2. Let (C_l, C_r) be a constant assignment and let p be a real constant. Then (C_l, λc.C_r(c) + p)^S has degree of truth [[(C_l, C_r)^S ]]^∘ − p.

4 Probability of Stability

Lemma 1. Let C_l be a left-constant assignment. Then, in the probability space of right-constant assignments, the event that for an assignment C_r, the constraint (C_l, C_r)^S is unstable, has probability zero.

Proof. By Properties 1 and 2, for each right-constant assignment C_r such that (C_l, C_r)^S is unstable, and for each non-zero real number p, the constant assignment (C_l, λc.C_r (c) + p)^S has degree of truth −p, which means that it is stable. As a consequence, in the probability space of right-constant assignments of the form λc.C_r (c)+p, with p any real number, the event of all C_r such that (C_l, C_r)^S is unstable, has probability zero.

Now we can divide the set of a right-constant assignments into equivalence classes of elements that just differ by a constant. By the above observation in each equivalence class the unstable ones have probability zero and so by Fubini’s theorem, the total probability is also zero. ⊓⊔

Now, by Fubini’s theorem, we get:

Theorem 1. For a constant assignment C, C^S is unstable with probability zero.

So in each support, real first-order inequality constraints are unstable with probability zero, and stable with probability one.

5 Conclusion

In this paper we have proven that closed real first-order inequality constraints are unstable with probability zero. This has various important consequences. For discussing these, we first ponder, whether the assumption that the distribution of the probability measures of constant addresses does not have point masses, is realistic.

Let a problem domain be a set of constraints that arise in “similar” applications (e.g., the set of constraints that occur in robust control [7]). Here we make the following (rough) distinction: We call a problem domain concrete if each of its elements corresponds to a specific real-world situation (like in robust control), otherwise we call it abstract (e.g., a certain class of theorems in geometric theorem proving).

In the former case, constants usually correspond to specific continuous realword phenomena (e.g., the stiffness of a certain steel bar, the gross national product), so it is reasonable to assume that no single real number is privileged by a point-mass probability. In the latter case, constants are chosen by the person who formulates the theorem to be proven. Here, very often one is interested in theorems that are as strong as possible, that is, on the border between truth and falsehood, and thus in unstable theorems. Therefore it is reasonable to assume that the no-point-mass-assumption applies to concrete problem domains, but not necessarily to abstract problem domains.

As a consequence, the result of our paper confirms, that it is very important that more effort be spent on algorithms for concrete problem domains that are efficient for stable inputs (possibly containing trigonometric functions). Here the area of constraint programming can provide important tools:

Solving first-order constraints can be viewed as search for true elements (for existential quantifiers) and false elements (for universal quantifiers). However, as search is costly, we want to avoid it as much as possible by removing elements from the search space for which it is easy to prove that they are true/false. This is exactly, what consistency techniques can do very well. That is why we have used them in the branch and prune approach developed in another paper [9]: Branching represents search, and pruning uses consistency techniques to reduce the search space spanned by the quantifiers. Timings with a first prototype show, that for stable inputs the new method is usually orders of magnitude faster than classical symbolic methods. Currently we are working on a stable implementation, and on extending the approach to real first-order constraints that may contain equality symbols.

This work has been supported by a Marie Curie fellowship of the European Union under contract number HPMF-CT-2001-01255.

References

1. F. Benhamou and F. Goualard. Universally quantified interval constraints. In Proc.

of the Sixth Intl. Conf. on Principles and Practice of Constraint Programming (CP’2000), number 1894 in LNCS, Singapore, 2000. Springer Verlag.

2. B. F. Caviness and J. R. Johnson, editors. Quantifier Elimination and Cylindrical Algebraic Decomposition. Springer, Wien, 1998.

3. G. E. Collins. Quantifier elimination for the elementary theory of real closed fields by cylindrical algebraic decomposition. In Caviness and Johnson [2], pages 134– 183.

4. G. E. Collins and H. Hong. Partial cylindrical algebraic decomposition for quantifier elimination. Journal of Symbolic Computation, 12:299–328, 1991. Also in [2].

5. L. Jaulin and É. Walter. Guaranteed tuning, with application to robust control and motion planning. Automatica, 32(8):1217–1221, 1996.

6. S. Malan, M. Milanese, and M. Taragna. Robust analysis and design of control systems using interval arithmetic. Automatica, 33(7):1363–1372, 1997.

7. S. Ratschan. Applications of quantified constraint solving over the reals— bibliography. http://www.mpi-sb.mpg.de/~ratschan/appqcs.html, 2001.

8. S. Ratschan. Approximate quantified constraint solving by cylindrical box decomposition. Reliable Computing, 8(1):21–42, 2002.

9. S. Ratschan. Continuous first-order constraint satisfaction. In J. Calmet, B. Benhamou, O. Caprotti, L. Henocque, and V. Sorge, editors, Artificial Intelligence, Automated Reasoning, and Symbolic Computation, number 2385 in LNCS, pages 181–195. Springer, 2002.

10. S. Ratschan. Quantified constraints under perturbations. Journal of Symbolic Computation, 33(4):493–505, 2002.

11. M.-F. Roy and A. Szpirglas. Complexity of computation of real algebraic numbers.

Journal of Symbolic Computation, 10:39–51, 1990.