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—— Abstract

We study the problem of detecting zeros of continuous functions that are known only up to an
error bound, extending the theoretical work of [24] with explicit algorithms and experiments with
an implementation. More formally, the robustness of zero of a continuous map f: X — R"™ is
the maximal » > 0 such that each g: X — R" with ||f — g|loc < r has a zero. We develop
and implement an efficient algorithm approximating the robustness of zero. The main source of
motivation for such an algorithm comes from the field of interval arithmetic.

An important ingredient is an algorithm for deciding the topological extension problem based
on computing cohomological obstructions to extendability and their persistence. We describe
an explicit algorithm for the primary and secondary obstruction, two stages of a sequence of
algorithms with increasing complexity. We provide experimental evidence that for random Gaus-
sian fields, the primary obstruction—a much less computationally demanding test than the sec-
ondary obstruction—is typically sufficient for approximating robustness of zero.
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1 Introduction

Motivation. Detecting zeros of R"-valued functions is equivalent to solving systems of
real equations, a fundamental problem of mathematics and theoretical computer science.
Our research is motivated by practical applications, in which the data is often known only
approximately. Therefore, we address the case where the input data is limited to the
approximate values of a continuous function f with values in R™, sampled over a finite point
set.

Functions that are known only approximately appear in various contexts and are handled in
different ways. For example, rounding errors in floating-point computations are systematically
treated by methods of interval arithmetic and detection of zeros resistant to bounded errors
is a frequent problem in this field [29, 20, 4, 32, 7]. Other instances of uncertain functions
come from measurements of physical quantities, such as in medical imaging [9, 30, 19] or
robotics [40, 6].

Our goal is a mathematical and algorithmic framework that is general and can be applied
in practical situations. As we elaborate later, the problem is surprisingly complex for certain
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combinations of source and target dimensions. To deal with this complexity, we adopt tools
from the field of computational topology, in particular computational homotopy theory. We
give experimental evidence suggesting that such techniques can be efficient in practice. This
is a clear step forward, as no explicit algorithms were previously given.

More basic topological tools, such as homology groups, have found practical applications,
in part due to the recent algorithmic results [13, 11, 12, 10]. In this paper, we give evidence
that more complex tools related to homotopy groups also allow for practical algorithms.

The generality of our result, combined with its algorithmic efficiency, opens doors for
new applications. It can be used for robust detection of level sets f~!(a) in medical image
processing, analysing robot trajectory based on data obtained from sensors [6, 7] or the inner
approzimation of reachable regions of a robotic arm [31]. We anticipate future applications
in analysis of functions obtained by regression, say, in machine learning, where the function
is chosen to fit some given set of sampled values.

More broadly, we aim to present computational homotopy theory as a useful tool and a
fascinating area of algorithmic research to a wide computer science audience.

Statement of the results. We present an algorithm for detecting zeros of vector valued
functions f : X — R™ on a compact space X and for approximating the robustness of zero,
that is, a maximal real number r > 0 such that every continuous g : X — R" satisfying
llg — fIl < r has a zero. By | f|| we denote the max norm max,cx |f(x)| where |- | is a
fixed ¢, norm in R"™. Nontrivial cases happen if dim X > n, as otherwise arbitrarily small
perturbations of f avoid zero.

For computer representation we assume that the space X is a simplicial complex. The
map f: X — R"™ is specified by its values on the vertices which are assumed to be rational,
and by a rational value o > 0 such that |f(z) — f(y)| < « for arbitrary points 2 and y of any
simplex of X. We emphasize that the precise knowledge of f is not needed. The algorithm
computes two numbers r, R such that

Every continuous g, ||g — f|| < r, has a zero, and

Some continuous g, ||g — f|| < R, has no zero.

A positive r > 0 is then a certificate of existence of zero of f. In the dimension range
dim X <n+1orn < 3 the gap R — r provably converges to zero, if the constant « (and
hence our lack of knowledge of f) goes to zero. However, the algorithm outputs a correct
and reasonable lower bound r of robustness for inputs of arbitrary dimensions.

Some parts of our algorithm have been implicitly present in our older work [24] were
we have shown that the problem of computing robustness of zero of a given simplexwise
linear function f : X — R™ can be algorithmized if dim X < 2n — 3 or n is even. However,
the method is based on an earlier algorithm in computational homotopy theory [17] that
depends on several other papers [36, 16, 49] and will not be fully implemented anytime
soon. The general algorithm of [17] requires—among others ingredients—the computation
of homotopy groups of spheres, which is a notoriously difficult problem. The good news
is that the algorithm of [17] consists of a sequence of tests of increasing complexity called
obstructions: nontriviality of any of those obstructions yields a robust zero of f. In our work,
we implemented both the primary and secondary obstruction, which constitute a complete
test whenever dim X < n + 1 and a meaningful test for all higher dimensions.!

L The only exception is the case n = 3, dim X > 3 where the triviality of secondary obstruction is
undecidable in general. However, if X is assumed to be a triangulation of the cube [0, 1]*, then our
algorithm works with no essential changes. For many other fixed 4-dimensional spaces X the problem is
decidable too.
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Compared to [24], the algorithm we present here avoids computationally demanding parts
such as iterated barycentric subdivisions or linear programming. Also, r is not a part of the
input but we rather directly approximate the mazimal r for which each g, ||g — f|| < r, has
a zero. This is done using techniques similar to those in persistent homology [21], in which
the lifetime, or persistence, of homology classes is studied.

In Section 6 we present several computational experiments with our implementation?. In
particular, we experimentally show that for random Gaussian fields [0, 1]* — R?, the primary
obstruction is typically sufficient and the secondary obstruction appears only rarely if at all.?
This observation—if confirmed by theory or by more experiments in different settings—could

justify the usage of only the primary obstruction in potential future engineering applications.

A short complexity bound of our algorithm is presented in Section 7. The complexity
depends on the way the input space X is represented. We derive an upper bound of O(N%)
where N is the number of simplices of X.

State of the art. Algorithms for detecting zeros used in software packages are based on

iterative methods which are often applicable if f is given by formulas and is differentiable.

However, these algorithms usually give no guarantees of correctness: the satisfiability of
f(x) = 0 is undecidable for any class of real functions f that contain polynomials and the
sine function [50].

A number of methods has been proposed for testing the (non-)existence of zeros of
continuous functions, exploiting tools ranging from iterative methods in numerical analysis
to topology. The problem has been most studied in the case dim X = n. If B™ is a unit ball
in R™, then verifying zeros of f : B™ — IR is equivalent to verifying a fixed point of f + id:
here the Brouwer fixed point theorem can be applied [43]. Other methods for zero verification
were studied in the field of interval arithmetic, such as Miranda’s test [3], Borsuk’s test [29]
and the degree test [25]. All of these tests are stable with respect to perturbations of the
input function and work essentially only with signs of the components of f. Authors of [26]
show that the degree test can detect a zero of f : B™ — IR™ whenever the zero of f is robust
(that is, each g close enough to f has a zero). The above mentioned primary obstruction
directly reduces to the degree test if dim X = n. While the topological degree computation
has been explicitly described in the literature and also implemented [27], the problem is far
more complicated if the domain X has larger dimension than n (then the zero set is the
solution of an underdetermined system of equations). In [24] we showed that the existence of
a robust zero of piecewise linear functions X — R"™ is undecidable if n > 3 is a fixed odd
integer and the input X is an arbitrary (2n — 2)-dimensional simplicial complex.

Zero sets of functions with inherent uncertainty were studied via means of computational
topology in the context of well groups [10]. In their general settings, well groups associated to
f:X — Y and a subspace Y’ C Y describe properties of the preimage f~!(Y") which persist
if we perturbate the input function f. In the important case of Y = R"™ and Y’ = {0}, well
groups describe zero sets of functions: namely, the zeroth well groups measures robustness
of existence of zero and higher well groups reflect further topological properties of the zero
sets. In [23] we have shown that the primary obstruction can be used to compute certain

subgroup of the well group that in many cases coincides with the full well group (see [23, Thm.

1.4]). A general algorithm for well group computation cannot be expected because the above
mentioned undecidability result [24] directly transfers to well groups when dim X > 2n — 2

2 nttp://www.cs.cas.cz/~franek/rob-sat

3 The pair of dimensions dim X = 4,n = 3 is the lowest one where a nontrivial secondary obstruction can
occur.

23:3

CVIT 2016


http://www.cs.cas.cz/~franek/rob-sat

23:4

Robustness of Zero Sets: Implementation

as well. Our implementation can be thought of as an approximation of the zeroth well group
that extends the work of [18] where the special case dim X = n is solved.

Methods and the outline of the algorithm. The main tools come from the field of
computational homotopy theory with the necessary definitions summarized in Section 2. We
say that f has an r-robust zero if every continuous g, ||g — f|| < r has a zero. In [24] we
showed that any function f: X — R”™ on a compact domain X has an r-robust zero if and
only if the map

flagy + A(r) = R"™ \ {0} where A(r) :={zx € X : |f(x)| >r}

cannot be extended to a map X — R™ \ {0}. After replacing f by its normalization
x — f(x)/|f ()], we can equivalently replace R™ \ {0} by the sphere S~ 1.

In the algorithm, we first discretize the input, that is, convert the spaces A(r) into
simplicial complexes A,., and approximate f| () by a simplicial map f’ from A, to a simplicial
model (™1 of the (n — 1)-sphere. In the second step, we ask for the smallest » such that
the restriction of f’ to A, can be extended to all of X. This extension problem is the
core of our algorithm for approximating robustness. Although we do not aim at solving it
completely, we check extendability to the (n + 1)-skeleton A U X+, Non-extendability to
the (n 4 1)-skeleton immediately implies non-extendability to all of X.

The paper is mostly self-contained except that in Section 5 we refer to the literature for
the definition of the Steenrod squares and some basic facts from obstruction theory. Details
about some technical parts of our implementation are given in Appendix A, B and C.

2 Topological preliminaries

Before we describe the algorithm in more detail, we introduce some definitions from algebraic
topology: more details can be found in standard textbooks, such as [34, 39, 44]. All maps in
this paper are assumed to be continuous.

Simplicial complexes. A simplicial complex X is a collection of simplices* such that the
intersection of any two simplices is another (possible empty) simplex. Such a collection
is naturally a topological space that is sometimes denoted by |X| but we will still write
X, with a slight abuse of notation. This space is compact whenever X consists of finitely
many simplices. The collection of all simplices of dimension at most k form a simplicial
subcomplex that we will denote by X *) and call the k-skeleton of X. Amap f: X —» Y
between simplicial complexes is called simplicial, if it maps simplices to simplices: this too
has a natural realization as a continuous map between the underlying topological spaces.
Throughout this paper, we will model the (n — 1)-sphere via the boundary of a cross
polytope and denote it by ¥"~!. It is the boundary of the convex hull of 2n unit vectors
{£e; : i =1,...,n} =2 V C R". The k-simplices of X"~ ! are all geometric simplices
spanned by (k 4 1)-tuples of V' that do not contain a pair of antipodal points {e;, —e; }.

Homotopy groups. Two maps f,g : X — Y are homotopic, if there exists a continuous
map F : X x[0,1] = Y such that F(-,0) = f and F(-,1) = g. This is an equivalence relation
and the set of equivalence classes is denoted by [X,Y]. If X = S¥ is a k-sphere, then the set
[S*,Y] can naturally be endowed with a group structure and is denoted by 7(Y). In this
paper, we will use the facts that m(S*) ~ Z for all k > 0, m3(5?) ~ Z, 7,(S" ') ~ Z, for
n > 3 and 7, (S?) is trivial for n > 1.

1 We can either consider geometric simplices in RF or “abstract” simplices, see [42, p. 140 ff].
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Topological extension problem. Let A C X and Y be topological spaces. A map
f:X =Y is called an extension of f: A — Y , if the restriction f|A = f. The problem of
deciding, whether there exists an extension f of f: A—Y ,is called the topological extension
problem. Clearly, extendability of f: A — Y to a map X — Y implies the extendability of
flas for any A’ C A.

If X and Y are simplicial complexes and A C X is closed, then the topological extension
problem depends only on the homotopy class of f: A — Y.

Cohomology. Cohomology is a certain functor from the category of topological pairs to
the category of graded rings. Less formally, assume that A is a subcomplex of a simplicial
complex X, G is an Abelian group, and a total order of vertices of X is given. We define
the Abelian group C*(X, A; G) to be the set of all maps from the set of k-simplices of X
to G that are zero on A: objects of this group are called cochains. The codifferential 6%
is a homomorphism C*(X, 4;G) — C*1(X, A; G) defined by 6*(p)(A) = 3°,(—1)'p(d;A)
where 0;A is the i-the boundary face of A (with respect to the ordering of the vertices). The
kernel of §° is denoted by Z¢(X, A; G) and its elements are called cocycles; the image of §°~1
is denoted by B(X, A; G) and its elements are called coboundaries. Sometimes we will omit
A from the notation if A = () and will omit G if G = Z. The composition §*6*~1 is zero for
all k and the i-th cohomology group H* (X, A; G) is the quotient Z(X, A; G)/B* (X, A; G). If
f:(X,A) — (Y, B) is simplicial and ¢ € C*¥(Y, B; G), then the pullback f#¢ is an element
of C*(X, A; G) that maps A to ¢(f(A)): this induces a chain map on cochains and a natural
pullback map f* on the level of cohomologies which only depends on the homotopy class
of f.

The cohomology groups of the (n — 1)-sphere X"~ ! are all trivial except H°(X" "1, Q) ~
H iyt G)~G.

3 Discretizing the function f.

» Definition 1. A continuous filtration of spaces is a family (A, ),cr such that A, O A,
whenever r < s. A continuous filtration (A,).cr is called step-like whenever there exists a
sequence of numbers —oco =:r_; <719 <711 <719 < ... < 71) such that for any 7, s € (r;, riy1]
holds A, = Ag for all i. Continuous filtrations (A,.), and (B,), are called a-interleaved
whenever B,1, C A, and A,1, C B, for each r € R.

» Definition 2. Let f: X — IR™ be a continuous map on a simplicial complex X and let |- |
be a norm on R™.

1. By A, we denote the subcomplex of X spanned by the vertices v of X with |f(v)| > r.
2. By A(r) we denote the subspace of X defined by A(r) = {z € X: |f(z)| > r}.

3. We say that f is simplezwise a-Lipschitz whenever |f(z) — f(y)| < « for each pair of
points z,y € A of any simplex A € X.

Spaces A, form a step-like filtration where the steps occur for each r equal to |f(v)| for
some vertex v of X. Let 3"~! be the simplicial model of the (n — 1)-sphere obtained from
the boundary of a cross-polytope (see Section 2). A natural sphere-valued approximation of
f is then given by the map f as follows.

» Definition 3. Let f: X — R™ and V be a subset of the vertices of X. We define the vertex
approzimation f':V — {e1, —e1,...,en, —e,} to by the map that to a vertex v assigns s;e;,
where j is the index of the component of f(v) with largest absolute value and s; is the sign
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of fj(v).?

» Lemma 4. Let f: X — R™ be a simplexwise a-Lipschitz map for some constant o > 0,

p € [1,00] and | - | be the L,-norm. Then the following holds:

1. The continuous filtrations (A, )rer and A(r).cr are a-interleaved.

2. Ifr > an'/? /2, the vertex approzimation f': V(A,) — V(E"~1) defines a simplicial map
'+ A — XL (that is, it maps simplices to simplices).

3. Ifr>an'/?, then f': A, — X"~ CR™\ {0} is homotopic to f|a,: A, — R"\ {0}.

The simplicial map f': A, — "~ ! as above will be called the simplicial approzimation
of fla,.. We note that the choice of the sphere model and the discretization f’ of f is
independent of the rest of the algorithm given in the following chapters and is not the only
possible choice: however, we couldn’t find one with approximative properties better than in
Lemma 4.

Proof of part 1. If a point z € |X| is not in A,, we know that |f(v)| < r for some vertex
v of a simplex A supporting x. The simplexwise a-Lipschitz property then implies that
|f(z)| < r+ «, hence ¢ A(r + «). This proves A(r + a) C A,.

The other inclusion holds because once a point x of a simplex A € X is in a given A,.,
then for arbitrary vertex v of A holds |f(v)| > r and |f(z) — f(v)| < @. Thus |f(z)] > —a,
hence z € A(r — a). <

Proof of part 2. We want to prove that no adjacent vertices v and v are mapped by f’ to
e;, —e; for some i. Without loss of generality we can assume that f/(v) = e;. Assuming
|f(v)] = r and the definition of f’, the first component (with largest absolute value) must
satisfy fi(v) > rn~'/P. Similarly if f'(u) = —ej, then f(u); < —rn~'/P but this would
imply that a > |f(u) — f(v)| > 2rn~'/?, contradicting the assumption r > an'/?/2. <

Proof of part 3. We show that the simplexwise straight-line homotopy between f and f’
has values in R™ \ {0}. Let A € X, v be a vertex of A, z € A, and assume that 7 > an'/P.
Again, assume WLOG that f'(v) = e;. Then fi(x) > fi(v) —a >rn~/P —a > 0 and the
straightline homotopy between maps f, f': A, — IR™ \ {0} has the first coordinate positive,
hence it avoids zero.

<

4  The algorithm using an oracle for persistence of obstructions.

In this section we state the algorithm for approximating robustness of zero, given an oracle
for computing the following quantities.

» Definition 5. Let X D A4, 2 A, D ... be a filtration of simplicial complexes, r; < 7;
for i < jand f': A,, — S" 1. Then the persistence of primary obstruction is the smallest
r; such that the restriction of f' to A, can be extended to a (not necessarily simplicial)
map A, U X — 871 where X(™) is the n-skeleton of X. The persistence of secondary
obstruction is the smallest r such that the restriction of f’ to A,, can be extended to
A, U XDy gn—l

5 For example, if f(v) = [2, —3], then we choose f’(v) = —e2. If there are more components of f(v) with
the same absolute value, we choose one by arbitrary rule.



P. Franek, M. Krcal and H. Wagner

In what follows, assume that an oracle is given that, for a filtration of simplicial complexes
and a simplicial map f’, computes the persistence of secondary obstrucion. We assume that
we are given a continuous map f: X — IR"™ by its values on the vertices of X, its simplexwise
Lipschitz constant « and a norm ¢, on R" for p € [1,00]. The outline of the algorithm
follows.

A. a. Label the set {|f(v)|: v € V(X) such that |f(v)| > an'/?} by {re,r1,...,7} so that
r; <rjfori <j.
b. For any simplex A € X compute its filtration value r(A) by
r(8)=  min ()] (1)
This yields a filtration A,, D ... O A,, that together with the values ro,..., 7y
determines the step-like continuous filtration (A, ),cgr from Definition 1.
c. For vertices v of X with |f(v)| > 7o compute the vertex approximation f’(v) via
Definition 3.
B. Use the oracle to compute the persistence of secondary obstruction ry (Def. 5).
a. If £ > 0: output “robustness of zero is at least ry — a.”
Else: output “No guarantee of zero.”
b. If dim X < n+ 1 or n < 3: output “robustness of zero is at most 7 + «a”
Else: output “No guarantee of upper bound of robustness”

The constraints in B.b. could be replaced by dim X < n — 1+ k, if we used an oracle for
persistence of the first k obstructions. However, implementing such oracle is theoretically
possible only if £ < n — 1. In fact, even the special case dim X = 4 and n = 3 is beyond this
bound and we cannot implement the oracle for secondary obstruction for this dimension pair
with no restrictions on X. In the important special case when X is topologically a cube
[0,1]* and n = 3, the general algorithm works with no essential changes. More details about
the implementation of the oracle for this dimension pair are given in Appendix A, p. 17.

» Theorem 6. The above algorithm outputs correct statements.

Proof. In [24, Lemma 3.3] we showed that f has an r-robust zero iff f|4(, is not extendable
to a nowhere zero function on X.

Correctness of B.a. Assume first that k& > 0. That means that f/|4, is not extendable
to a function X — R\ {0} for r < ri. For any r € (ro,7x), f'|a, is well defined and
homotopic to f|a, : A, = R\ {0} by Lemma 4, 3. It follows that f|4, is not extendable
to a nowhere zero function X — R™ \ {0} either. Further, by Lemma 4, 1, A, C A(r — «)
and the non-extendability of f|4, immediately implies the non-extendability of f|a(;—q)-
Thus we conclude that f has at least (r — a)-robust zero for arbitrary r € (1o, 7). The set
{r >0 each g, |lg— f|]| <r, hasa zero} is closed (see [24, p. 9] for an argument) and
hence f has at least (ry — a)-robust zero.

Correctness of B.b. The restriction of f’ to A,, is extendable to AU X+ 5o for any
r > 1y, f'|a, is extendable to A, U X+ as well. If dim X < n + 1, then this is equivalent
to the extendability to all of X. The cases n < 3 reflect low dimensional phenomena: we
will show that then the extendability to A U X ™ implies the extendability to all of X. If
n =1, f’ has values in the 0-sphere S° € {+, —} and if it can be extended to the 1-skeleton,
we can assign a sign + or — to each connected component of X and naturally extend to
X — {+,—}. If n =2, then f’ has values in a circle, S*. Assume that it can be extended
to AUX® — S Then any extension AU XU — S of f/, j > 2, can be extended to
AU XU+ because the restriction of ¢ to the boundary of any (j + 1)-simplex A7+ defines
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a map OAJT! — S from a j-sphere to the circle and such map is homotopic to a constant
(see, e.g. [34, Chapter 4.1]), hence OAIT1 — ST can always be extended to all of A7+,
Assume that dim X < n+ 1 or n < 3 and that r > r,. Then r > ro and f/| 4, is well
defined and homotopic to f|4, by Lemma 4. This implies the extendability of f|4, to all of
X and the relation A(r +«) C A, implies the extendability of f|4(,+q). Thus the robustness
is less than r 4+ « for any r > ry, yielding an upper bound 7; + « on the robustness of
Z€ero. <

5 Persistence of obstructions

In this section we describe the algorithm for computing the persistence of primary obstruction
and roughly outline the algorithm for secondary obstruction (which is described in more
detail in Appendix A).

Primary obstruction—extendability to X (™). Here we review the basic facts from

obstruction theory. A reference for the next proposition can be a textbook such as [41, III,
1.2].

» Proposition 7 (Primary obstruction). Let A C X be a pair of simplicial complezes, f: A —
YL be simplicial, = € C"~1 ("1 7Z) be a cocycle generating the cohomology, and y :=
ff(z) € Z"Y (A, Z) its pullback.

Then f: A — X! can be extended to a (not necessarily simplicial) map AU X ™) —
Yl iffy € Z" YA Z) can be extended to a cocycle x € Z" Y (X;Z) such that x| = y.

Thus extendability of f is reduced to extendability of an A-cocycle y to a global cocycle
x defined on all of X. We will use the notation Q(A) := {z € Z" 1 (X;Z): x|4 = y} of all
cocycle extensions and want to test its non-emptiness. Q(A) corresponds to solutions of
a linear equation over integers. To see that, let ¥ € C"~1(X;Z) be an arbitrary cochain (not
necessarily a cocycle) such that g4 = y. We have that

Q(A) = {y —c: c € C" (X, A; Z) such that dc = 6y}. (2)

Subtracting ¢ € C" (X, A;Z) does not change the values on A-simplices, so any such § — ¢
is still an extension of y. The non-emptiness of Q(A) is thus equivalent to solvability of the
linear equation ¢ = 6 with the unknown ¢ € C" (X, A; Z).

A natural set of generators of C"~1(X, A;Z) is the set of all (n — 1)-simplices in X that
are not in A with the identification between a simplex A and its characteristic cochain that
assigns 1 to A and 0 to all other simplices. Converting §c = d% into an explicit matrix system
of linear equations then amounts to enumerating the (n — 1)- and n-simplices in X \ A,
computing the codifferential matrix of § using the definition of boundary and expressing the
right-hand side dy in the basis of the n-simplices.

Persistence of the primary obstruction—the algorithm. We remind that in the
persistent setting the input contains a filtration of simplicial complexes X 2 A,, D A,,,...,2
A,, and a simplicial map f’: A,, — X"~. We want to compute the smallest value j such
that the restriction of f’ to A, can be extended to A, U X,

Let A := A,, and 2,y be defined as above. The cochain extension g of (f')*(2) is also
an extension of (f’|4/)#(z) for each A’ C A. Thus we fix one ¢ for all spaces A,. Then the
only thing that is changing in solving éc = 6y, ¢ € C" (X, A,;Z) with increasing 7, is
that X \ A, is becoming larger and we are allowed to include more columns into our matrix
representing 4.

Now we describe the algorithm on a lower level.
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First we choose the cocycle z € ¥"~! that generates the (n — 1) cohomology: for what
follows, we assume z to be a cocycle that assigns 1 to the simplex [eq,. .., e,] and 0 to all
other simplices.
Next we compute y := (f'|4)*(z) € Z" Y (A;7Z) for A = A,,. This is a cochain that
assigns 1 (or —1) to simplices [v1,...,v,] such that (f'(v1),...,f'(vn)) is an even (or
odd) permutation of (eq,...,e,), and 0 if {f'(v1),..., f'(vn)} # {e1,.. . en}
We fix an arbitrary extension y € C"~1(X;7Z): the simplest option is to choose y(A) =0
for all (n — 1)-simplices A € X that are not in A.
We compute the filtration values of all (n — 1) simplices in X. The filtration r(A) of A is
the largest 7 so that A € A,. If the filtration A, is induced by (1), then equation (1)
directly defines the filtration 7(A) of A.
We order the (n — 1)-simplices of X by their filtration value, and choose an arbitrary
enumeration of the n-simplices. These choices will serve as bases of the (n — 1)- and
n-cochains (we identify simplices and their characteristic cochains).
We construct the matrix M representing the codifferential with respect to the bases
chosen above. The columns of M are coboundaries of the (n — 1)-simplices ordered by
increasing filtration values. (Equivalently, we may compute M as the transpose of the
boundary matrix, which is computationally simpler.)
We convert the right-hand side dy to an integer vector a using the chosen basis of
n-simplices.
Recall that we want to solve dc = dy for ¢ that is a linear combination of (n — 1)-simplices
with filtration values smaller than r; for j as small as possible. This directly translates to the
following problem, which is the last step of the persistence-of-primary-obstruction algorithm.

Problem EARLIEST SOLUTION

Input: A matrix M € ZP*7 and a column vector a € ZP.

Output: A column vector € Z4 such that Mx = a.

Objective: Minimize the index of the lowest nonzero entry of , that is, £ > 0
such that xy # 0 and zp41 = 2p42 =... =24 =0.

This problem could be solved by binary search on the value ¢ while solving an ordinary
linear system of equations in each iteration. Our implementation uses a simple matrix
reduction approach (resembling algorithms for persistent homology) which avoids the binary
search (see Appendix B for details).

Secondary obstruction—extendability to A U X(™*t1) . Computing the secondary
obstruction and its persistence contains similar ingredients but is more technical and we
postpone a lower-level description to Appendix A. Here we outline the main steps for the
non-persistent version with a fixed A. We assume that f’ : A — X"~ ! is extendable to
AUX™ and that Q(A) (described by (2)) is nonempty.

We need to implement the “Steenrod square” operation —,,_3: C"~}(X; Zo)x C" 1 (X; Zs)
C"t1(X;7Zs) on the level of cocycles. The algorithm for —,, 3 directly follows from formulas
in [45, 292-293].

For the following facts, we refer to [45] and [46]:

» Proposition 8 (Secondary obstruction). Let A C X be a pair of simplicial complexes,
f' i A —= X771 be simplicial and assume that the ordering of vertices of X and X! is

chosen so that v 2w = f'(v) X f'(w). For each x € Q(A) let (x mod 2) be the image of
x under the natural homomorphism C"~ 1 (X;Z) — C" Y (X;Zs). Then

v(z) :=(x mod 2) —,_3 (x mod 2) (3)
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vanishes on A, that is, it is an element of Z" (X, A; Zs).
Further, if n. > 3, then f' can be extended to a map XD — $7=1 iff v(x) is a relative
coboundary for some x € Q(A).

Thus extendability to X ™*1) is equivalent to satisfiability of the equation dc = wv(z),
¢ € C"(X, A;Zsy), for some x € Q(A). To decide this, we parametrize Q(A) by a fixed
representant @ and generators g; of Z"1(X, A;Z): arbitrary element of Q(A) is then
x—> ; Uig; for some u; € Z. To reduce the number of j’s, we only need to take generators
of the cohomology group H"'(X, A;Z). Exploiting the “linearity” of the operation v on
the level of cohomology ([45, p. 504]), we have that v(z — >, u;g;) is a coboundary iff
v(z) — 32 u;jv(g;) is a coboundary. Thus our equation reduces to dc+ 3, u;v(g;) = v(z).
This is a system of equations with right-hand side v(z) and unknowns ¢ and w;, this time
over the Zs-coefficients.

We also remark that the last proposition is valid also in the case n = 3 once we replace
Za-coeflicients by Z-coefficients, but deciding satisfiability of dc = v(z) for some z is hard
(and undecidable for general spaces X ). We show at the end of Appendix A that if X is
a triangulation of the topological cube [0,1]* and n = 3, then triviality of the secondary
obstruction can easily be tested as well: this case is also included in our implementation.

6 Experimental results

We have developed a software implementation of the algorithms outlined above with the
main goals
to analyze the applicability of the methods of this paper for real data, given common
limitations of computational power, and
to experimentally check how often the primary obstruction fully determines the persistence
of zero sets in cases when the function is generated randomly via some natural rules, or
is approximated from existing data, models or benchmark sets.
Some experiments related to the first item are described in Appendix D. Next we summarize
the results of our experiments with random functions.

6.1 Experiments with random Gaussian fields

One of our goals is to answer the following question: How typical is the situation in which
the computation of the secondary (or higher) obstruction is required?

The lowest-dimensional case where nontrivial secondary obstruction can occur is (m,n) =
(4,3). We generated random continuous functions f : [-1,1]* — R3 taken from different
probability distributions and looked for possible nontrivial secondary obstructions. It is not
hard to construct examples of functions with a nontrivial secondary obstruction. However, our
first experiments indicate that this is at least not common for random functions taken from
various probability distributions. While the primary obstruction typically occurs whenever f
contains a zero, we couldn’t detect a single instance of a randomly generated function with
nontrivial higher obstruction. Still, we don’t dare to conclude that higher obstructions are
untypical or unnatural, and think that more research is needed. A short description of our
first experiments follows.

First we considered random functions generated as Gaussian random fields. Each com-
ponent f;(x) of f(x) was generated so that for any finite set of points {z1,...,z;} the
random vector {f;(x;): j=1,...,k} has a multivariate normal distribution with mean 0,

and the covariance between f;(x) and f;(y) was taken to be C(z,y) = exp (f ‘z;lgF) for
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suitable [ > 0. Such functions are continuous and infinitely differentiable [1, Sec. 2.2]. We
generated function values sampled from a grid g* C [—1,1]* with the three components of
f generated independently. This is to some extent justified by the observation that any
dependencies between components of f could be removed by composing f with a point-wise
linear transformation and such composition has no impact on the zero set.

The parameter [ determines the variability of the function: the extreme cases are | = oo
leading to white noise and ! = 0 leading to constant functions. We chose | = 1/2, generated
random fields on an equidistant grid of 28* points in [—1,1]* and run the program starting
with the minimal 7y for which f'| AQ is simplicial.’ From a sample of 1218 functions, the
average value of the minimal snnph(nal ro was 0.46. This value could be made smaller by
refining the grid: however, in all cases, there was a nontrivial primary obstruction which
persisted up to r; > ry whose value was in average 1.06; there was no nontrivial secondary
obstruction in any of these functions.

One possible explanation for the lack of secondary obstruction is that the cohomology in
dimension 4 has typically lower persistence than in dimension 3 and most generators have
already died when the primary obstruction (element of H3) dies. A similar phenomenon
occurs in persistent homology of excursion sets of random scalar fields, where the persistence
barcodes in dimension 0 die before the barcodes in dimension 1, compare [2]. In the vast
majority of our experiments, 4-dimensional cohomology group H(X, AY) was trivial for
r being the persistence of primary obstruction. The lack of top dimensional cohomology
reflects the fact that most components of the zero set intersect the boundary of the domain:
it will be a matter of future work to perform similar computations for functions defined on
manifolds without boundary.

In another experiment with random fields, we replaced the Gaussian covariance function
C(0,z) with the symmetric function on [—1,1]* with Fourier coefficients proportional to
(1 + [p|?)~*)pezs for various constants k (compare [37, p. 12]). In most cases, there was a
nontrivial primary obstruction but we didn’t detect a nontrivial secondary obstruction in
any of these experiments.

Our last attempt to detect secondary obstruction in random fields was generating random
homogenous quadratic polynomials. The coefficients a,fj in fy(z) =3, i a’~c ;TiT; were
generated as independent samples from a standard normal distribution.” The zero set, of
homogenous quadratic functions is either the origin alone or a cone intersecting the boundary
d[—1,1]*: only the first case can yield a nontrivial H*(X, AY) and a nontrivial secondary
obstruction. We generated around 70 thousand instances of random quadratic functions
on a 10* grid: around 2.2% of them had only the origin as the zero set, but there was no
nontrivial secondary obstruction in a single instance.

7 Complexity

The input size (and hence computational complexity) depends heavily on the encoding of

the simplicial complex. For example, we may specify the set of all simplices, or the set of all

top-dimensional simplices.®

A,‘;‘ is in our implementation a simplicial complex obtained by triangulating all cubes whose vertices
satisfy |f(v)| > r, see Appendix C.

This is motivated by the fact that the simplest examples of functions with nontrivial secondary
obstruction are quadratic and homogenous.

In other situations, the input specifying the simplicial complex could be even smaller. One example is
specifying the vertex set in R™ and assuming the Delaunay triangulation.
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Therefore we study parametrized complexity as a function of the following parameters.
Let m be the dimension of X and n < m the dimension of the target space R". We define N
to be the maximum of the number of k-simplices for k € {n —1,n,n+ 1} and V the number
of vertices. In addition to specifying X, the input contains the function values in all vertices,
that is, n x V numbers.

Next we present complexity bounds as a function of N, V,m,n.

Primary obstruction—complexity. We assume that the function values f(v) at the
vertices are all rational vectors and that we can compare their absolute values |f(v)[, |f(w)]
in unit time (these numbers may be roots of rational numbers for £, norms). Then computing
the vertex approximation f’(v) for each vertex v via (3) amounts to O(nV) operations.
Computing the filtration of all (n — 1)-simplices via formula (1), as well as the pullback
y and its codifferential are by definition subroutines of complexity O(nN); ordering the
(n — 1)-simplices by filtration is done in O(N log N). The computation of the codifferential
matrix is again of order O(nN) if we store it in a sparse format, because each row of the
matrix corresponds to the boundary of an n-simplex and has only n + 1 nonzero elements.

The bottleneck of computing the primary obstruction is the EARLIEST SOLUTION
algorithm described on page 9. An implementation based on a binary or exponential search
requires at most log N solutions of a linear system of Diophantine equations. Each of
them is a system of at most N rows and columns, all coefficients being +1 or 0. By [47,
Thm. 19] we may solve such Diophantine system in O(N* log® N) time, which yields
O(N* log® N 4+ n(N 4 V)) as a complexity bound for the primary obstruction. Assuming
the lack of blowup of matrix coefficients during the matrix reduction, we can bound the
number of arithmetic operations in EARLIEST SOLUTION by O(N3). This is discussed
in more detail in Appendix B. In this scenario, sub-cubic bounds could be achieved using
randomization [48, Thm. 39]. In practice, however, our implementation of EARLIEST
SOLUTION exhibits subquadratic scaling, allowing us to experiment with instances for
N < 107. This is not entirely surprising—Ilarge instances of simplicial boundary matrices are
commonly reduced in the filed of computational topology.

Secondary obstruction—complexity. The bottleneck in the secondary obstruction
algorithm is the computation of all Steenrod squares of all generators of H" (X, A,; Z)
for all filtration values r. In a naive implementation we may compute a set of generators
of Z"~Y(X;Z) and their respective filtration values. Generators of the kernel (over Z) of
a matrix with at most N rows and columns can be computed in O(N*) [15, Theorem 1]. The
number of such generators is bounded by N. In the Steenrod square computation, we need to
compute, in the worst case, the values on all (n+ 1)-simplices; in each evaluation, the formula
for —,,_3 described in [45] contains an iteration over all elements of (7)) (Steenrod pairs).
Thus, computing the Steenrod squares of the generators of Z"~1(X;Z) is O(N?m*). The
final matrix computation corresponding to equation (6) is done over the field Zy which only
requires O(N“) operations for a constant w < 3 [35, Proposition 6]. This yields a complexity
bound of O(N* + N2m?*) for the persistence of secondary obstruction. For all practical
purposes, it is safe to assume that the values of m can be neglected.
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A  Secondary obstruction.

Persistence of the secondary obstruction—the algorithm for n > 3. Assume that
a filtration X D A,, 2 A,, O ... and a simplicial map f’: A,, — Y"1 are given, n > 3, and
vertices on X and X" ~! are ordered so that f’ is order-preserving: this order is used in the
implementation of the —,,_3 operation on the level of cochains. Further, we assume that the
persistence of primary obstruction r; has already been computed by the algorithm described
on page 8. We continue to use the notation of Section 5: in particular, z is the characteristic
cocycle of a fixed (n — 1)-simplex in X271 § € C"~1(X, A,,) is a cochain extending the
pullback y = (f)*(2) € Z""1(A4,,) of z and 0 # Q(A,,) is the set of all (n — 1)-cocycles on
X that extend y on A,.,.

By Proposition 8, the persistence of secondary obstruction is the smallest number 7, such
that

dc=v(z) forsome ce C"(X,A,,;Zs),z € QA,,) (4)

where v is defined by (3).
Let z € Q(A,,) be a fixed extension of ¥, computed in the algorithm for primary

persistence. Then also z € Q(A,, ) for each k > j. For any k, Q(A,,) is a coset in Z"1(X)
QA ) =+ 2" X, A, T)
and hence equation (4) reduces to
Sc=v(x —w), forsomew € Z" (X, A, ;7), c€ C™(X, A, ; Ls). (5)

The crucial property that we will use is that v(xz — w) is a relative coboundary iff v(z) — v(w)
is a relative coboundary: this follows directly from the linearity of the Steenrod square
operation H" (X, A; Zy) — H""Y(X, A; Zs) for n > 3. Thus we can reformulate (5) to the
problem of finding the minimal rj such that

Sc+v(w) =v(x) for some w € Z" X, A, ;Z), c€ C"(X, Ay, ; Zs). (6)

To simplify the computations, we don’t need to consider all cocycles w € Z"~(X, A,) but
only generators of the cohomology H" (X, A,;Z): the Steenrod square of any relative
coboundary is again a relative coboundary ¢’ for some ¢ € C™(X, A,; Z2), so adding it has
no impact on the solvability of (6).

The right-hand side of (6) v(x) is a cocycle that does not depend on k. The left-hand side
is a combination of coboundaries of characteristic cocycles of n-simplices A™ and cochains of
the form v(w) for (n — 1)-cocycles w. To each A and w is assigned a filtration value and we
want to minimize the maximal filtration r of all the A™’s and w’s.

Summarizing the above steps, we obtain the following algorithm:

Order the vertices of "~ ! and the vertices of X so that f is order-preserving

For a precomputed = € Q(A,,), compute the relative cocycle v(z) € 2" (X, A, Zs) by

the definition of the Steenrod operation —,, 3

Compute a subset W C Z" !}(X) that contains all cohomology generators w of all

H" Y(X,A,;Z) for all r > r;. (It may be a set of generators of Z"~1(X).) To each

w € W, assign its filtration value r(w) to be the minimal r such that w is zero on A,.

Compute the filtration value of all n-simplices, using (1). Order

Order all n-simplices and elements of W by their filtration.
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Choose a basis of (n + 1)-simplices and express the right-hand side v(z) as a vector
a € (Zs).
Create a matrix M whose column set consists of
all coboundaries of characteristic cochains of n-simplices expressed in the basis of
(n + 1)-simplices over Zs
all elements v(w) expressed in the basis of (n + 1)-simplices
Order the columns of M by filtration.

Computing the persistence of the secondary obstruction then reduces to solving the EARLI-
EST SOLUTION problem for Ma = a, this time over the Z-field.

The hardest part is to compute the cohomology generators: this algorithm is summarized
as follows.

Problem PERSISTENT GENERATORS:

Input: A filtration X D Ay D ... D A, = 0.

Output: A sequence g1,...,g, € Z" 1(X;Z) and a sequence of integers (0) <
... < p(h) such that [g1],..., [g,()] generate H"~1(X, A;; Z) for each .

We give imeplementation details of this part on a lower-level in Section B.2. Our algorithm
will give the output with the number of generators ¥ minimal in a certain sense. Notably,
when working over Q or Z,, instead of integers, the output would correspond to a persistence
bar code with all the death information erased but including representative (co)cycles for
each bar.

The special case f : [0,1]* — IR3. This section justifies the claim that for X = [0, 1]*
and n = 3, the general algorithm for computing persistence of secondary obstruction works,
if we completely ignore the persistence generators w and perform all computations over
Z-coeflicients. The following text is not completely self-contained, as the proof of Lemma 9
requires some definitions and techniques from the field of algebraic topology.
Assume first that n = 3 and X is arbitrary. The two main differences compared to the
algorithm above are:
The Steenrod operation and final coboundary matrix have to be computed over Z, not Zs.
This goes back to the fact that the homotopy group m3(5?) ~ Z, unlike 7, (S" 1) ~ Z,
for n > 3. The homotopy group serves as cohomology coefficients in the theory of
obstructions.
The operation —,,_3 reduces to the cup product — and the operation w — w — w is
not linear on the level of cohomology but quadratic.
This means that while for any particular extension « € Q(A) of g, we may test satisfiability
of dc¢ = v(x), we cannot test the existence of such = using a linear system of equations.
However, if X = [0,1]%, we claim that for any two extensions x,y € Q(A) of ¥, v(z) — v(y) is
a relative coboundary and thus we need to check the equation dc = v(x) only for one x.

» Lemma 9. Let X be a triangulation of [0,1]*, A C X, x € Z*(X) and w € Z*(X, A).
Then

(x —w) — (x —w) — (z —z) € BYX, A).

Using the parametrization Q(A) = {z —w : w € Z" (X, A;Z)} we immediately obtain
that our general algorithm for the persistence of secondary obstruction works once we replace
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the Zs-coefficients by Z-coefficients in its final step. Moreover, we may completely ignore
the persistent generators w and don’t need to compute them at all.”

Proof. By bilinearity of the cup product, (x —w) — (z —w) —x— 2 = -z —w — W —
T + w — w. The mixed-term x — w is a relative coboundary, because — induces a bilinear
product on the level of cohomology H?(X) x H*(X,A) - H*(X,A) and H?(X) =0, as X
is contractible. It remains to show that w — w is a coboundary. Let C'A be the cone over A
and A — CA be an inclusion. The inclusion A < X can be extended to a map CA — X,
because X is contractible. The map of pairs (CA, A) — (X, A) induces the commutative
diagram in which the rows are the long exact sequences of cohomology groups.

HY(X) — H*"Y(A4) — HX,A) — HYX) — HA)
1 \ 1 1 1
H*1(CA) — H*YA) — H*(CA/A) — H*(CA) — H*(A

The vertical arrows H*(=1(X) — H*(=1(CA) are trivial as both spaces are contractible and
H*D(A) — H* Y (A) are identities. By the five-lemma [34, p. 129], the middle homo-
morphism H*(X, A) — H*(CA, A) is an isomorphism. Further, H/(C'A, A) ~ H/(CA/A) for
j > 0. The space CA/A =: A is the suspension of A. The cup product H?(XA)x H%(LA) —
H*(XA) of a suspension is trivial [14, Corollary 4.11] and the naturality of cup product
implies that the cup product H?(X, A) x H*(X, A) — H*(X, A) is trivial for j > 0 as well.
This shows that w — w € B4(X, A). <

B Persistent integral homology computations

B.1 Algorithm for the Earliest Solution problem

The earliest_solution algorithm is used to find the persistence of a (co)cycle. This is
closely related to computing persistent homology, which is a well-studied problem, at least for
coefficient in a finite field. We adapt the boundary matrix reduction algorithm by Edelsbrun-
ner, Letscher and Zomorodian [21], originally developed for persistent homology. Note that
this algorithm, unlike classical Gaussian elimination or Smith normal form algorithms, is
incremental, which is required by our application. Moreover, it only uses column operations,
making efficient implementation for sparse matrices relatively easy.

Efficiency over finite fields. Recent work on computing persistent homology over finite
fields resulted in significant performance improvements, see [8, 38]. Despite the cubic worst-
case bound, linear scaling is achieved on practical datasets, involving sparse matrices of
size 10° x 10° and more. This encouraged us to adapt the modern version of the classical
persistence algorithm to solve our problem over the integers, rather than adapting classical
Smith or Hermite normal form algorithms to the persistent setting.

Reduced form and reduction. We adapt the notation common in computational topology
literature: the lowest nonzero of a nonzero column is defined as the lowest position (largest
index) with nonzero coefficient. A sub-matrix is called reduced if all the lowest nonzeros are
unique. In other words, given a lowest nonzero, there may be other nonzero entries in the
same row, but they must not be lowest nonzeros. When this invariant is not satisfied, we say
there is a collision. By lowest value, we refer to the value of the lowest nonzero entry.

9 Note that 2 — x may represent a nontrivial element of H*(X, A), as « is not an element of Z%(X, A) in
general. The fact that « — x is zero on A follows from the fact that f is order-preserving.
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The algorithm starts from an empty matrix and adds one column at a time, maintaining
the reduced prefix of the matrix, R. The rightmost column of each prefix is called the current
column.

Procedure reduce_column reduces the column curr with respect to the reduced prefix
R.

def reduce_column (current, R, force_divisibility=False):
while curr collides with some column in R:
coll = column in R colliding with curr
P = lowest_value(coll)
QO = lowest_value (curr)
if force_divisibility is True and P does not divide Q:
return curr

use Euclid to find nonzero a,b,c,d s.t.

gcd(a,b) == 1 and gcd(c,d) == 1 and
axP + b*Q == gcd(P,Q) and
cxP + dxQ ==

coll, curr = a » coll + b * curr, ¢ * coll + d x curr
return curr

Procedure earliest_solution solves the stated problem.

def earliest_solution(M, a):

augment M with identity matrix (above)

augment a with zeros (above)

R = []

for col in M:
reduced = reduce_column (col, R, force_divisibility=False)
append reduced to R
reduce_column(a, R, force_divisibility=True)
if a is zero:

return change of basis of a
return None

Correctness. The basic operation is the addition of two different columns, without affecting
the column span of the relevant matrix prefix. Therefore the solution is unaffected.

To retrieve the solution, at each step we attempt to reduce the input column vector a with
respect to the currently reduced prefix R. The solution exists iff a becomes zero, and is encoded
by (the negation of) the change of basis column of a. Since we solve the equation Az = a
(and not Az = ka) we perform additional divisibility check: see force_divisibility in
the reduce_column procedure.

From finite fields to integers. In the integral case, we may modify both the current
column and the colliding column. This is in contrast with the finite field case, in which only
the current column is modified. To determine the required linear combination of columns,
we use the extended Euclid algorithm. As a result, the lowest value of a certain column
might change (decrease) many times during the reduction of other columns, but the position
is fixed once the column is reduced. Because of this, while reducing column a, we need
to take into account previously reduced columns, and not only the current one. Moreover,
after a colliding column is affected, it may not be in the column span of the prefix of the
original matrix ending at this column. At this stage, however, this column may only affect
columns that succeed the currently reduced column. Therefore, correctnes of the algorithm
is unaffected.

Efficiency. For efficiency reasons we use one technique suggested in [8]: The current column

is stored in a data-structure handling fast column additions and maximum element queries.
One natural choice is a balanced binary search tree; more efficient alternatives are available.

This way we avoid the following common bad case: Let n be the total number of columns in
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M. When an current column becomes dense (the number nonzero entries is ©(n)), adding
O(n) sparse columns takes time quadratic in n. Avoiding this situation does not imply that
we can efficiently handle matrices that become dense due to fill-in. However in practice, often
a small number of columns display this behavior.

We also perform the computations in an on-line fashion — we read columns one by one
and stop once a solution is found. This gives significant practical improvements, because
often the necessary matrix prefix is very small compared to the matrix of the entire complex.

Overall the algorithm performs well, exhibiting roughly linear scaling in the number of
nonzero entries of the original matrix. In particular, we didn’t observe coefficient blowup.
Note that the lowest nonzero position in the current column decreases after resolving each
collision, so the number of collision resolutions is quadratic in n. Each such resolution
requires combining two columns, potentially of size O(n), due to fill-in. This leads to cubic
worst case running time bound, assuming that the magnitude of coefficients can be bounded
by a constant. Of course, there exist cases when the blowup does occur, and the above
analysis does not apply. More advanced algorithms can be used to alleviate the effect of the
blowup, possibly at the cost of simplicity and efficiency in the situations that we encountered
thus far.

B.2 Algorithm for the Persistent Generators problem

After possibly refining the sequence (A;); we may assume that for each filtration value 4 there
is exactly one (n — 1)-simplex A?"! of that filtration value, that is A7~ € A, ; \ 4; (and
possibly several (n — 2)-simplices in A;_1 \ A;). This makes the algorithm and its analysis
simpler.
The algorithm for PERSISTENT GENERATORS problem follows. By the statement “reduce
the column” we refer to the procedure reduce_column from Section B.1
Let M be the coboundary matrix for 6"~ 1: C"~Y(X;Z) — C™(X;Z), that is, it consists
of columns m for integral combination for A"~ for each A"~ ! € X of growing filtration
values. In exactly the same way we create the coboundary matrix N for 6"~2. During
the reduction of the matrix M we keep track of the change of basis. (On low level, we
augment the matrix M and then the change of basis vector for a given column is encoded
in the augmented part of that column.)
We initialize G := () to be an empty sequence of (n — 1)-cocycles on X and p(—1) := 0.
For each filtration value ¢ =0, ..., h do the following:
Reduce all columns of N of the filtration value i.
Reduce the column m of M of filtration value i (i.e., corresponding to the cochain
SA™™ ). Let g be the change of basis vector after the reduction.
If the reduced column m equals to 0 and there is no reduced column 7 in N such that
lowest(n) = i and Miowest(n)[Growest () then add g to G and set pu(i) == p(i — 1) + 1.
Otherwise set (i) := p(i — 1)
Output G and p(1),...,u(h).

» Theorem 10. The above algorithm solves the PERSISTENT CYCLES problem. Namely,
after its ith iteration, the cohomology group H" 1 (X, A;) is generated by [g1],. .., (9]
where cycles gi1,...,9u@) € Zn (X, A; Z) correspond to the columns g added to G during
the iterations 0, ..., 1.

Proof. We proceed by induction on the value i. For ¢ = —1 the claim trivially holds.
Let us assume that ¢ > 0 and that the claim holds for 4 — 1. First observe that once the
new column m is not reduced to a zero column, then Z"~Y(X, A;;Z) = 2" Y(X, A;_1; 7).
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Otherwise 2"~ Y(X, A;; Z) = Z"Y(X, A;_1;Z) ® (g) where the cocycle g € Z" 1 (X, A;; Z)
corresponds to the change of basis vector g in the ith iteration. We only have to check
whether [g] is a linear combination of [g1],...,[gui—1)]. By the induction hypothesis, it
happens if and only if g is cohomologous to a cocycle in Z"~1(X, A;_1;7Z). And this in turn
is true if and only if we can reduce to zero the lowest nonzero component (that is, the ith
component) of the vector g by adding a combination of columns from N of filtration value
at most i (these columns generate the group of coboundaries B"~1(X, A;;7Z)). Since this is
exactly the reduced part of the matrix IV, it is enough to find if there is a column with the
lowest nonzero index equal to ¢ and check the divisibility condition. |

C Some details of our implementation: exploiting the cubical
structure.

The domain X we consider in the implementation is a cube [0, 1]™ triangulated as follows.
We define I, ..., I, to be unit intervals subdivided into n; equidistant intervals of length
1/n;, i=1,...,m. This yields a cubical set structure Hj I; on the unit cube. Further, we
subdivide each m-cube into m! simplices via the Freudenthal triangulation [5, p. 154]. The
resulting triangulation naturally corresponds to the product [] I;, understood as a product
[1; I; of simplicial sets [28]. We call the set of vertices a grid. A function f : X — R"
is then given by a set of R™-vectors in each vertex (a multidimensional rasterized image),
together with a simplexwise Lipschitz constant a.

Many operations in the algorithm outlined in the paper body—such as the computation of
the pullback y = f#(z), computing codifferentials of cochains and the —,,_3 operation—can
be done locally, without having to work with the full lists of simplices of a given dimension.
The only step where global structure is needed is the EARLIEST SOLUTION algorithm, where
the matrix M has rows indexed by the set of all k-simplices and columns indexed by (k — 1)-
simplices. Indeed, the construction of this matrix and computation with it are the most
memory- and time-consuming operations, as the number of k-simplices increases rapidly with
dimension.

Therefore, we implemented a modification of the algorithm described above based on the
more feasible cubical structure. Instead of working with the simplicial filtration A,., we use
the filtration AL C AL where AY is defined to be the triangulation of the set of all cubes ¢
such that |f(v)| > v for all vertices v of ¢. These are still simplicial complexes and f’, y, the
extension ¢ of y and 7y are defined with no changes. For the computation of persistence,
however, we switch to the cubical setting via the Eilenberg-Zilber reduction [22]. We denote
by C*(IL;I;) the simplicial cochains and by ®,;C*(I;) the cubical cochains: there exist chain
homomorphisms of degree 0

AW - ®j0*(1j> — C*(Hjlj>
EML : C*(H]Ij) — ®JC*(I])

such that EML o AW is the identity and AW o EM L is chain homotopic to the identity.
Both maps induce cohomology isomorphisms and can be relatively easily implemented using
common formulas [33]. This allows us to switch between the simplicial and cubical cochains
anytime we need. Within the computation of persistence of the primary obstruction, we
compute the smallest j so that there exists a cubical cochain cg € Z"71(X, ATD,j ) such that
deq = (09)n := EML(69). The matrix computation part EARLIEST SOLUTION deals with
the cubical coboundary matrix, which is significantly smaller than the simplicial one. For an
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illustration, the number of k£ simplices in the triangulation of one m-cube is 50 already for
(m, k) = (4,2) and more than 4 millions for (m, k) = (8,6).

For the secondary obstruction, we need to convert cg back into a simplicial cochain and
construct a simplicial (n — 1)-cochain z € Q(A,;) that extends y on A,, and is a global
cocycle. We denote by SHI the cochain homotopy map SHI : C*(II;I;) — C*~Y(IL,1;),
satisfying AW o EML —id = § 0 SHI + SHI o 4. Then, using 62> = 0, we obtain

AW e = AWédeq = AW (6g)g = AW EM Loy =
=0AW EMLy =065+ 0SHIJg.

We compute ¢ := AW (cq) — SHI(§§) which is a simplicial cochain zero on ATDJ, and the last
equation asserts that 6¢ = §§ which allows us to compute the simplicial cocycle

z:=g—¢€Qr;)

having avoided to work with large lists of all simplices. The computation of v(z) := (z
mod 2) —,_3 (z mod 2) is done on the simplicial level and the property z € Z"*1(X, AE_; Zs)
depends on the fact that the chosen ordering of vertices of X and X"~ is compatible with f’.
Then we again apply the EM L operator to v(z) and convert it to a cubical cochain v(x)g.
Persistent generators w € Z"~ (X, AD;7Z) and their Steenrod images can be computed on
the cubical level and the cubical persistence of the secondary obstruction is done via a cubical
coboundary matrix, this time in dimension n, (n + 1).

There is a price to pay for the more convenient cubical filtration: it is courser than the
simplicial one and we can no more use the estimate on the robustness of zero set derived
in Section 4. On one hand, we have the relation ATD C A,. This implies that whenever
f'la,. is homotopic to f/|f|, then so is f'|, 0, and non-extendability of f’|,o to higher
skeleta of X implies the non-extendability of rf "l 4,.. Thus whenever the algoritilm certifies
non-extendability of f| AD and r > an'/?, then r — a is a lower bound on the robustness of
zero. If we can additionally prove that A, C A7, then the extendability of f’| ;o implies the
extendability of f’|4,. The simplexwise a-Lipschitz condition implies that anyr two vertices
u,v of a cube ¢ satisfy |f(u) — f(v)| < 2a, as u,v can be connected by path of at most two
simplicial edges. This implies 4,42, C AY and extendability of f/| ;o to all of X implies the
upper bound 7 + 3« on the robustness. ’

Based on the experience with various functions in low dimensions, the practical perform-
ance has not one significant bottleneck. The most resources-consuming steps in the primary
obstruction computation include the computation of the cubical filtration and the EARLIER
SOLUTION subroutine, especially if the matrix has millions of columns.

D Experiments with formulas.

Our prototype is implementation in Python using numpy. While the efficiency is severely
limited by this choice, we were able to run examples for dim X < 8.

Although the strength of our methods is primarily in cases where we have uncertainty on
f, the following examples provide some observations about the performance in cases where
the function values at the vertices are computed using exact formulas.

In what follows, we assume a subdivision of the interval [—1, 1] into a set I, of g equidistant
points and consider a grid I C [~1,1]™ of size g™. We chose the max-norm /., on R"
which yields the smallest value of an'/? and allows smaller “initial ro”. This is desired, as
for small grids it often happens that « is large and an!/? may be larger then the robustness
of zero in which case we fail to detect anything.
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Testing primary obstruction on a quadratic function. First we used the function
f:[-1,1" = R™ given by

This function has a single zero in the origin and has been used as a benchmark example
in [24]. If n is even, then the zero is robust and its robustness equals mingea—1,17m |.f(2)]:
the zero has index two in this case. If n is odd, then the zero has index zero and can be
removed by arbitrary small perturbations. Using the max-norm, we use calculus to derive
the estimate |f(z) — f(y)]oo < 21|z — y|oo. Whenever z,y are contained in one simplex of
the triangulation, then the max-norm satisfies |z — y|oo < 2/(g — 1) and we can use the
piecewise Lipschitz constant « := 4n/(g — 1).

For our experiments, we now assume that f is only given via a list of function values in
the grid ¢" and the simplexwise Lipschitz constant o = 4n/(g — 1). In this case, we have
dim X = n so only primary obstruction can be nontrivial. Using Lemma 4 for p = co yields
that whenever r > «, then f’ is simplicial on A, and homotopic to f/|f|. The relation
AD C A, then implies that f’ is simplicial and homotopic to f/|f| on A as well. Thus
we can run our algorithm with an initial r = @ = 4n/(g — 1), compute the persistence of
primary obstruction r; > rg and—using the estimates at the end of Section C—conclude
that whenever r; > rg then the robustness of zero is between r; — « and r; + 3a.

The following table illustrates some properties of the computations: n refers to the
dimension, ¢ is the number of points subdividing the intervals in each dimension, the initial
ro = « is as above, r; is the persistence of the primary obstruction, 6*~' the number of
columns of the cubical coboundary matrix C’Eil — Cf, the “computed robustness” displays
lower and upper bounds r; — a, r1 + 3a on the robustness of zero and the “true robustness”
column the approximation of the real robustness of zero of the function f defined exactly by
the above formula,'® all wrt. the |- |, norm.

n g o = r1 # columns of 6"~ | computed robustness | true robustness
2| 20 0.421 0.8643 760 [0.443,2.127] 0.828

2 | 100 0.08 0.8285 19 800 [0.748,1.07] 0.828

2 | 500 0.016 0.83 499 000 [0.814,0.878] 0.828

3] 20 0.632 =70 21 660 <2.379 0

3| 50 0.245 =7o 360 150 <0971 0

3 | 100 0.121 =7o 2 940 300 <0.483 0

4 | 20 0.842 =10 548 720 < 3.37 0.667

41 30 0.552 0.711 2 926 680 [0.159, 2.367] 0.667

4 | 40 0.41 0.667 9 491 040 [0.257,1.897] 0.667

The total running times of these 9 computations is displayed in Figure 1. The data suggest
that the at least in these simple cases, the running time is approximately linear in the number
of (n — 1)-simplices. The n = 3 case is below the other two, because the primary obstruction
is trivial there and the EARLIEST SOLUTION subroutine terminates almost immediately,
using only very few columns in the matrix reduction.

10This is 0 in odd dimensions and —2— in even dimension.
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Figure 1 Total running time of the computations, performed on Intel Xeon CPU X5680, 3.3
GHz, as a function of the number of (n — 1)-simplices (which equals the number of columns in the
coboundary matrix).

In higher dimensions, the condition o > « := 4n(g — 1) is too strict and we can only
hardly start with ro that is smaller than the robustness. However, we could take rg to be
the minimal value for which f’| AQ is simplicial: in all cases that we have tried, we verified
that f was nowhere zero on AEO with f’ homotopic to f/|f| on ATDO.

Surprisingly, starting with minimal rq for which f’| AQ is simplicial and computing the
minimal r; for which f’ is extendable, yields in many cases a much better estimate of the
robustness of zero set than the estimates based on Lemma 4: this can already be seen in the
above table where the r; column is a good approximation of the true robustness. We give
the table with smaller grids that continues to higher dimensions.

n g min simplicial 7o 1 true robustness
2 110 0.025 0.889 0.828
3|10 0.025 =10 0

4 110 0.025 0.667 0.667

5| 10 0.074 =10 0

6 | 10 0.074 0.667 0.58

7 0.241 =10 0

8| 5 0.251 1.0 0.522

It is an interesting question to find natural conditions on functions, other than the
relatively weak simplexwise Lipschitz property, that justify the usage of smaller grids and
guarantee that the robustness of zero set is close to the computed minimal r for which f'| 4o
becomes extendable. ’

A function with nontrivial secondary obstruction. A second function we experimented
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with is b : [-1,1]"*1 — R"™ given by

= 2IOI2 + 2I11‘3

= 2.%‘15(}2 — 21’0333

The restriction of h to 9[—1, 1]"*1 is the generator of the nontrivial homotopy group 7, (S™~1):
in case n = 3 it is the Hopf map and for n > 3 its iterated suspension. The robustness of zero
equals mingepp—1,1jn+1 |h(2)] and!! it is the simplest example where a nontrivial secondary
obstruction occurs. Common tests for zero verification such as the degree test would fail
here.

Again, we work with the max-norm /., and derive, via elementary calculus, the estimate
2(n + 1) on the global Lipschitz constant. This yields |h(z) — h(y)| < % =: .. Assume
that only o and a list of function values in a grid ¢g"*! is given. If g is large enough so that
7o := o is smaller than ming |h(z)|s = v/3 — 1, then the algorithm computes the minimal
r1 > 1o for which h| 4o is extendable to a nowhere zero function [—1,1]"*t — R™ \ {0}. For
this to succeed, we need to take g at least 22 for n = 3.

Again, the program gives surprisingly good results for much smaller grids, although
Lemma 4 gives no guarantees. In all cases that we tried, we verified that whenever r¢ is large
enough so that h’| ;o is simplicial, then it is homotopic to h/|h| and the algorithm computes
that the secondary obstruction dies close to the real robustness of zero.

n ‘ g ‘ min simplicial 7o ‘ r1 ‘ true robustness
3] 10 0.1 0.79 0.732
4 | 10 0.111 0.79 0.732
51 8 0.163 0.816 0.732

' The robustness is 1 in the ¢» norm and \/§ — 1 in the max-norm.
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