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Dense graph limits (graphons)
Lovasz-Szegedy: Limits of dense graph sequences, JCTB 2006

Borgs-Chayes-Lovasz-Sos-Vesztergombi:
Convergent sequences of dense graphs |, Adv Math 2008
Convergent sequences of dense graphs Il, Annals Math 2012

2012 Fulkerson Prize, 2013 Coxeter—-James Prize, ...

Main idea: Compactify finite graphs > *“graphons”

Applications in extremal graph theory:

 Sample Conjecture: If >70% pairs of vertices form an edge, then >10% of
triples form a triangle  homdens(/,G)>0.7 = homdens(A,G)>0.1

* Suppose for contradiction o counterexamples. Use compactness, find
a graphon counterexample. Use analytic tools to derive a contradiction.



Graphons

Malin idea: Compactify finite graphs -~ graphons // cut norm distance // cut distance

Graph Adjacency matrix Graphon representation

a /O 1 1 0 O\ (0,0) (0,1)
1 0 1 1 0
b C 1 1 0 0 1
0 1 0 0 1

d : \0 0 1 1 0 (1,0 (1.1)

Graphon = symmetric Lebesgue measurable function [0,1]*> - [0,1]



The cut norm topology on graphons

Graphon = symmetric Lebesgue measurable function [0,1]*> - [0,1]
Cut norm convergence of graphons Graphons 'y, 2, I3, ... converge to W if

lim  sup {/ I’n—/ W}zO
n—o gr1clo,1] LJSxT SxT

Lovasz-Szegedy Compactness Theorem 2006
Graphons equipped with the cut distance (=cut norm distance + an additional step)
are a compact space.

Proof: Based on Szemeredi's Regularity lemma



The cut norm topology on graphons

Graphon = symmetric Lebesgue measurable function [0,1]*> - [0,1]
Cut norm convergence of graphons Graphons 'y, 2, I3, ... converge to W if

lim  sup {/ I’n—/ W}zO
n—o gr1clo,1] LJSxT SxT

Lovasz-Szegedy Compactness Theorem 2006
Graphons equipped with the cut distance (=cut norm distance + an additional step)
are a compact space.

Proof: Based on Szemeredi's Regularity lemma

Dolezal-H., 2x(Dolezal, Grebik, H., Rocha, Rozhon)
Use weak* convergence instead

sup {limsup/ Fn—/ W} =0
s,7c[0,1] L n—oo JsxT SxT

Compactness by the Banach-Alaoglu Theorem



Part Il: Classical graph-theoretic
concepts in graphons
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H., Rocha: Independent sets, cliques, and colorings in graphons
H., Hng: Approximating fractionally isomorphic graphons



Original graph parameters for graphons

1a. Graph homomorphism counts

Example: triangles
homomorphism of a A into a graph G

@: {a,b,c} - V(G) such that
p(a)p(b), p(b)e(c), p(c)p(a)cE(G)

counting homomorphisms via the adjacency matrix

hom(A,G):ZaZb ZC Aapb -Abc Aca

2a. Cuts in graphs
Example: MAXCUT
MAXCUT(G)=maxxcvi e( X, V(G)\X)

:maXXgV(G)zagX ZbGV(G)\X Aab
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counting homomorphisms via the adjacency matrix

hom(A,G):ZaZb ZC Aapb -Abc Aca

1b. Graph homomorphism densities

homomorphism density of triangles in a graphon W

t(A, W)=[afofc W(a,b) -W(b,c) -W(c,a)

2a. Cuts in graphs
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Original graph parameters for graphons

1a. Graph homomorphism counts 1b. Graph homomorphism densities

Example: triangles
homomorphism of a A into a graph G

@: {a,b,c} - V(G) such that
p(@)p(b), p(b)p(c), p(c)p(a)cE(G)

counting homomorphisms via

hom(A,G)=3,3p>¢ Aa

trix homomorphism density of triangles in a graphon W

2a. Cuts in graphs

Example: MAXCUT
MAXCUT(G)=maxxzvi e( X, V(G)\X) MAXCUT(W)=supxcio,1

W(a,b)

aex Ibe[0,1\x

=MaXxc
X_V(G)Za ex zbe V(G)\X



Matchings in graphs and graphons
Matchings in a graph

Maximum size matching = matching number
Fractional matchings
LP duality

Dual notions: (fractional) vertex cover



Matchings in graphs and graphons
Matchings in a graph Matchings in graphons
H.-Hu-Piguet, H. Dolezal:
Continuous LP duality=»matching number of graphons

Theorem:

The matching number of graphons is
lower-semicontinuous with respect to the
cut distance topology.

Developed more generally for tilings.
 Maximum size matching =» matching number  Example: A-tiling=vertex-disjoint copies of triangles.

* Fractional matchings A new proof of Komlds tiling theorem.

e LP duality

 Dual notions: (fractional) vertex cover
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“Flip process” on a graph

A flip process is given by a rule (=transformation table on graphs of a given order k).

SOV S CSe N e N A VY AW

EX""”“’"** ** vy ¥V ¥

- AV G VA W AN ANV AV

Flip process (for a fixed replacement rule):
1) Input graph Go (quite large)
2) Step I
(a)Pick k vertices of G;.1 at random

(b)Apply the replacement rule on the induced subgraph, Gi.1 ~ G;
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“Flip process” on a graph

A flip process is given by a rule (= transformatlon table on graphs of a given order k).
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“Flip process” in a graph

A flip process is given by a rule (=transformation table on graphs of a given order k).

SOV S CSe N e N A VY AW

Exarlp_le* YV v ¥V ¥ ¥ Y
A

A /03 20—e3 2e \3 21A3 21A3 21A3 21

E=D
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Flip processes on graphs and graphons

“Triangle removal process” studied by Bollobas-Erdds (1990), ..., Bohman-Frieze-Lubotzky (2015)

Theorem [Garbe-H.-Sileikis-Skerman], informal:

For a flip process with a given rule R, there exist trajectories, ®: graphons x [0,0) — graphons,
so that if Go is a large n vertex graph close to graphon W, then G (i.e., cn? random steps) is close to ®(W,c)

with high probability.



Part IV: Limits of other discrete
structures

Garbe, Hancock, H., Sharifzadeh: Limits of Latin squares
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Garbe, H., Kun, Pekarkova: On pattern-avoiding permutons



Limits of discrete structures

9 N
) O
X @ ¢ N
.Q,(’ Qo 9 (}'Q ,§ @Q
O & N Q SR
& S U S A
Graphs
qugs-CIdes-Lovész- . grap hon \/ ‘/ ‘/ \/
S06s-Szegedy-Vesztergombi By random Samp”ng
Hypergraphs
E/e;}/sE)egedyg P hypergraphon ? v v v
Zhao By random sampling
Permutations v
Hoppen-Kohayakawa-Moreira- permuton ‘/ \/ \/ _
Réth-Sampaio By random sampling
Latin squares Lati v
| atinon v v v | |
Garbe-Hancock-H.-Sharifzadeh Semirandom construction
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