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1. PREFACE

There are two basic generalizations of the space of holomorphic functions to
higher dimensions. One of them is the notion of holomorphic functions in
several variables, f : R?* ~ CF — C, 0jf =0forj=1,... k.

The second possible generalization deals with functions defined on R™ with
values in the Clifford algebra (a particular generalization of complex num-
bers). The functions in question are solutions of a first order elliptic system
of partial differential equations called Dirac equation, which is a higher di-
mensional analogue of Cauchy-Riemann equations. It is easy to describe the
system in dimension 4 using quaternionic notation (it was done by Fueter
in 30’s). A hyperbolic analogue of the system in dimension 4 was discovered
in theoretical physics by P. Dirac. The (elliptic version of) Dirac equation
has been used extensively in mathematics during the last 40 years (e.g. [3]).
Solutions of the Dirac are often called monogenic functions (or harmonic
spinors). The function theory for them is now known under the name Clif-
ford analysis ([9, 20]). In explicit terms, monogenic functions f are defined
on real Euclidean space R" with values in the Clifford algebra Cliff(n,R)
(or the space of spinors S) such that Df = 0, where D = > .e; - 0; is
given by multiplication in the Clifford algebra (or the Clifford multiplica-
tion R” ® S — S). Monogenic functions have similar nice properties as
holomorphic functions (Cauchy integral formula, theory of residues, ana-
lyticity, maximum principle, unique continuation property, etc.) and they
coincide with usual holomorphic functions on R? ~ C for n = 2 ([28]).

Eigenfunctions of the (hyperbolic version of) the Dirac operator D describe
spin 1/2 particles with mass in relativistic quantum mechanics. As all basic
equations of relativistic physics, it is invariant with respect to the Poincaré
group. Similar nice invariance properties are true also for the elliptic version
of the Dirac equation. In particular, its solutions are invariant with respect
to the group Spin(n). It means that if a function f is monogenic, the same
is true for the function g - f defined by (g- f)(z) = g(f(g~! - x)) (here R®
and S are considered as the fundamental defining and fundamental spinor
representation of Spin(n)). Moreover, it turns out that the symmetry group
is much larger then Spin(n). It is a group G which is a double-cover of the
group of all Mdbius transformations of R"™. It contains Spin(n) similarly
as the group of Mobius transformations in the plane contains rotations.
This is an analogue of the fact that holomorphic functions are preserved by
conformal transformations.

It is a natural idea to consider monogenic functions of several Clifford vari-
ables, which form a common generalization of the space of holomorphic
functions in several variables and of the space of monogenic functions in
one variable. A monogenic function of several Clifford variables is a func-
tion f : (R")*¥ — S, where S is the spinor module over Cliff(n,R) resp.
Cliff (n, C) such that D;f = 0, where D; = Ej ej- O for i =1,... k (y



are variables on (R™)*, uw = 1,...,k,v = 1,...,n). The whole system can
be written as Df = 0 where D = (Dq,...,Dy), is called Dirac operator in
several Clifford variables.

One important theorem in the theory of holomorphic functions of several
complex variables is the Hartog theorem. It says that not all open sets are
natural domains of definition for holomorphic functions of several complex
variables. There are domains €} with the property that any function holo-
morphic on €2 can be extended holomorphically to a larger domain. This was
a completely new phenomenon, which is not true for one complex variable.
This property is a consequence of the fact that the Cauchy-Riemann op-
erator D in higher dimensions defines an overdetermined system of PDE’s.
The Hartog type theorems can be systematically studied using a resolution
of D, i.e. the (locally exact) complex of PDE’s starting with the operator
D. This is the Dolbeault sequence, which is nowadays a standard basic part
of the theory of functions of several complex variables.

It can be expected that the Dirac operator in several Clifford variables will
also define an overdetermined system of PDE’s and that Hartog type the-
orem will hold for monogenic functions in several variables as well. As in
the complex case, an adequate tool for a study of such properties of mono-
genic functions in several variables would be an analogue of the Dolbeault
sequence starting with the Dirac operator in several Clifford variables. It is
not an easy task to find such a resolution and its general form is still not
known. However, many special cases of the problem are already understood.

For some reason, the dimension n = 4 is special and an analogy with complex
analysis is stronger than in higher dimensions. The elliptic version of the
Dirac equation in dimension 4 (the Fueter equation) was studied by Fueter
already in 40’s ([26]) and the resolution for it is already well understood for
any number of variables ([38, 4, 2, 1, 37, 42, 10, 19, 11]).

In higher dimensions, the situation is more complicated. In [18], the authors
used Fourier transform and translated the problem into the language of
commutative algebra. Instead of sequences of differential operators, they
were computing the resolution of a module over the ring of polynomials by
using the Hilbert syzygy theorem and Grobner bases.

The Dirac operator in k variables is invariant with respect to the group
SL(k) x Spin(n) (C is considered to be the trivial and C* the defining rep-
resentation of SL(k)), similarly as the Dirac operator in one variable is
Spin-invariant. We already mentioned that the usual Dirac operator in one
variable is invariant with respect to a group that is a double-cover of the
group of Mébius transformations. It is shown in this work that a similar
fact is true for the Dirac operator in several variables. It is invariant with
respect to a larger group that contains SL(k) x Spin(n) as its semisimple
subgroup (in a similar way as the group of Mébius transformations contains
SO(n) as it semisimple subgroup).



While the notion of holomorphic function can be extended to functions
on complex manifolds, the usual Dirac operator can be defined on spin-
manifolds which are manifolds with a given spin structure (see [25]). The
Dirac operator acts not on functions but rather on sections of the associated
spinor bundle over such spin-manifolds. An example of a spin structure on
the sphere is the projection Spin(n+1) — Spin(n+1)/Spin(n). The curved
version (in the Cartan sense) of this are oriented Riemannian manifolds with
a chosen spin structure and the Dirac operator acts between sections of the
vector bundle associated to the spinor representation of Spin(n).

It can be shown that the spin structure on the sphere described above is a
reduction of the bundle G — G/P where G = Spin(n + 1,1) and P is the
parabolic subgroup fixing a line in the null-cone of the Minkowski metric. If
V and W are two spinor representations of P (it means that we extend the
spinor action of Spin(n) C P on these modules by a suitable action of the
center of P and let the unipotent part of P act trivially), the Dirac operator
acts between sections of G xp V and G xp W and is G-invariant (G is the
group of invariance of the Dirac operator mentioned above). The curved
analogues of the homogenous bundle G — G/P are principal P-bundles
G — M over a manifold M called conformal spin structures on M.

This geometric structure on M (together with a Cartan connection w on
G which is an analogue of the Maurer-Cartan form on G) is an example
of the so called parabolic geometry. These are geometries modeled on a
homogeneous space (G, P), where G is a semisimple Lie group and P a
parabolic subgroup. The choice of P is equivalent to the choice of a gradation
g= @f:_ x8i of g. It is well known that conformal geometries and projective
geometries can be described as parabolic geometries with one-graded Lie
algebra g = g_1 @ go @ g1, see [31]. The topic was studied in details in e.g.
[40, 39, 32, 33, 43, 24, 17], and many properties of invariant operators on
such manifolds are known ([16, 13]).

The facts indicated above suggest that we may find a suitable parabolic
geometry, which would correspond well to the symmetry of the Dirac oper-
ator in several variables. We show in this thesis that it is indeed possible.
The corresponding couple is the Lie group Spin(n + k, k) and its parabolic
subgroup P having SL(k) x Spin(n) as its Levi factor. If we consider the
SL(k) x Spin(n)-spinors representations V.~ C® S, W ~ C¥ ® S as irre-
ducible P-modules (choosing a particular action of the center of P), there
is a unique G-invariant differential operator I'(G xp V) — I'(G x p W). Fur-
ther, we show that after suitable local identifications between sections of the
vector bundles and functions on a vector space, this operator really reduces
to the Dirac operator in k variables. Again, it is possible to define an appro-
priate curved version of the operator D and to study properties of solutions
of D on manifolds with a given parabolic structure of type (G, P). In this
work, we shall not study these questions in a curved situation and restrict
our attention to the homogeneous model.



Methods used in the thesis are completely algebraic. It is well-known that
there is a duality between invariant differential operators on the flat model
of a parabolic geometry and homomorphisms of so called generalized Verma
modules, which are g-modules dual to the space of infinite jets of sections of
some associated vector bundle:

My(V) = (Jp(D(G xp VT)))*

On such modules, the action of g, the Lie algebra of G, is defined naturally
as the derivative of the action of G' on sections. More precisely, due to the
transitive action of G, it is possible to reduce the classification of G-invariant
differential operators between sections of homogeneous bundles associated
to P-modules V and W to a classification of P-invariant maps between
infinite jets of sections of the corresponding associated vector bundle at the
origin. The dual P-homomorphism can be always extended to a (g, P)-
homomorphism of the generalized Verma modules M,(W*) — M,(V*) (and
vice versa).

The theory of generalized Verma modules (further denoted simply by GVM)
was created mostly by Lepowski ([35]) who generalized the results about true
Verma modules of Bernstein-Gelfand-Gelfand and Verma ([5, 6, 44]).

For an irreducible finite dimensional P-module V| there exist only a finite
sequence of homomorphisms of GVM’s starting with M,(V) and all the
GVM’s in this sequence are induced by highest weights that are linked by the
affine action of the Weyl group W (associated to g). The homomorphisms
of GVM’s that have regular infinitesimal character are quite well understood
([8]). But the homomorphism dual to the Dirac operator in several variables
described above acts between GVM’s that have singular character. The
general theory gives only few tools to deal with this case, but despite this,
we prove the existence of a nonzero homomorphism of GVM’s so that the
dual operator is the Dirac operator in several variables.

All GVM’s with highest weights on a chosen affine orbit and homomorphisms
between them form the BGG graph. In the thesis, the structure of this graph
is described (for the specific singular orbit that contains the homomorphism
dual to the Dirac operator) in case the dimension of the variables is odd. A
conjecture is formulated that, if the dimension n of the variables is even and
n/2 > k, where k is the number of Clifford variables, the BGG graph has
the same form as in the odd case. This implies that the Dirac operator in
k variables is only the first operator in a sequence of G-invariant operators.
For k = 2 (Dirac operator in 2 variables), there are only 2 further operators
in this sequence and their form was found explicitly. It turned out that these
operators were identical with the operators forming a resolution of the Dirac
operator in 2 variables computed in [18]. So, these operators not only form
a resolution but each of them is also G-invariant. After the identifications
between sections of spinor bundles and functions on the flat space, action of
G includes translation (f(z,y) — f(x 4+ u,y +v)), SL(k) x Spin(n)-action,



and much more. The invariance of these operators is one of the main results
of this work.

Now we give an overview of the chapters and their content.
The first chapter is the preface.

In the second chapter we give an overview of the ingredients used later. This
includes the highest weight theory, parabolic subalgebras and associated
grading, definition of GVM and the duality between homomorphisms of
GVM’s and invariant differential operators. The only new result is Theorem
2.4.1 that gives a simple tool how to determine the order of an operator dual
to a homomorphism of GVM for first and second order operators. Finally,
the classical Dirac operator on the flat space is introduced.

The third chapter is devoted purely to properties of GVM’s. Results of
Bernstein-Gelfand-Gelfand and Lepowski are presented, partially with com-
prehensive proofs (lemma 3.3.1 and Theorem 3.3.3) and with a slight exten-
sion of Lepowski’s theorem for non-integral weights (Theorem 3.3.4). Fur-
ther, we show that this theorem cannot be generalized to weights of singular
characters. We give a precise definition of singular Hasse graph and BGG
graph and give a conjecture that, in most cases, these graphs coincide.

In the fourth chapter, we choose the pair (G = Spin(n + 1,1), P) and par-
ticular weights p, A and show the existence of a nonzero homomorphism
between GVM'’s induced by P-representations with these highest weights.
We show that this is dual to a differential operator that is, locally, the usual
Dirac operator. Further, we choose the pair (G = Spin(n + k, k), P) and
particular weights u, A and we again show the existence of the homomor-
phism of the GVM’s. We claim that this is dual to the Dirac operator in k
variables. To give a meaning to this, we need to assign to each section of the
spinor bundle a function f on g_ and then to restrict the operator to such
sections, so that the corresponding functions do not depend on g_» and can
be considered as functions of g_; only.

In the fifth chapter, we compute the affine orbit of the weights u, A intro-
duced in chapter four. We show that in case n is even, the structure of the
singular Hasse graph does not depend on n for n/2 > k but becomes larger
for n/2 < k (its form is described in the case k = n/2 + 1). This does not
happen in odd dimension. If n is odd, the BGG graph was computed and its
structure is independent of n. We show that all homomorphisms of GVM’s
in the odd case are standard whereas in the even case the second order ho-
momorphisms are nonstandard, if they exist. The existence of these second
order homomorphisms, however, is not proved in general and it remains as
a conjecture.



The sixth chapter is devoted to a study of the sequence of GVM’s that
corresponds to k = 2 (Dirac operator in 2 variables). In this case, the
sequence consists of only 3 operators, whereas the second one is nonstandard
and of second order. The existence of the nonstandard operator is proved
by computing the extremal vector. This is a vector in the GVM that is the
image of the highest weight vector in another GVM by the homomorphism in
question. This vector determines the homomorphism uniquely and the only
condition on it is its weight and the fact that it is annihilated by the action
of all positive root spaces in g. Finally, we used the explicit form of this
extremal vector and “translated” the GVM homomorphism into operators.
We found the form of the three operators to be (assigning functions on g_
to sections and restricting to functions constant in g_o)

(o)

f—

Dy f

<91> . <D1D192 - D2D191>
92 D1D>gs — D2Do gy

<h1> — Diho — Dahq
ha

where D; = Zj ej - 0;; for i = 1,2. This coincides with the resolution

computed in [18, pp. 238]. The equation given by the third operator Dqhg —
Dyhq = i has solution for any smooth function i so the resolution ends here.



2. INTRODUCTION

2.1. Semisimple Lie algebras. Let g be a (real or complex) semisimple
Lie algebra. We fix a maximal commutative subalgebra b of g called Cartan
subalgebra and a set of positive roots ®* for (g,h). Let ® = T U —dT be
the set of all roots. The root space g4 corresponding to the root ¢ is one-
dimensional and consists of elements e4 such that [h,es] = ¢(h)ey for each
heb.

It is well known that, for g semisimple, g = h Bgea gyp. For a fixed (g, b, D),
we define A = {aq,...,a,} to be the set of simple roots (basis of h* so
that each positive root is an integral combination of «;’s with nonnegative
coefficients).

The Killing form (a,b) — Tr(ad(a)ad (b)) defines a duality between h and h*.
For each root ¢ we define the coroot Hy := ﬁ(ﬁ € h where we identified ¢

with an element of h via the Killing form.

We will call elements of h* weights. The fundamental weights w,...,wy,
are elements of h* dual to the simple coroots Hy,,,..., H,,. Fundamental
weights form a basis of h* and we will sometimes denote weights by its
coefficients in this basis. We define an ordering on the weights by pu < A
if and only if A — p is a sum of positive roots with nonnegative integral
coefficients.

A weight p € b is said to be dominant, if Hy(pn) > 0 for all @« € A and
strictly dominant, if H,(p) > 0 for all & € A. The set of dominant weights
is sometimes called fundamental Weyl chamber. A weight p € b is called to
be integral, if H,(p) € Z for all « € A. We denote by P the set of integral
weights (it is called weight lattice) and by PT* the set of dominant integral
weights. We see that a weight is integral, if it is an integral combination
of fundamental weights and dominant, if it is a nonnegative combination of
fundamental weights.

A representation of g is a vector space V that is a g-module, i.e. there is a
homomorphisms of Lie algebras ¢ : g — gl(V). For a representation V and
u € b, we define the weight space V¥ of weight pu by

VE:={v eV, Yhebh ph)(v)=uh) }.

A representation V is called a highest weight module, if it is generated by a
weight vector v, that is annihilated by all the positive root spaces in g.

The following statements can be found in, e.g. [29, 27, 30]:

For g semisimple, each finite-dimensional representation V of g is a direct
sum of irreducible representations. V is a direct sum of its weight spaces.



There is a one to one correspondence between isomorphism classes of fi-
nite dimensional irreducible representations and P*t*. This correspondence
assigns to each p € PT an irreducible finite dimensional highest weight
module V,, with highest weight 4 (and all such modules are isomorphic).

For (g,h,®") we define the lowest form § € h* to be § := %Z(b@ﬁ ¢. It is
easy to show that § = ) ; wj. For each root ¢ we define the root reflection
54 b = b*, p— p— Hy(p)e (it is a reflection in h* with respect to the
hyperplane orthogonal to ¢, and the Killing metric). The Weyl group W
is the (finite) group generated by all simple root reflections s,. For any
element w € W, we define the length I[(w) to be the minimal number k so
that w = 54, ... Sq, for some a; € A.

We will be interested mainly in the case when g is the complex orthogonal
Lie algebra so(l, 3) consisting of endomorphisms A of C' such that 3(z, Ay)+
B(Az,y) = 0 for ,y € C!, B being some non-degenerate symmetric bilinear
form on C!. This is, clearly, the Lie algebra of the orthogonal Lie group
s0(l, 3). All such algebras, for different choices of 3, are isomorphic, but for
convenient computing, we will choose the form ((z,y) = 22:1 TijYi41—j- In
this case, we can describe elements of so(l, 3) explicitly.

Let us suppose that | = 2n is even. The Lie algebra has rank n and is
sometimes denoted by D,. In the formalisms of [29], it consists of matri-
ces of size 2n x 2n, antisymmetric with respect to the anti-diagonal and
the Cartan subalgebra b can be chosen to be the subalgebra of diagonal
matrices. It has dimension n. In this formalism, we introduce the orthog-
onal (with respect to the Killing form) basis {e1,...,€,} of b* defined by
¢;(diag(ay,...,an, —an,...,—ay)) := a;. The positive roots can be chosen
to be €¢; = ¢€;, i < j. For n = 3, the matrices have the following form:

hi  x12 m3 | x4 w15 0
y21  he  x23 | w4 0  —x5
Y31 Y2 h3 0 —moy —w34
Ya1 Y42 0 —hs —mxe3 —w13
ys1 0 —wyao | —ys2 —h2 —w12
0  —ys1 —ya1 | —y31 —y21 —h1

The matrices with x;; = 1 for some ¢, j and having 0 on other positions are
generators of positive root spaces. Similarly, matrices with y;; = 1 and 0
elsewhere are generators of negative root spaces and the matrices with h; = 1
generate the Cartan subalgebra h. Further, we will usually denote by x;;
resp. ¥;; the corresponding root space generator and by h; the elements
of h. In the upper left square, the generator of a positive root space x;;
corresponds to the root €;—¢; and in the upper right square, x;; is a generator
of the root space corresponding to the root €; + €2, 41— (in our case, n = 3).
The generator of negative root space for the root —¢ is just the transposed
generator of the ¢-root space. In the e¢;-basis, fundamental weights are
w; =[1,...,1,0,...,0] where the last 1 is on the j-th position for j <n —2

and w,_1 = %[1,...,1], Wy = %[1,...,1,—1]. A weight p = [a1,...,a,] is



dominant exactly if a1 > a2 > ... > an—1 > |a,| and strictly dominant if
strict inequalities hold. The weight u is integral, if the a;’s are all integers
or all half-integers. The lowest form is § = [n—1,n —2,...,1,0].

In case [ = 2n + 1, the algebra is denoted by B, and consists of matrices
(2n + 1) x (2n + 1) antisymmetric with respect to the anti-diagonal. The
Cartan subalgebra h can be again chosen to be the subalgebra of diagonal
matrices. It has dimension n. We define the orthogonal basis {e1,...,€,}
of b* by €;(diag(ay,...,an,0,—an,...,—a1)) := a;. The positive roots are
then €; £ ¢;, i < j and ¢, 1 < j < n. For n = 3, the matrices have the
following form:

hi  ®g2 m3 | Tua | T15  Ti6 0
Y21 ho  T23 | 724 | T25 0 —x5
Y31 Y32 hy | w34 0 —To4 —I34
Ya Ya2 Y43 0 | —w3a —T2qg —T14
Ysi  Ys2 0 |—wya3| —h3 —w23 —m13
ye1 0 —ys2 | —wya2 | —¥32 —ha —x12
0 —ye1 —Ys1|—Wa1 | —Y31 —Y21 —M

Similarly as before, the matrices with z;; = 1 for some ¢, and 0 on other
positions are generators of positive root spaces and matrices with y;; = 1
for some 7,5 and O elsewhere are generators of negative root spaces. In
the upper left square, x;; corresponds to roots €¢; — ¢;. In the upper right
square, xj; is a generator of the root spaces corresponding to ¢; + €2 +2—j
and in the middle-column, x; ,41 generate the root space for ¢;. Generators
of negative root spaces are again just transposed generators of positive root

spaces. In the ¢j-basis, fundamental weights are w; = [1,...,1,0,...,0]
where the last 1 is on the j-th position for j <n — 1 and w, = %[1, o1
A weight p = [a1,...,a,) is dominant exactly if a1 > as > ... > ap_1 >

an > 0 and strictly dominant if strict inequalities holds. The weight u is
integral, if the a;’s are all integers or all half-integers. The lowest form is
§=3[2n—1,...,3,1].

2.2. Parabolic subalgebras and grading. For the triple (g, b, ®*) where
g is semisimple, b a Cartan subalgebra and ™ the set of positive roots, we
define the Lie algebra n := @4cq+8s- In the orthogonal case, choosing h and
dT as above, n consists of strictly upper triangular matrices in g. Further,
we define the Borel subalgebra b :=h @ n.

We call any subalgebra p of g a parabolic subalgebra, if it contains b (associ-
ated to some choice of (h,®"). In that case, b is also a Cartan subalgebra
of p and ®* is a set of positive roots for (p,h) as well (however, p usually
does not contain all negative root spaces of g). It was shown in [14] that
there is a 1 — 1 correspondence between parabolic subalgebras of g (by fixed
h,®T) and subsets of A: to any ¥ C A we assign the parabolic Lie algebra
py = queA g_4 ® b where A C T consists of those positive roots that can
be expressed as a sum of simple roots that are not in . Each parabolic
subalgebra p is of this type. Further, there is a 1—1 correspondence between



parabolic subalgebras of g and gradings g = @f:_kgi of g. Given ¥ C A,
the set g; (i # 0) is defined to be @gca,84, where A; contains elements
¢ = zajeA cja; such that zajez c; = 1, and go = b Dgea, 94- Given a
grading @,g;, the parabolic subalgebra is then p = ©;>0g;.

The set of simple roots A can be described by the Dynkin diagram: it is
a diagram where nodes are simple roots and edges indicate angles between
them, see, e.g. [30].

A parabolic subalgebra can be given by crossing the nodes representing
simple roots in ¥ in the Dynkin diagram. For example, the Dynkin diagram
for so(2(k + n),C) with ay, crossed (i.e. ¥ = {a})

o

induces a gradation

90 g1 | 92
(2.1) g=1 91| g | o
g-2|9-1]90

where go = gl(k,C) @ s0(2n,C), g1 consists of a block of size k x n and its
negative transpose with respect to the anti-diagonal, and go is a block of
size k x k (antisymmetric with respect to the anti-diagonal). The associated
parabolic subalgebra is then p = go @ g1 B go. If £ = 1, then go = 0 and ¢
is only 1-graded.

Similarly, in the odd orthogonal case, ¥ = {1} induces a l-grading of g
and ¥ = {ay} induces a 2-grading for k& > 2.

For each grading @©;g; of g, there is a unique element E € gq called grading
element defined by the property [E, g;] = jg; for g; € g;.

Lemma 2.2.1. Let g = s0(2(n + k),C), p be the parabolic subalgebra cor-
responding to ¥ = {ai} and n > 1. Then the grading element associated to

(g,p) is

1{0] 0
E =diag(1,...,1,0,...,0,—1,...,—1)=| 0]0] 0
00 —1

the diagonal blocks are of size k X k,n xn and k X k.

For g=s0(2(k+n)+1,C), ¥ ={ax}, n > 1 the grading element is
E = diag(1,...,1,0,...,0,—1,..., 1)

(there are k one’s and 2n + 1 zeroes in the expression).

If the parabolic subalgebra is the Borel subalgebra b, then the grading element
corresponding to (g,b) is

By = diag(...,5/2,3/2,1/2,—-1/2,-3/2,-5/2,...)

10



in the even orthogonal case and
Ey = diag(...,2,1,0,—1,-2,...)

in the odd orthogonal case.

Proof. In the even 2-graded case, consider the structure of the grading given
by (2.1) and we can verify the condition [E,g;] = jg; by commuting the
(antisymmetric with respect to the anti-diagonal) matrices. The odd case is
similar. In the even Borel case, the root space E; j— Eo(nik)+1—j2(ntk)+1—i €
gj—i for i+ j < 2(n+k),i # j and the equality [E,g;] = jg; can be again
easily verified by commuting (F;; is a matrix with a 1 on position (7,7) and
zeros on other positions). U

It can be shown that go = g3° © 3 where g;° is semisimple and 3 is the
center of gg. Dimension of 3 is equal to the cardinality of X, so in case
Y = {ax}, 3 is generated by the grading element. Clearly, b is a Cartan
subalgebra for go, A — X is a set of simple roots and {w;; a; ¢ X} is a set
of fundamental weights for it. Any irreducible representation V of gj* can
be extended to a representation of gy letting 3 act by z - v = v(z)v where
v € 3* is arbitrary. Let u be any weight of V. The number u(FE) is called
generalized conformal weight (because V is generated, as a go-module, by
a highest weight vector and F is in the center of gg, this is independent
of the choice of p). Further, any irreducible gg-module V can be extended
to an irreducible representation of the whole p, letting p™ = Zj>0 g; act
trivially. On the other hand, if V is an irreducible representation of p, the
action of p* must be trivial on it (it follows from Engel’s theorem about
nilpotent Lie algebras), so, finite-dimensional irreducible representations of
p are completely described by the highest weight of V as a gg-module.

Let us denote by P, the set of weights p such that H,(u) € Z for all
a € A — ¥ and call it p-integral weights (or g§’-integral). We say that a
weight p is p-dominant (or gg’-dominant) if Hy(p) > 0 for all @« € A — 3.
Similarly, we define a strictly p-dominant weight. We denote by PpJr * the
set of p-integral and p-dominant weights. Note that P, is not a lattice, but
it consists of dim(3)-dimensional planes in h*. A weight is in PpJr * exactly if
it is expressed as » | ; ¢jT0; so that ¢; is a nonnegative integer for each j such

that o; ¢ ¥. We see that there is a 1 — 1 correspondence between PpJr * and
the set of isomorphism classes of irreducible finite dimensional p-modules.
Clearly, Pt C P,

In case so(l,C), we usually express the weights in the e;-basis defined in
2.1. Assume that g = s0(2(k + n),C), ¥ = {ax} and n > 1. Then a
weight p = [a1,...,aglb1,...,b,] is p-dominant, if a3 > ay > ... > a; and
by > by > ... > by—1 > |by| and p-integral if a; — a; are all integers and
b; are either all integers, or all half-integers. Similarly, in the odd case g =
s50(2(k+n)+1,C), ¥ = {ax} and n > 1, a weight p = [a1,...,ak|b1,...,by]
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is p-dominant if a1 > ... > a and by > ... > b, > 0 and p-integral, if
a; — aj € Z and the b;’s are all integers or all half-integers.

From lemma 2.2.1 it follows that the grading element evaluation is
[al,...,ak|b1,...,bn](E) =a1+ ...+ ag.

in even as well as in the odd case.

2.3. True and generalized Verma modules. The representations of any
Lie algebra g are in a natural correspondence with representations of the
associative algebra

U(g) :=T(g)/1

where [ is the ideal in the tensor algebra generated by all [z, y] —TRY—yYQ.
It is called universal enveloping algebra. The filtration Ty(g) = &F_T%(g)
projects to a filtration Uy (g) of U(g).

We see from the definition that U(g) is a g-module, if the action of g on U(g)
is the left multiplication, i.e. g (g1 ®...@ggmodIl) = g® g1 ®...® ggmod [
and, extending this action, a left ¢(g)-module. Considering multiplication
from the right, U(g) is a right U (g)-module and for any subalgebra g; of g,
U(g) is a right U(g1)-module. The right and left actions obviously commute.

The PBW-theorem (see, e.g. [30]) states that for any basis vy, ..., v, of g,
the set

{’UZ'I®UZ'2®...®’UZ'].IHOC1]; ilgigg...gij,jEN}

is a basis of U(g) (as a vector space).

Assume that g is semisimple and (h, @) is chosen. For any p € h*, C can be
given the structure of a b-module, where the action of § is h-v = pu(h)v for
h € h,v € C and the nilpotent algebra n acts trivially. We will denote this
representation by C,. We see that C, is a left ¢/(b)-module. Further, we
know that U(g) is a right ¢ (b) module and left ¢ (g)-module and that both
actions commute. So, we can define the Verma module to be the g-module

M(p) = U(g) By Cp

If we choose {y1,...,yk, h1,.. ., hn,21,..., 2} to be an ordered basis of g so
that y; are generators of the negative root spaces in g, h; generates h and z;
are generators of the positive root spaces in g, it follows easily from the PBW
theorem that, as a vector space (and as g_-module), M(n) ~ U(g-) ® C,
where g_ 1= Z¢€¢+ g—4. The tensor product is over the C, resp. R, if g is
a complex, resp. real, Lie algebra. M (u) is a highest weight module with
highest weight p and p-weight vector 1 ® 1. Simple commutation relations
imply that the weight of y1...yx ® 1 is p — >, root(y;), where root(y;) is
the root to which y; is the root space generator.
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The Verma modules are maximal in the sense that each highest weight
module with highest weight p is isomorphic to a factor of the Verma module
M (), see e.g. [30, 21].

Let p be a parabolic subalgebra of g and p € P;r *. Then there is an
irreducible representation V,, of p with highest weight ; and we define the
generalized Verma module

Mp(:“) = U(g) O (p) V=~ Ug-)® Vi,

where g = g_r & ... P g_1 is the negative part of g in the grading corre-
sponding to p, see 2.2. The second tensor product, again, is over C resp. R
for a complex resp. real Lie algebra g. Sometimes we will write M,(V) for
the generalized Verma module induced by a p-module V.

My(p) is naturally a g-module by the left action of g on U(g). We call
My(p) — My(X) a homomorphism of generalized Verma modules, if it is a
g-homomorphism. If V, is a P-module, where P is a Lie group with Lie
algebra p, My(u) is also a (g, P)-module, the action of p € P being

Y1y @v = Ad(p)(y1) - .. Ad(p)(yr) @ (p - v).

M, (1) is a highest weight module with highest weight p and p-weight vector
1 ® v,, where v, is the highest weight vector in V. Let us denote the
generators of negative root spaces in g_ by y; and the generators of negative
root spaces in gg by Y. It follows from the PBW theorem and the fact that
V,, is generated by v, that the vectors

(2.2) Yir --- Yy, @Y, '~Yjsvu

generates My(p) and, if Yj, ... Y} v, is nonzero, then (2.2) is a weight vector
of the weight p — >, root(Yj,) — >, root(y;,). However, Yj ...Yj v, may
be zero in V,, so the generalized Verma modules are in general “smaller”
then (true) Verma modules.

2.4. Invariant differential operators. Let G be a semisimple Lie group
and H a (closed) Lie subgroup. The homogeneous space G/H is a smooth
manifold and the projection 7w : G — G/H induces a principal fiber bundle
on G/H with structure group H, see, e.g. [39, 14, 34]. To each H-module V
we can associate a vector bundle V(G/H) := G x g V. The equivalence class
of [g,v] € G xV in G xg V will be denoted by [g,v]y and the projection
GxyV — G/H is given by [g,v]yg — gH. There is an isomorphism between
sections I'(V(G/H)) and H-equivariant functions C*(G, V) i.e. functions
f: G — V such that f(h™'v) = h- f(v) for each h € H. This isomorphism
assigns to a section s € I'(V(G/H)) the function f so that f(g) is the unique
v € V for that s(¢H) = [g,v]g. On the other hand, given an equivariant
function f, we can define the section s by s(¢H) = [g, f(9)]y and this
definition is independent of the choice of g.

The group G has a natural left action on the following spaces:
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on G/H: g1 - gH = g1gH

on V(G/H): g1-[g9,v]n = [g19,v]n

on T(V(G/H)): (g1-5)(gH) = g1 - (s(g; 'gH))
on C=(G,V): (g1- f)(9) = f91'9)

It is easy to verify that the last two actions are compatible with the isomor-
phism I'(V(G/H)) ~ C*>®(G,V)H described above.

Let V and W be representations of H and V(G/H) and W(G/H) the as-
sociated vector bundles. A map D : I'(V(G/H)) — I'(W(G/H)) is called
an operator. The operator D is called differential of order k, if the value
Ds(z) depends only on s(x) and derivations of s in = up to order k (this
makes sense, because in a neighborhood U of x, the bundle is trivialized to
U x V by some bundle map and the transitions between bundle maps are
C*). An operator D is called invariant if it commutes with the action of G
on sections. We will deal only with linear invariant differential operators in
this work.

It is easy to see that an invariant operator D is completely determined by
the values Ds(0) on sections, where 0 = eH € G/H is the image of the
identity element of G in G/H. If the operator is of order k, the values
Ds(0) depend only on the k-jet J(])"’S of sections in 0 and the operator is
determined by a H-homomorphism ¢p : J§(V(G/H)) — W, where the
action of H on J¥(V(G/H)) is the action on representatives. The operator
acts by Ds(0) = ¢pJ§(s) and ¢p must be a H-homomorphism because D
is G-invariant and the action of H takes k-jets of sections in 0 to themselves.

The most trivial example is the Euclidean space R"™ considered as a homo-
geneous space Euc(n)/SO(n). Let V = R be the trivial representation of
SO(n), then the sections I'(V (G/H)) are just functions on R™. Its 1-jets in 0
can be identified with R® (R")* @ R ~ R® (R™)* by f +— (f(0),df(0)). The
action of H on 1-jets in 0 implies that (R™)* is the dual defining representa-
tion of SO(n) and we see that the only (nontrivial) H-homomorphisms from
J¢ to W exists for W = (R™)* and ¢ : R @ (R")* — (R™)* the projection
onto the second component. The vector bundle associated to (R™)* is the
cotangent bundle and D is the differential.

Let g be the (semisimple) Lie algebra of G. We will call P a parabolic
subgroup of G if it is a Lie subgroup and its Lie algebra p is a parabolic
subalgebra of g. For a parabolic subalgebra p of g, P can be defined ex-
plicitly as the set {p € G,Ad(p)(p) C p}. We know that each irreducible
finite dimensional representation of P is a representation of p and can be
characterized by its highest weight p € PpJr *. We shall assume that G and
P are real Lie groups and consider smooth sections, not holomorphic. So,
the algebras (g,p) are real as well.
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The space J&(V(G/P)) of sections can be identified with J*(C>(G,V))?,
where e € G is the identity element. It can be shown that this is dual, as
a P-module, to Uy(g) ®y(p) Vi (Uk(g) is the k-th filtration of U(g)) and the
duality is given by

(2.3) (Yi...Yi®up Ajef) = ALy - Ly, f)(e))

for I <k, A € V%, j5f the k-jet of f in e, Y; € g and Ly, the derivation
with respect to the left invariant vector fields induced by Y.

An invariant differential operator of order k is determined by some P-
homomorphism ¢p : JF(C®(G,V,)) — V, and, applying (2.3), the dual
map @7, : Vi, — Up(8) @y (p) V3. The right side is a P-submodule of M(V7}).
Further, each P-homomorphism ¢ : Vj, — M,(V}) can be extended to a
(g, P)-homomorphism My(V},) — M,(V3) of generalized Verma modules by
Y1 YRV — Y1 ...y Qr ¢(v) for y; € g—, the action of p on V3 being the
infinitesimal action of P (we identified My(v) ~U(g—) Qr V).

It follows that there is a duality between invariant linear differential op-
erators D : I'(G xp V,) — I'(G xp V) of any finite order and (g, P)-
homomorphisms of generalized Verma modules M (Vy,) — My(V3) (see [14]
for details).

Let u, A € P; * and assume that V, and V) are P-modules, so that the
action of p is the infinitesimal action (for example, if P is simply connected,
this is true for all 4,A € P;f"). Then each g-homomorphism My(p) —
M,(X) lifts to a (g, P)-homomorphism, defining the action of P in a natural
way by p- (y1...y ®@rv) := Ad(y1) ... Ad(y) @r p - v.

The following theorem is an important tool for determining the order of an
operator, dual to a homomorphism of generalized Verma modules.

Theorem 2.4.1. Let p, A be highest weights of some irreducible finite-
dimensional P-modules V,,, Vy and ¢ : My(n) — My(X) be a nonzero ho-
momorphism of generalized Verma modules. Let E be the grading element
for (g,p) and assume that (A — p)(E) € {1,2}. Then the corresponding
(dual) invariant differential operator I'(G xp V) — T'(G xp V},) has degree

(A= ) (E).

Proof. Let v, be the highest weight vector of V,. Then ¢ is completely
determined by ¢(1 ® v,,), the image of the highest weight vector in My (),
because generalized Verma modules are highest weight modules. Define
y; € U(g-) and v; € V) so that ¢(1®wv,) = 3_, y; ®v; (this is possible since
My(N) = U(g_) & V).
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Let k be the maximal integer such that y; € Ui(g—) for some y; and let
0 # go € U(go). Then ¢ maps 1 ® go - vy = go Py(p) Uy tO

> 908 umyvi = Y1590+ 190 Ui) Rupyvs = Y (4, ®rg0-vj+ 90, Y] @r ;)

J j j
because [go,y;] € U(g—) for go € U(go),y; € U(g-) ([a,b] = ab — ba is the
commutator in the associative algebra (g)). Simple commutation relations
show that, if y; € U(g—) — Ui—1(g-), then [go,y;] € Ui(g-) — Ui—1(g-) as
well. This implies that, if k is the smallest integer such that ¢ maps 1 ® v,
into Uy (g—) ® V,,, then ¢ maps 1 ® go - v, into Uy (g—) ® V,, as well (but not
to Uy_1(g—) ® V). V,, is generated by v, so we proved that ¢ maps 1@V,
into L{k(g_) & V“.

In particular, for any v € V,,, ¢(1 ®r v) = Ej 7 ®r v; for some ¥; € Vy,
U; € Up(g—) and §; ¢ U_1(g—) for some i. Without loss of generality, we

can assume that g; = yij) e yl((j;) for some ygj) €g_,l(j) <kand (i) = k.

Applying the duality (2.3), the differential operator D satisfies
A(DAO) = Y55 Ly (D(O)
j

1(5)
where L (;) are the left invariant vector fields generated by yq(Lj ) ¢ g_. So,
the operator D dual to the homomorphism is of order k.

Let us suppose that the operator has order k, ie. ¢ maps 1 ® v, into
Ur(g-) @ V) but not into Ux_1(g—) ® V). Let {y1,...y,} be an ordered
basis of g_ that consists of generators of negative root spaces in g_.

Let ¢(1 ® v,) = Zj 7; ® v; and assume that all the v;’s are weight vectors
in V) and g; is a product of the y;’s (it follows from the PBW theorem that
such expression is always possible). Then all §; ® v; are weight vectors and,
because their sum is a weight vector of weight u, each y; ® v; is a weight
vector of weight u as well.

Because ¢(1 ® v,,) & Up—1(g—) ® V}, there exists ¢ such that §; = y;, ... s,
is a product of &k elements. Let u; € N be defined by y;; € g—,,;. The action
of the grading element on y;, ...y;, ®v; is

E-(yiy - yi, @r Vi) = Eyi, - .. yi, Qu(p) Vi =

= (y“E + [anil])yiz - Yig ®M(p) V= ... =

= Y yzk()\(E) —Uur — ... —Uk) ®R'U7;

But y;, ... yi, ®@v; is a weight vector of weight p, so the left hand side equals
P(E) (Y, - -y, Or v4). It follows

(2.4) A= w)(E) =Y u; >k
J
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because u; > 1 for all j. So, we see that (A — p)(E) is always an integer
larger or equal to the order of the operator.

It follows immediately that (A — p)(E) = 1 implies that the operator is of
first order. To finish the proof, it remains to show that for a first order
operator, (A — u)(E) is 1 (and not 2).

Assume that D is an operator of first order. This means that ¢(1 ® v,) =
Zj y; ®vj for y; € Ui(g—) and again, assume that y; are either constants or
generators of negative root spaces and v; are weight vectors. All the terms
y; ® v; are of weight i, and therefore,

W(E)(y; @ v;) = E(y; @ v;) = (ME) — [E,y5])(y; @ v;)

so [E,y;] = (u— A)(E) for all j and it follows that all the y;’s are from the
same graded components of g. If y; € g_1, so (A — p)(E) = 1 and we are
done. Assume, for contradiction, that y; € g_ for k > 1.

Because Zj yj®v; € g_p®Vy, choosing a basis {71, ..., 0} of Vj, Ej Y; Qu;
can be uniquely expressed as Z?:l 7; ® v; for some 7; € g_;. Because it
is a homomorphic image of a highest weight vector in M,(u), it must be
annihilated by all positive root spaces in g, in particular, by any generator
x of a root space in g;:

2O G 00) = xl Qup) b = (7 + [1,55]) Qup) b =
j j

= 0 Bup) - Ui + [, 73] Qupy B = Y [z, 8] @05 =0
7 5

because [z,7;] € g_r4+1 C g— and x - Uy = 0. Because 0; forms a basis of
V., it follows that for each j, [x,7;] = 0 for all x € g;. The grading must
fulfill that g_; generates g_ and it follows that g; generates p™ = Zle gi.
The Jacobi identity implies that if ; commutes with g;, it commutes with
all the p™ as well. Let §; = >, a;y_y, where y_,, is a generator of the
—¢;-root space. Define z := ), a;x4,, where x4, is a generator of the ¢-
root space. We see that z € g and [z,7;] = >, a?[zg,y_e)] # 0 because
[g,y—y] # 0 if and only if ¢ = 1. So, we obtained a contradiction and
therefore y; € g_1. O

We see that the degree of an operator of first or second order can be recog-
nized immediately by the weights p, A.

The operators of first order can be found easily. As we know, they are
determined by P-homomorphism J!(V(G/H)) — W, where V and W are
the P-modules inducing the associated vector bundles. As vector spaces,

Je(V(G/H) =V (g~ ®V)
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if we assign to a any 1-jet in e of f € C°°(G,V)¥ the pair (v, ¢) € Vo (g* ®@V)
defined by v = f(e) and ¢(X) = (w1 X £)(0) where w is the Maurer-Cartan
form trivializing the tangent bundle T'G.

The action of P on V& (g* @ V) was computed explicitly in [40] and it follows
that the action of Gy (as a subgroup of P) on J! ~ V& (g* ®V) is the usual
action on the sum and product of Gg-modules. The tensor product g* ® V
decomposes, as a Gg-module, into a sum of irreducible Gy-modules F &®...H
Fj. so that all irreducible modules in the decomposition have multiplicity one,
see [41]. Therefore, any homomorphism g* ® V to an irreducible module F’
is a projection onto one of these irreducible components. So, if none of the
F ]{S is isomorphic to V, then there is a direct Gp-module decomposition

JNV(G/P)~VaF &...0F,

and each first order operator from I'(V(G/H)) to somewhere is determined
by the projection to some F; (but the opposite statement is not true, the
projections need not to be P-homomorphisms in general).

We will usually consider complex representations of the (real) Lie group P.
If C is the trivial representation, I'(C(G/P)) is the space of smooth functions
on G/P,so J! ~ Cag* @rC ~ Co(p)¢, where (pT)¢ is the complexification
of the positive part p* = @y>1gx. In this case, J! ~ C @ (p™)° also as P-
module (if the action of P is the adjoint action), so there exists a differential
operator of first order determined by C& (p*)¢ — (p*)¢ and it is the unique
G-invariant first order operator acting on functions on G/P. The vector
bundle associated to the complexified adjoint representation (p*)¢ of P is
the complex cotangent space T*(G/P)¢ and the operator is (up to multiple)
the De Rham differential d, because we know that g - df = d(g - f) for
all diffeomorphisms g, especially for all ¢ € G (it is easy to see that the
action of g on a section is the pullback of the differential form or function
in this case). In the language of generalized Verma modules, the De Rham
differential is dual to a homomorphism M,((g/p)¢) — My(C), where g/p is
the representation of p dual to p™.

2.5. Dirac operator and Clifford algebras. Fix a (positive definite)
metric on R™, resp. C". The real, resp. complex, Clifford algebra Cliff (n, R),
resp. Cliff(n,C), is defined to be the associative algebra generated by 1 and
R™, resp. C", with the relations e;-e; = —e;-¢; fori # j and e;-¢; = —1, ¢;
being an orthonormal basis of R™, resp. C". The spin group Spin(n), resp.
Spin(n, C) is the multiplicative subgroup generated by all v; - v;, where v;, v;
are unit vectors. It has a natural action on R™ (resp. C") defined by

(U1« Vop) -V I=0V] ... Vop V- Vap - ... v € Clff

and it is easy to check that the result is again a vector. This action is a rota-
tion for any x € Spin(n) and the vector space R", resp. C", with this action
is the fundamental defining representation of Spin(n), resp. Spin(n,C). It
can be shown that Spin(n), resp. Spin(n,C), is the unique connected and
simply connected Lie group with Lie algebra so(n), resp. so(n,C) (however,
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if we represent elements in so(n, C) as matrices like in section 2.1, one has to
take the defining condition of Cliff vy -ve+ve-v1 = 26(vi,ve) = > vivgﬂ_z).

If n is odd, the fundamental spinor representation S of Spin(n,C) can be
realized as a minimal left ideal in Cliff(n,C). If n is even, there exists a
unique minimal left ideal S in Cliff(n,C) that decomposes, as a Spin(n, C)-
module, into two irreducible modules ST and S~ that are the fundamental
spinor so(n, C)-modules with highest weights w,, s2—1 and @, /5. These two
representations of s0(n, C) are either self-dual (if n/2 is even) or dual to each
other (if n/2 is odd). In both cases (odd and even), S is called the space of
spinors. By restriction, S (resp. ST, S7) are complex representations of the
real Lie group Spin(n) as well. The action of R™ C Cliff(n,R) C Cliff(n, C)
on S C Cliff(n, C) given by left multiplication in Cliff(n, C) is called Clifford
multiplication.

The Dirac operator is defined via Clifford multiplication to be

D:C®R",8) - C®([R",S), fr>> e-0;f
J

and is independent of the choice of the orthonormal basis e;.
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3. HOMOMORPHISMS OF GENERALIZED VERMA MODULES

3.1. True Verma module homomorphism. Let W be the Weyl group
of g assuming a fixed choice of . We define the affine action of W on b to
be w - p = w(p + §) — 6. Usually, we will denote by dot (w - A) the affine
action and the usual action of W without dot (wA). The theorem of Harish-
Chandra says that a homomorphism of Verma modules M (u) — M(X)
can be nonzero only if p and A are on the same affine orbit of W, i.e.
w=w- X for some w € W. It is well known (see, e.g. [21, pp. 251]) that
dim(Hom(M (), M (X)) < 1 and that each homomorphism M () — M(X)
is injective. So, there exists a nonzero homomorphism M (p) — M (A) if and
only if M (u) is isomorphic to a unique submodule of M (\) isomorphic to
M (). We will write simply M () C M(A) in that case.

We can define the Bruhat ordering on the Weyl group by the relation w < w’,
if there exists a sequence w = wop, wy, ..., w, = w' so that w; = Sy;wj—q for
some positive roots y; and the length [(w;) > l(w;—1). We call Hasse graph
the graph whose vertices are elements of W and there is an arrow w — w’ if
and only if w’ = s,w for some v and I(w’) = [(w) + 1. It can be shown ([21,
pp. 265]) that for any w € W and v € ® either w < syw or s,w < w, ie.
the Hasse graph is the minimal partial ordered set of the Bruhat ordering.

Lemma 3.1.1. Let A € P+, thenw < w' if and only if w' (A6) < w(A+6)

Proof. See, e.g. [36, pp. 117], or [22, pp. T9]. O

Lemma 3.1.2. Let w' = syw for some positive root v and X be a strictly
dominant weight. Then l(w") > l(w) if and only if (wA)(Hy) > 0 (Hy is the
~-coroot).

Proof. Because ) is strictly dominant, it is in the interior of the fundamental
Weyl chamber and wA is in the interior of another Weyl chamber. Therefore,
sy (wA) = wA — (wWA)(H,)y # wA and (wA)(H,) # 0. For A\ € Pt 44, it
follows from the previous lemma that w’ > w if and only if w'A = w\ —
AHy)y < wA, so wA(Hy) is a nonnegative integer. The function f(u) =
w(Hy) defined on the interior of the Weyl chamber containing wP*T is a
continuous nonzero function with positive values on integral weights, so it
has positive values for all y = w, where X\ is strictly dominant. U

The following theorem, proved by Bernstein-Gelfand-Gelfand and by Verma
([6, 44]), describes the homomorphisms of Verma modules in terms of their
highest weights:

Theorem 3.1.3. Let u, A € h* (not necessarily integral). There exists a
nonzero homomorphism of Verma modules M(p) — M(X) if and only if
there exists weights X = Ao, A\1,..., A\, = p so that N\i1 = sg, - \; for some
positive roots B; and (N\; + 6)(Hg,) are nonnegative integers for all i.
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Corollary 3.1.4. Let A € PTF. Then M(w' - X) C M(w - \) if and only if
w<w.

Corollary 3.1.5. For A\ € P+, the mazimal (proper) submodule of M(\)

i85 D nen M(5a-A) C M(N).

The following lemma is a useful tool for comparing length of two elements
in W:
Lemma 3.1.6. Let M () C M(X), p= sy - A for some positive root v and

suppose that X\ # p. Let Ey be the grading element associated to (g,b). Then
(A= n)(Ee) €N

Proof. Let @;g; be the grading associated to (g,b) and let X, be the -
root space generator. In this grading, all the positive root spaces are in
bT, so X, € g; for some ¢ > 0. The defining equation for Ejp implies
[Fe, X,] = iX, = v(Fy) X5, so 7(Ep) = i. We obtain

1(Ee) = (sy(A+0) = 0)(Ee) = (A+ 6 — (A+0)(H, )y — 0)(Ep) =

= ME) — i\ + 0)(H,)
We know from Theorem 3.1.3 that (A + 0)(H,) is a nonnegative integer. If

(A +9)(Hy) =0, then A = u contradicts the assumption. Therefore, both i
and (A4 0)(H,) are positive integers and (A — p)(Ep) € N. O

So, to construct the Hasse graph, we can find the Weyl group orbit of § and
for any two elements p, A on it such that w'6 = sywd, we can determine
whether w0 > wd (i.e. w < w') or wd > w'd (i.e. w < w). In such a way,
we construct the Bruhat ordering.

The following theorem describes the Jordan-Holder series for Verma mod-
ules:

Theorem 3.1.7. Let 0 C A C B C M(\) be g-submodules and let B/A =
L(p) be an irreducible module with highest weight . Then M () C M(X).

Proof. See, [21, pp. 262]. O

Corollary 3.1.8. LetV,,, resp. Vy, be highest weight g-modules with highest
weights (i, resp. A, and let 'V, be a submodule of V. Then M () C M(N).

Proof. Let I be the ideal in M (M) so that M(\)/I ~ V, and let 7 :
M(X) — M(X)/I be the projection. Identifying V, with a submodule
of M(\)/I, define B := 7= *(V,). Then 0 C I C B C M()) is a se-
quence of g-submodules with B/I ~ V,. Because V, is a highest weight
module, take J to be the maximal non-trivial submodule of B/I so that
(B/I)/J ~ L(u) is irreducible with highest weight yu. Take A := 771(J).
Then L(u) ~ (B/I)/(A/I) ~ (B/A). So, 0 C A C B C M()) is a sequence
of g-submodules and we can apply Theorem 3.1.7. (]
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3.2. Parabolic Hasse graph. Let p be a parabolic subgroup of g, we de-
note by W, the Weyl group of p. It is the subgroup of W generated by the
“uncrossed” simple roots, i.e. simple roots with root spaces contained in gg
in the associated grading, see section 2.2. Denote the set of these simple
roots by S,ie. S=A—3.

Let us denote by WP the subset of W consisting of those w € W so that wA
is p-dominant for each g-dominant weight A. It is shown in [7, pp. 40] that
any w € W can be uniquely decomposed w = w,w? where w, € W, and
wP € WP and the length [(w) = I(wp) + I(wP). A special case of this is the
following lemma that we will use later:

Lemma 3.2.1. Let w € WP, a € S. Then sqw ¢ WP and l(sqw) =
l(w) + 1.

The following statement shows that the Bruhat ordering is reasonable de-
fined on WP:

Lemma 3.2.2. Let w,w’ € WP, and w < w' in the Bruhat ordering. Then
there is a path w — wy — ... — wy = w' in the Hasse diagram so that all
the elements w; € WP.

Proof. 7, pp. 45] O

We define the parabolic Hasse graph to be the set WP of vertices with arrows
w — w' if and only w — w’ in W. The lemma 3.2.2 says that the Bruhat
ordering on W induces the Bruhat ordering on WP.

The following lemma is a tool for comparing length of two elements in WP:

Lemma 3.2.3. Let E be the grading element for the pair (g,p) and let
w,w' € WP, w' = syw and l(w') > l(w). Then wé(E) and w'6(E) are
integers or half-integers and wo(E) — w'6(E) € N.

Proof. Let @;g; be the grading associated to (g,p). It follows from lemma
3.2.1 that v ¢ S, so the y-root space generator X, € g; for some i >
0 and this implies v(E) = i € N. We obtain w'6(E) = (sywd)(E) =
(wé — wé(Hy)y)(E) = wé(E) — iwd(H,). Using lemma 3.1.2, we see that
w(Hy) > 0. Recall that § = 3 w; is integral and so is wd for any w € W.
Therefore, wd(H,) € N and wé(E) — w'0(E) = iwd(H,) € N.

To show the half-integrality, recall that 6 = 1/2% 5.4+ 8 and wi(E) =
1/2% (wpB)(FE). For any root 3, wf is a root as well and wB(E) is integral.
O
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So, one way how to construct the parabolic Hasse graph is to find all p-
dominant weights on the Weyl orbit of § and for any w'd = s,wd, one may
use the last lemma to determine whether w’ > w or w > w'.

3.3. Standard and nonstandard homomorphism. Let g be a semisim-
ple Lie algebra and p a parabolic subalgebra. Assume, as before, that
S = A — Y is the set of uncrossed nodes, i.e. S C A, a€ S Y, €p
where Y, is the generator of the (—a)-root space. We know from 2.3 that
for p € P+, My(p) is a highest weight module with highest weight x and
therefore
My(p) = M(p)/K,
for some submodule K, of M (y).

It follows from 3.1.3 that for p € P+ and o € S, M(sq - ) C M(p) and
the following lemma makes sense:

Lemma 3.3.1. The kernel of the projection M(u) — Mp(p) is K, =
Y oacs M(8a - 1) (the sum of vector subspaces in M(u)).

Proof. Let {y;} be a basis of g_ and {Y;} be the set of generators of neg-
ative root spaces in go. Because M(u) — M(u)/K, ~ My(p) is a g-
homomorphism that maps 1 ® 1 to 1 ® v, where v € V, is the highest
weight vector in V,, it follows that the projection is given by

y1ka1Yl®1'—>y1yk®(Y1Y2U)
The right side is zero if and only if Y7 ...Yv is zero in V,.

The p-module V, is an irreducible gj*-module, so it is a factor of the Verma
module: V, ~ Mgss(uu)/ K" where Mgss(y) is the (true) Verma module for
the Lie algebra gg° and K’ is a maximal submodule of Mgss(u). S is the
set of simple roots for g&°, so it follows from corollary 3.1.5 that K' =

> aes Mgss (sa - p). Using elementary representation theory, we obtain that

Migss (Sa - ) is a submodule of Mgss(u) generated by Y HIT @ 1 where Y,
is the generator of the root space of root —a. The projection Mgss (1) — V),
is given by Y7...Y;® 1+ Y7 ...Yw. Therefore, a vector Y7 ... Yjv is zero in
V, if and only if ¥7...Y; € U(go) can be written down as a sum of vectors
of type Y ... YT’,LYO’f(H‘*)H, summing over o € S. So, as a g_-module, K, is

generated by the vectors Yy’ (Ha)+1 ® 1 what is the highest weight vector of
M(Sa'N)CM(M)’ U

Let p1, A be p-dominant and M (u) C M(A). It follows from lemma 3.2.1 that
for o € S M(sq - p) C M(p) and M(sq - A) C M(A). This implies ([21, pp.
252]) that M (sq - p) C M(sq - A) and, consequently, K, C K (representing
both as submodules of M ())). Therefore, for any u, A € PpJr * and a homo-
morphism i : M(u) — M(A) there is a well defined factor homomorphism
of generalized Verma modules i : Mp(p) — Mp(N).
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Definition 3.3.2. Generalized Verma module homomorphisms that are fac-
tors of true Verma module homomorphisms are called standard.

Standard homomorphisms are in general not injective, but a standard ho-
momorphism My(u) — My(A) is unique up to multiple.

Theorem 3.3.3. Let p, A € P, i : M(u) — M(X) be a homomorphism
of Verma modules. Then the standard homomorphism My(p) — My(X) is
zero if and only if there exists o € S so that i(M(u)) C M(sq - A).

Proof. If M (p) C M(sq-A) for some a € S, it follows from lemma 3.3.1 that
the standard homomorphism is zero. On the other hand, suppose that the
standard homomorphism M(u) — My()) is zero. Lemma 3.3.1 says that
M(p) C 22':1 M (sq,;-\) where ag, . .., oy are the simple roots in S. Choose i
to be so that M () C 35—y M(sy, ->\) t Bbut M(p) € 3571 M(sq,-A) =:
A. The module B/A is a highest weight module Wlth hlghest Welght Say * A,
because M (sq, - A) is such. Let v, be the generator of M (p) in M () (it is a
weight vector of Weight w) and let w : B — B/A be the projection. Because
M(p) € B, M(pn) € A, w(v,) # 0 in B/A and it generates some highest
weight module V CcB /A with highest weight . Applying corollary 3.1.8
we obtain M (u) C M(Sq, - A). O

Theorem 3.3.4. Let A\+6 be strictly dominant, w,w’ € WP, w — w' in the
parabolic Hasse graph for (g,p) and assume that w- )\ W\ e PJrJr Further,

let M(w'-X\) C M(w-X). Then the standard map Mp(w' - \) — My(w - \)
18 NoNzZero.

Remark 3.3.5. In [35], the theorem is given only for X € Pt but the
proof works for non-integral A as well. Note, that for non-integral (and not
p-dominant) X\, w - A may still be p-dominant and p-integral.

Proof. Assume that the standard homomorphism is zero. Then it maps
M(w' - \) into K, 5 = > acsM(sqw - A)). Lemma 3.3.3 states that this
happens exactly if there exists o € S so that M(w' - A) € M(sqw - A). In
such case, it follows from Theorem 3.1.3 that there is sequence of submodules

M(sqw - \) D M(84,8qw-A) D ... D M(s%...smsaw'j\) =M(w' -\
and (s, ... 8, 80w - \)(H,,) € N. It follows from lemma 3.1.2 that
Sy - Sy SqW > SqW

in the Weyl group. Because A+ 6 is strictly dominant (not in the interior
of the fundamental Weyl chamber) the equality w; - A = wy - A implies
wy = wa, especially w' = s,;...5y,5,w. So, w' > sqw. Clearly, w' # sqw
and so [(w') > l(sqw). This contradicts [(w') = l(w) + 1 = I(sqw) (lemma
3.2.1). O
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In most cases, the assumption M (w’-X) € M(w - \) is superfluous. For this
to be satisfied, it suffices to show (w - \)(H,) € N, where 7 is the root so
that w' = syw. Suppose that w - X and w' - X are both p-dominant. Then
for any o € S (w' - N)(Ha) = (w - N)(Ha) — (w - \)(H,)y(H,) € N. The
first term (w - A\)(H,) is integral and to show that (w - X)(HV) is integral as
well, it suffices to show that there exists & € S such that v(H,) € {—1,0,1}
(note that v ¢ S because s, ¢ W),). In the orthogonal Lie algebras, this is
always satisfied except the case g = By, S = {ay, }. Our cases of interest will
be mainly the algebras B,, and D,, with parabolic subalgebras determined
by ¥ = {ar}, ie. S = A —{ax} (so, we should be careful in the case

g= BQ,E = {al}).

If A+ 6 is on the wall of the fundamental Weyl chamber, we say that the
Verma modules M (w - 5\) have singular character. Unfortunately, Theorem
3.3.4 cannot be generalized to this case. We will give a counterexample
here. Let us consider g = By, ¥ = {a2}. We will represent elements of
the Weyl group w by the weight wé. Let wé = [3,—1/7,5] and w'§ =
(syw)d = $[1,-3|7,5] (y = [1,1]0,0]). The grading element evaluation is
wi(E) = 3/2—-1/2 =1 and w'6(F) = 1/2 —3/2 = —1. They are both
strictly p-dominant, so w,w’ € WP. The grading element evaluation wd(E)
cannot be 0 for any w € WP in this case, so it follows from lemma 3.2.2 and
Theorem 3.2.3 that I(w') = {(w) + 1. Let w” = 3[—1,—3|7,5]. We see that
w” = sgw’ for B = [1,0|0,0] and similarly we can show that [(w”) = l[(w')+1.
Choosing o« = a; = [1, —1]0,0] and using lemma 3.2.1, we see that the full
Hasse graph of g contains the following square (n = [0, 1|0, 0]):

Now let as choose a singular weight A+0 =3,2]1,0]. Then w(\+§) =
[1,0[3,2] and w'(A + 0) = [0, —1[3, 2] are both strictly p-dominant. But the
sg fixes w'(A + 6) and so w' (A +6) = w" (A + 9):



1,0[3,2] = w(~—|—(5

N

[0,1]3,2] [0,—1]3,2] = w'(A + 0)
N %
0,-1]3,2] = w”’(A+6) = w' (A + 6)

Using Theorem 3.1.3 we see that there exists a homomorphism of true Verma
modules M (w' - )\) — M(w )\) (note that (w - M) (H,) = 1). Similarly, we
see that M(w' - A) = M(w” - X\) C M(sqw - \) and, applying Theorem 3.3.3,
the standard homomorphism of generalized Verma modules My(w' - )\)
My(w - X) is zero.

However, there are indications that in such cases there still exists a homo-
morphism My(w' - X) — My(w - A) but it is not standard. We can state the
following conjecture, which holds in the known cases:

Conjecture 3.3.6. Let w — w' in WP, M(w'-X) C M(w-)), w-A\w' -\ €
Pp++. Then there exist a (standard or nonstandard) nonzero homomorphism

3.4. BGG graph.

Definition 3.4.1. Let g be a semisimple Lie algebra, p a parabolic subalge-
bra, A € h*. We will define the BGG graph for (g,p, A) as an oriented graph,
where the vertices are p-dominant and p-integral weights on the affine Weyl
orbit of A and there is an arrow p — v if and only if the following conditions
are satisfied:

(1) There exists a nonzero homomorphism My(v) — Mp(1)
(2) If there exist nontrivial homomorphisms

Mp(”) = Mp(fo) - Mp(fl) . Mp(&j—l) - Mp(&j) = Mp(#)

then j = 1 (by nontrivial we mean that they are nonzero and &; #

iv1)-

We know from section 2.4 that an arrow g — v in the BGG graph describes
an invariant differential operator acting between sections of associated vector
bundles, induced by representations dual to V,,, V.

Theorem 3.4.2. If A € Pt (in other words, X + d is integral and strictly
dominant), then the BGG graph associated to (g,p,\) is isomorphic, as a
graph, to the Hasse graph for (g,p).
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Proof. First, note that for \e Pt A4 is in the interior of the fundamental
Weyl chamber and the map w € WP +— w- Nis a bijection from WP onto the
set of p-dominant weights on the affine Weyl orbit of X. All these weights
are integral. We will show that it is an isomorphism of the Hasse graph and
the BGG graph as well.

Let A € P** and w — w' in the Hasse graph for (g,p). Then p := w - X
and v := w' - X are both p-dominant and theorem 3.3.4 states that there
is a nonzero standard homomorphism M,(v) — My(u). Assume that there
exist nonzero nontrivial homomorphisms f; : Mp(&§) — Mp(&§i41) for @ =
0,...,7 —1, & = v, § = p. Let v, be the highest weight vector in Vg,.
Then 1 ® vg, is the highest weight vector in Mp(&;) and fi(1 ® vg,) is a
weight vector in M(&;11) of weight &;. Because Mp(&;+1) is a highest weight
module, it is easy to see that each weight vector of weight g fulfills 8 < &;41.
Especially, & < &41. Because \e Pt there exist a unique w; such that
& = w; - X. The inequality w; - A< Wit - A implies w; > wj;y1 in the
Bruhat ordering (lemma 3.1.1). Because & # &1, we get w; # w41 and
w' >w; > ... > w; =w. The assumption w — w’ implies j = 1. So, both
conditions (1) and (2) are satisfied and there is an arrow w - A — w’ - X in
the BGG graph.

Assume, on the other side, that there is an arrow v — g in the BGG
graph. Let w,w’ € WP be the unique elements so that y = w - A and
v = w' - \. Because there is a nonzero homomorphism Mp(rv) — My(u),
we again observe that v < X and using 3.1.1, we see that w < w'. If
l(w") = l(w) + 1, then w — w’ and we are done. Assume, for contradiction,
that [(w’) > I(w) + 1. We know from lemma 3.2.2 that there exist w; € W?
such that w = wg — w; — ... w; = w'. Choosing the weighs & = w; - 5\, we
have

M(v) = M(&) G M(&) G ... & M(§) = M(p),

7 > 1. Theorem 3.3.4 implies that there are nonzero standard homomor-
phism of generalized Verma modules M(&;) — My(&41) for all i and we
obtain, from the definition of singular Hasse graph that 7 = 1 what contra-
dicts 7 > 1.

So, we proved that w — w’ in WP? if and only if w- A — w’ - X in the BGG
graph. O

Definition 3.4.3. The singular Hasse graph for (g,p,\) is a graph where
vertices are p-dominant and p-integral weights on the affine Weyl orbit of A
and there is an arrow p — v if there exist w,w’ € WP so that p = w - 5\,
v=uw-Xandw — w in WP (A+08 is some g-dominant weight on the orbit
of A +9).

In the regular case (5\ € PT™1), the singular Hasse graph is clearly isomorphic
to the Hasse graph. Usually, we assume that A has singular character (i.e. its
affine Weyl orbit does not contain any g-dominant weight) when we consider
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the singular Hasse graph. If X+ 6 is on the wall of the fundamental Weyl
chamber, then the weight 1 on the affine orbit of A does not determine a
unique w such that ¢ = w - A. The conjecture 3.3.6 says that the singular
Hasse graph is a subgraph of the BGG graph.

We will give an example of singular Hasse and BGG graph computation that
will turn out to be important later. Let g = Dy = 50(8,C) and ¥ = {1}

(in the language of Dynkin diagrams, p ~ H€<, i.e. p consists of the

Cartan subalgebra and those root spaces, the determining roots of which
could be written as a linear combination of simple roots having nonnegative
coefficient in the first simple root ay).

Let us compute the Hasse graph for (g,p). If we represent a Weyl group
element w € WP by the weight wd, we know that WP consists exactly of
elements w € W such that wd is strictly p-dominant. In this case, § =
[32,1,0] and a weight [a|b1, ba, b3] is strictly p-dominant if and only if by >
by > |bs]. It follows from lemma 2.2.1 that the grading element evaluation
is [a|by, b2, b3](E) = a. We state that (if we identify w ~ wd) the regular
Hasse graph for (g,p) has the following form:
32,1,0] o
'
[2|3,1,0] ®
'
[1/3,2,0] @
0]3,2,1] o[0]3

[_1‘31 270}

[72‘35 170}

o 4+— 0 <« o

[73‘2ﬂ170}

We see that each arrow in this graph corresponds to a root reflection.
Moreover, the grading element evaluation decreases by one in each arrow
wd — w'd in this graph, so it follows from lemma 3.2.3 that I(w') = I(w)+1.
These are all strictly p-dominant weights on the Weyl orbit of §, so we con-
structed the regular Hasse graph for (g, p).

For any \e PT* the same graph with opposite arrows describes the struc-
ture of standard homomorphisms of generalized Verma modules on the affine
orbit of .
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~ 0 0 0
Further, let as consider a weight A := H{ =1[-1|-1,-1,1]. Then
-1

~ 1 1 1
A0 = % = 1[5/3,1,1] is on the wall of fundamental Weyl chamber,

0
so it has a singular affine orbit.

The WP-orbit of A + ¢ has the following form:

1513,1,1] x

11315,1,1] x
= 3[1/5,3,1] e
L 31-115,3,-1]

%[_3|57 1a _1] X

$1-513,1,-1] x

The crosses x correspond to weights that are not strictly p-dominant, so, af-
ter subtracting J, the weights are not p-dominant and there are no associated
generalized Verma modules for them. The nodes e are strictly p-dominant
and the encircled weights coincide in this case.

We see a general fact that the affine orbit of a singular weight A (i.e. A+6
is on the wall of the fundamental Weyl chamber) is smaller than the regu-
lar one: some weights are “glued together” and some are not p-dominant.
In our case, the only p-dominant weights on the affine Weyl orbit of A

-3 o0,R1 1 1 -4 0RO
are A = H{OZ 5[115,3,1] =6 = 5[-5[1,1,1] and p = %1:

$[-1/5,3,—1] — § = 3[-7|1,1,—1]. We see immediately from the last dia-
gram that the singular Hasse graph is A — g in this case.

We will show that the standard homomorphism M, (1) — My(X) is nonzero.
If it is zero, then lemma 3.3.3 says that M (u) C M(sq-A) for some o € S. So,
there is a sequence M (p) = M (po) C M(p1) C ... C M(ug) = M(sq- ) C
M ()), the weights p; are increasing and connected by affine root reflections.
Let j be the largest number such that p+9, ..., u; 446 have —% on the first
position. So, po +9,...,pn; + 6 contain a sign-permutation of %{5, 3,1} on
the 24 positions. If j > 0, M(u) = M(w, - ;) for w, € Wy, and pj +6 =
wljl(,u—l—é). For the p-dominant weight p+4d, pu+0 > w;l(,u+5) = pj+0 for
any wy, € W), but this contradicts the condition p < pj;. Therefore, j = 0
and (1 + 6)(E) = —% + k for some k € N (lemma 3.2.3). The inequality
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fe+0 > p1+6 implies 3 = (up+6)(E) > (u1+6)(E) = —3+k. This implies
k =1and (41 +0)(E) = &. Therefore, y1 46 has 5 on the first position. The
only possible root reflection s, such that s, (3[—1|5,3, —1]) = 1[1|something]
is clearly v = [1,0,0,1] and sy(u +d) = p1 +6 = A+ 6. This contradicts
M(p1) C M(Sq - A).

We showed that the standard map Mp(p) — Mp(A) is nonzero and the BGG
graph for (g,p,\) is A — p as well.
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4. DIRAC OPERATOR IN ORTHOGONAL PARABOLIC GEOMETRY

4.1. Singular orbit of a particular weight. We will generalize the ex-
ample given at the end of chapter 3.

Lemma 4.1.1. Let g = D41 = s0(2n +2,C), n > 2 and let p be the par-

abolic subalgebra corresponding to ¥ = {a1}, i.e. p = <

Then choosing
1 1
A= 5[—2n+1|1,1,...,1] and p= 5[—2n—1|1,1,...,1,—1],

or, in the language of Dynkin diagrams,

-n 0 oRP1 —n—1 0 0RP0
A= , B= ,
0 1

there exists a unique (up to a multiple) nonzero standard homomorphisms
of generalized Verma modules

My(p) — My(A)
and the BGG graph for (g,p,\) is A — p.

Similarly, for the weights
1 1
N = 5[—2n+ 11,1,...,1,-1] and ' = 5[—2n —11,1,...,1,1],

there also exists a unique (up to multiple) nonzero homomorphisms of gen-
eralized Verma modules

My(i') — My(X)
and the BGG graph is N — p'.

Proof. First, we find all strictly p-dominant weights on the Weyl orbit of
Ad=13[-2n+11,..., 1]+ [nln—1....,1,0] = 3[1]2n — 1,...,3,1]. The
condition of strict p-dominance implies that the weights must be of the
form [a|by,...,b,], where by > ... > b,—1 > |b,| and {a,b1,...,b,} is a
sign-permutation of {2n—1,...,3,1,1} with an even number of minuses, so
A+d=3[12n—1,...,3,1) and p+6 = §[—1|2n—1,...,3,—1] are the only
possibilities.

We see that 1 = syA = X — v for v = [1,0...,0,1] and we know from
theorem 3.1.3 that for true Verma modules, M () C M(A). Suppose that
the standard map M,(u) — My(X) is zero, so there exists o € S so that
M(p) € M(sq - A). So, there is a sequence M (u) = M(po) € M(pu1) C

. C M(pr) = M(sq - A) C M(X), the weights p; are increasing and
connected by affine root reflections. Let j be the largest number such
that (uo + 6)(E) = —3,..., (45 + 0)(E) = —1. So, po+6,...,p5 +
are of the form %[—1|b1,...,bn], where {b1,...,b,} is a sign-permutation
of {2n —1,...,3,—1}. It follows that these weights are on the Wy-orbit of
p. But p is p-dominant, so all the other weights on its W,-orbit are smaller.
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Therefore, j = 0. Further, (41 + 6)(E) must be 1, because (A + §)(E) is 3
and the weights f1; are increasing with increasing j. The only root reflection
which maps $[1]2n —1,...,3,1] to 3[1|b1,...,b,] is clearly the reflection

sy and p1 = A\. We obtained
M(p1) © M(sa - A) © M(A) = M (1)

which is a contradiction. Therefore, the standard homomorphism M;(u) —
Mp(X) is nonzero.

The proof for X, i’ is similar. O
Lemma 4.1.2. Let g = By41 =s0(2n+3,C), n > 1 and p be the parabolic
subalgebra corresponding to ¥ = {a1}, p = =0 . Then
choosing
1 1 1 1 1
A=|—-n|=,..., = d =—|l-n—-1|=,...,=
[ n|27 72] an ILL 2[ n |27 ?2])
or, in the language of Dynkin diagrams,
N R T S~ L S N

there ezists a unique (up to a multiple) nonzero standard homomorphisms
of generalized Verma modules

My(p) — My(A)
and the BGG graph for (g,p,\) is A — p.

Proof. In this case, § = %[271—1—1, ..., 3,1] and the weight A+d = [%|n, ooy 2,1]
is on the orbit of A\ + 4§ = [nln —1,...,2,1, %] that is regular but not in-
tegral. A weight [a|by,...,bx] is strictly p-dominant and p-integral if and
only if b > ... > b, > 0 and the b;’s are all integers or all half-integers.
The only strictly p-dominant and p-integral weights on its orbit are A + §
and pu+ 9 = [—%|n,...,2,1]. They are connected by reflection with re-
spect to the root €;. There is a unique w taking )i\—i- 6 to A+ 6, namely
wo = %[1\271 —1,...,5,3] and a unique w’ taking A + ¢ to p + 9, namely
w'd = %[—1|2n —1,...,5,3]. The grading element evaluation differs by
1 and v’ = sqw, so it follows from lemma 3.2.3 that there is an arrow
w — w' in the regular Hasse graph for (g,p). Because p = A — ¢y, it
follows from Theorem 3.1.3 that M () C M(A). All the conditions of The-
orem 3.3.4 are satisfied, so there exists a nonzero standard homomorphism
Mp(p) — My(A). O

4.2. The real version. Let us now suppose that g = so(n + 1, 1;R) is the
real Lie algebra consisting of matrices invariant with respect to the quadratic
form xpxp1 + Z;‘:l m? and p is the (real) parabolic subalgebra killing a
chosen line in the null-cone. In matrices, elements of g are represented as

R g1 0
g-1]50(n) | g
0 g-1 R
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The negative part g_; ~ R" is the fundamental defining representation of
so(n) C go via the adjoint action and go = so(n) ® R.

We assume that g is naturally embedded into its complexification g¢ =
s50(n+2,C) and that the Cartan subalgebra, positive roots and fundamental
weights of the complexification are given like before. The complexification
of p is exactly the parabolic subalgebra corresponding to

0/)
o

in case n is even and

in case n is odd.

Let p, A be elements of h° from lemma 4.1.1 or 4.1.2, V), resp. V,, be
representation of p¢ with highest weight A, resp. p. Via restriction, they are
(complex) representations of the real form p as well.

As vector spaces, the generalized Verma modules for real Lie algebras and
complex inducing representation are isomorphic to the generalized Verma
modules for the complex Lie algebras:

(4.1) Mpe(p) == U(9°) Qupe) Vo = U(@) Ruip) Vi =2 Mp(p).-
The first product is over the complex universal enveloping algebra U (p) (that

is a factor of the complex tensor algebra) and the second is over the real
universal enveloping algebra U (p).

As vector spaces,
Mpe () ~U(g%) @c V=~ U(g-) Qr V), ~ Mp(p)
and the middle isomorphism is given by

(1 @c)(y2®ca) ... (Y @ ck)) @v — (Yy1y2...Yk) Q@ (c1ca ... cp)v
fory;eg_,c;€Candv eV,

This vector space homomorphism is compatible with the action of g C g° on
both spaces, i.e. it is a g-isomorphism. The same is true for any p°-dominant
and p°-integral weight 4/, in particular Mpye(X) >~ My(A).

Because we know from the previous section that there exists a unique (up to
multiple) g°-homomorphism Mpe (1) — Mpye(A), it follows that there exists
a unique (up to multiple) nonzero homomorphism of the real generalized
Verma modules Mp(p) — Mp(A) in this case as well.

4.3. Description of the differential operator. Let g,p be as in the last
section, G = Spin(n + 1,1) the real Lie group with Lie algebra g, P the
parabolic subgroup of G fixing a line in the null-cone so that the Lie algebra
of Pis p. Let V) and V, be representations of p¢ as in lemma 4.1.1 (in
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case n is even) or lemma 4.1.2 (in case n is odd). By restriction, they are
complex representations of the real Lie algebra p and of the real Lie group
P as well (P is simply connected). The duality between homomorphisms
of generalized Verma modules and invariant differential operators yields a
nonzero invariant differential operator D : I'(G x p V) — I'(G x V},) acting
between the spaces of smooth sections.

Lemma 4.3.1. The operator D is of first order.

Proof. We know from section 2.2 that for a weight A = [a|b1,..., ] the
evaluation on the grading element is A(F) = a. Using Theorem 2.4.1 and
the definition of u, A yields the order to be

C2%+1 2%-1

1 1
(5[2k+1|...,3,1]—5[2k—1|...,3,—1])(E) 5 5 1
in the even case n = 2k and
1 1 1 1
([5‘271— 17’”7271] - [_§|2n_ 177271])(E) = 5 - (_5) =1
in the odd case. (]

To describe the operator D, we will embed the vector space g_ into G/P by
the exponential

i:g- — G/P, yw— exp(y)P.
It is known that 7 is injective and the image i(g_) is an open dense subspace

in G/P.

We will identify g_ with its image under i. To any section s € I'(G xp V)
such that s(¢gP) = [g,v]p we can assign a V-valued function f on g_ defined
by

(4.2) frg- = Vyrwv, where s(i(y)) = [exp(y), v]p.
On the other hand, to any such function with compact support we can assign

the corresponding section s by s(exp(y)P) = [exp(y), f(y)]p for y € g_ and
s=0on G/P —exp(g_)P.

The space g_ is endowed with a basis

0 0 (0
6]' 0 0
0 —e? 0

where e; = (0,...,0,1,0,...,0)T is the j-th vector of the standard basis of
R™.

In the even case, the V) and V,, as a representation of gi* = so(n), are the
fundamental spinor representation ST and S~. Assume that S = ST & S~
is realized as a subspace of the Clifford algebra Cliff(n,C), so that S is
a minimal left ideal and ST and S~ are its so(n,C)-invariant subspaces.
In case n is odd, V, ~ V), ~ § as a gj*-module, where S is the unique
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fundamental spinor representation of so(n,C), again realized as a minimal
left ideal in Cliff (n, C). In both cases, the Clifford multiplication R"®S — S
is well defined.

Let us denote by Vy« the spinor bundle G xp (V3 @ V3,) in case n is even
(see lemma 4.1.1 for definition of A\, ') or G x p V3 in case n is odd (see 4.1.2
for the definition of A in this case). Similarly, define V,« to be the vector
bundle G xp (V} ®V7},) for n even and G x p V}, for n odd. We can consider
the operator D as acting between I'(Vy+) and I'(V,«). To each section s of
Vyx, resp. VY, we assign a function f: g_ — S defined by (4.2).

Theorem 4.3.2. Let s € T'(Vy+) and s’ € T'(V,+) are sections and f, f' :
g_ — S the spinor valued functions corresponding to s and s’ under the
above identification. Assume that s' = Ds. Then f' =3 .e;-0;f, e; being
the standard basis of R™.

Remark. Therefore, we call the operator D “Dirac operator”.

Proof. Recall that go ~ so(n) @ R and the group Gy corresponding to g
contains Spin(n). Let us choose g € Spin(n) C Go C P C G and y € g_.
The identity gexp(y)g~! = exp(Ad(g)y) yields gexp(y)P = exp(Ad(g)y)P
and therefore the action of Spin(n) on g_ (identified with a subset of G/P)
is the adjoint action. It is easy to check that g_ with the adjoint action
of so(n) C go is the fundamental defining representation of so(n) and so
g— ~ R™ is the fundamental defining representation of Spin(n) as well.

We know from construction that the operator D is G-invariant, it means it
commutes with the action of G on sections. The action of g € G on s can
be described by

g-s(x):=g(s(g™" - x)),
where on the right hand side, the actions of g are on G/P and on the spinor

bundle G xp S. So, if s is described by a function f on g_ and g € Spin(n),
the equation reads

(g s)(exp(y)P) = g([exp(Ad(g~ ") ()P, f(Ad(g~")(y)]p) =

= [gexp(Ad(g~")(y)) P, f(Ad(g )

= [gexp(Ad(g™")(w)g "9
= [exp(y), 9(f(Ad(g ") (1))

so we see that (¢ - f)(y) = g(f(¢g~" - y)) is the usual action of Spin(n) on
spinor valued functions. So, D is invariant (acting on spinor valued functions
on g_ ~ R™) with respect to the spin group (considering R™ and S as the
defining and spinor representations).

[y

Further, choose g = exp(yo) for some yp € g—. Then exp(yo)(exp(y))P =
exp(y + yo) P because g_ is commutative. We see that the action of exp(yo)
on g_ (identified with a subset of G/P) is just yo-addition. Further, the
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a}(ition of exp(yo) on fis (exp(yo)(f))(y) = f(y—1yo), because, if f represents

the section s,

(exp(yo)s)(exp(y)P) = exp(yo)(s(exp(y — yo))) = exp(yo)[exp(y — yo), f(y — yo)lp =
= [exp(y), f(y = yo)]p-

This means that the operator D is invariant with respect to Spin(n) and
with respect to R™ (translation) as well.

The invariance with respect to Spin implies that D f(0) = 7(3_; €; ® ngj(O))
for some Spin(n)-homomorphism
T (R")"®S—S

where {¢;} is the dual basis to the standard basis {e;} of R” and {z;} are
the coordinates on R™ with respect to the basis e;.

The invariance with respect to translations implies that for each y € R"
0
Df(y) = (¥, ¢ @ BL).

We know from [12] that such a homomorphism 7 is unique (up to multiple),
namely 7(}_; €;®v;) = e;-v; ((-) is the Clifford multiplication), so D is the
Dirac operator D =} e; - ;. O

Note, that the operator D acts between sections of vector bundles associated
to representations

n_1 0 0”0 n_1 0 0oR1
Vi@ Vy ~ 2 “/a ® /
1 “\3 0
and
n 0 0 1 n 0 0 0
u\) 0 \o 1
in the even case and between sections of vector bundles associated to
n_1 0 0o 1 L) 0 1
T~ ? == and Vj = % ==0

in the odd case (this can be derived easily using the definition of the weights
A, pin 4.1.1, resp. 4.1.2, considering that here, the rank is not n but n/2,
resp. n/2 — 1/2, and using the fact that the action of the center of gy on
the dual representation V* is just the negative of its action on V).

Further, note that the bundle G — G/P can be reduced to the standard
spin structure Spin(n 4+ 1) — Spin(n + 1)/Spin(n) on the sphere by choos-
ing a Weyl structure on G — G/P (see [15]) and factorizing the center of
Go. Under this reduction, the operator D : T'(Spin(n + 1) Xgpin(n) S) —
[(Spin(n + 1) Xgpin(n) S) is the Dirac operator on the sphere, associated to
the usual Euclidean metric, see [25] for details. The Dirac operator D can
be defined also on curved analogues of this and is still conformally invariant.
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4.4. More Dirac operators. Consider now a pair of real Lie algebras (g, p)
described by the Dynkin diagram
e

or, equivalently, g = Dy, = 50(2(k + n)), ¥ = {ay}. Using the formalism
of chapter 2.1, the matrices in g are graded like this:

g0 | 91 |92
g-1] 8 |91
g-21]8-1|90
Theorem 4.4.1. Choosing
1
)\:5[—2n+1,...,—2n+1|1,...,1]
and )
pw==[-2n+1,...,-2n+1,—-2n—1J1,...,1,-1],

2
or, in the language of Dynkin diagrams,

o 1
(4.3) Ao 2 2 {
0

and
0 0 1 -n—-10 020
(4.4) R S <
1
there exists a unique (up to a multiple) nonzero standard homomorphisms
of generalized Verma modules
Myp(p) — My(X)

and the corresponding (dual) differential operator is of first order. Analogous
statement holds for the weights ' and N having interchanged 0 and 1 over
the last positions in the Dynkin diagram.

Proof. Notice that A + 4§ = %[Qk -1,...,3,12n—1,...,3,1] and p+ 6 =
%[Qk— 1,...,3,—12n—1,...,3,1]. Clearly, they are both strictly p-dominant
and g = s, A= A—~fory=1[1,0,...,0,1], so M(p) C M(\). Suppose, for
contradiction, that the standard map Mpy(n) — Mp(A) is zero. Again we find
a sequence of submodules M (u) = M (po) C ... C M(sq-A). Similarly as in
the proof of 4.1.1, we can show that p;(E) = po(E)+1 = A(E). Let v, be the
reflection so that p1+6 = s, (o+6). Grading element evaluation is the sum
of the first £ coordinates in the expression of the weights, so s,,, applied to
%[21@—1, ...,3,—1|2n—1,...,3,—1] increases one of the first k coordinates by
one. If y1 = 7, it follows ;1 = A\ and we obtain a contradiction with M (uq) C
M (sq-A), similarly as in the proof of 4.1.1. The only other possibility is that
some 2j —1 will be replaced with 2541, i.e. u;+d = %[21{:— 1,...,25+1,25+
1,2j—3,....3,—1]2n — 1,...,2j +3,2j —1,2j — 1,...,3,—1]. This weight
should be strictly smaller than A, but again, this is a contradiction, because

the weight difference py — A = [0,...,0, 1,something] cannot be expressed
as a sum of negative roots (negative roots are just [...,—1,...,1...] and
[..,=1,...,=1..]). U
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A similar theorem holds for the odd case: for g = Byy,, ¥ = {a}, we can
choose A =[-n,...,—n|1/2,...,1/2] and p = [-n,...,—n—1]|1/2...,1/2].
To prove the existence of a nonzero My(p) — My(A) , it suffices to use
Theorem 3.3.4 in this case (the proof is absolutely analogous to the proof of
lemma 4.1.2 and will be omitted).

4.5. Description of the operator. Let us choose a real form g = so(n +
k,k) of the Lie algebra from the previous section generating the simply
connected Lie group G = Spin(n + k, k) that fixes the inner product

k n
2
g TiTp42k+1—i T E Lt j
i=1 j=1

(it has signature (n + k,k)). Let P be the parabolic subgroup and p its
Lie algebra, so that the complexification (g¢ p¢) is isomorphic to the pair
from the last section (g = Dy, /9 in case n is even and By (,—1)/2, if 1 is
odd). The reductive part is go = sl(k,R) @ so(n) @ RE and, as a go-module,
g_1 ~ ((RF)* ® R"), the product of dual resp. defining representations of
sl(k,R), resp. so(n). The g_s component is commutative. We will consider
the case n is even, the odd case is analogous. Let u, A be weights like before
and consider V,, and V) to be complex representations of the real Lie algebra
p (given by restriction of the complex representations of p¢ to the real form)
and of the Lie group P. From the expression of p, A in (4.4) and (4.3) we
see that, as a g§*-module, V,, ~ CF ® S~ and Vy = C® St where CF resp.
C are the defining resp. trivial representation of sl(k, R).

We know from the isomorphism (4.1) and Theorem 4.4.1 that there is a
nonzero homomorphism of generalized Verma modules Mp(p) — My(A) in
this case as well.

The corresponding differential operator acts between sections of dual repre-
sentation:

D:T(Gxp(C®S57))—T(Gxp(CtesT)),
resp.

D:T(Gxp(C®ST)) =T(Gxp(C*®57)),
where we identified (ST)* ~ ST, resp. (S*)* ~ S*, depending on the parity
of n/2 (see section 2.5). We will assume that Vi ~ S7, the other case is
similar.

Assume that s is a section of G xp (C®S™) and f the associated C® S~ ~
S~ -valued function on g_, defined by (4.2). The coordinates on g_; can
be chosen to be y11,.. ., Y1n, -+ Ykls---,Yrn and on g_os v1,...,y;. To the
section Ds we assign a function Df : g_ — C* ® St which can be naturally
identified with & ST-valued function D1 (f),..., Dg(f).

Assume that f is constant in the g_o variables y,...,¥y;, so, it can be
considered as a function of y; ; only. The same argument as in the proof
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of Theorem 4.3.2 shows that the action of g € Gy on i(y) = exp(y)P for
y €g_1isi(y) — i(Ad(g9)y). We know that g_; ~ (R¥)* @ R™ as the adjoint
representation of Gy and we easily derive that the action of g € Spin(n) on f

is (g- )i, -sye) = 9(f(g7 y1,...,97 - yr)) and the action of g € SL(k)
is (g- f)(yi,---yye) = f((y1,---,yk)g) (SL(k) “mixes” the variables and the
dual defining action of g=! on (y1,...,y%) is (y1,...,Yk)9).

Lemma 4.5.1. The function D;(f)(y1,-..,yx) depends only on
f(yla"'7yi—17y7yi+17”’7yk)7 yERn

Proof. Due to the fact that D is a first order differential operators, the value

Dz(f)(yla 7yk)
depends only on f(yi1,...,yx) and the derivatives %f{yl,...,yk), j =

1,...,n. It suffice to prove that D;i(f)(y1,y2) does not depend on %f
J

for k = 2, the general case follows easily. Let us choose g = < Ig KO_1 ) €
SL(2,R) for some K # 1. The invariance of D implies

(4.5) (g - (D)) (y1,92) = (D(g - )1, 2)

The function (g - f)(y1,92) = f((y1,42)9) = f(Ky1, K 'y2). The left hand
side of (4.5) is

< K 0 > (le(Kth_lw)) _ < K(D1f)(Ky1, K™ 'y2) >
0 K Do f(Kyy, K~ 1ys) K= (Daof)(Ky1, K~ 1y2)

Because D is linear and first order, Dy f(Kvy;, K 'y2) depends linearly on

of of .
f, 8—y1 and 8_312

0 0
le:Af—l—B—f—l—C’—f
oy Y2
in the point (Kyi, K 'ys). Comparing the left and right side of the first

component of (4.5), we obtain that

of of of 14 9F
KAf+B—+4+C-—=)=f+KA—+ K (C—
(Af oy 8y2) ! oy y2
This holds for any f and we see that A = C = 0 and Dy f(Ky;, K 'yo)
depends only on g_zfl' O

Theorem 4.5.2. The operator D, considered as acting on functions on g_1
(i.e. on functions being constant on g_s) has the following form:

Di(f) = Zej 0 f
J

Therefore, we call D the “Dirac operator in k variables”.

Proof. Again, we can restrict to k = 2 for simplicity. From the previ-
ous lemma it follows that Di(f)(y1,y2) = Di(f)(y1,y2) where f(y],v5) :=
f(y],y2) does not depend on the second variable and can be represented
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by a function f of oneN(vector) variable y}: f (v}) :== f(¥y},y2). The group
Spin(n) C Go acts on f by

(9- FW) = (9N Wi, v2) = 9(F(g~ v1, 97 92)) = a(f (g~ " 01))
where Spin(n) acts on R" by the fundamental representation. From the
previous lemma D1 f(y},y3) = D1f(y},y2) and so, it can be represented by
a function (Dyf)(y}) of one variable. So, D; can be considered as acting
on functions f of one variable and the invariance of D with respect to g €
Spin(n) C Gy C G

g(Dif) (g w19 w2)) = Dilg - f(yr,92), i=1,2

implies that Dj, acting on spinor valued functions in one variable v}, is
Spin(n)-invariant as well.

Let y € g—1 be a vector with entries in the first column, y = (41,0). The
action of g = exp(y) on s is
(exp(y)s)(exp (y1,y2)P) = exp(y)(s(exp(—y) exp (y1,42) P)) =
exp(y)[exp((—71,0) + (y1,92) + y3) P, f((=91 + y1,92) + y3)lp
where y3 € g_5. Now we use the assumption that f does not depend on g_»
and f((—91 + y1,y2) +y3) = f(—91 + y1,y2). The last equation is equal to
lexp(y1,y2) P, f(—v1+y1,y2)] p and if we represent the section s by a function
[, the action of g is just (¢ f)(y1,y2) = f(=91 + y1,y2). But this means

that D7, acting on a function of one variable f, is invariant with respect
to translations and Spin(n) group as well, so similarly as in the proof of
Theorem 4.3.2, we obtain that

Di(f) (w1 y2) = Di(F)(yr,y2) = D e;orif(yr,y2) =Y ;o f(yr, y2)
J J

Similarly for Ds. O

Note that the operator D acts between sections of dual representations
%+ V), with highest weights

V*Ng 0 2-1 0 %0
)\— o .. ..

1
1 0 0 2-1 0 oR1
V¥~ o—o... 2 ¥”

oo

in the even case (the 0 and 1 on the last positions may be reversed, depending
on the parity of n/2) and

0 2-1 0 0 1

)}

\%

Vi

~

o

0 0 2-1 0 0 1
—0

o~ 0O

in the odd case (note that the weight coordinate over the crossed node does
not change here).
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5. SINGULAR ORBIT CORRESPONDING TO k DIRAC OPERATORS

5.1. Even dimension, ¢ < n. Let g = Dy, = s0(2(n + k),C), p its
parabolic subalgebra corresponding to

—.. pp—g
o

where the k-th node is crossed (¥ = {ag}). We have seen in chapter
4 that there exists a nonzero homomorphism of generalized Verma mod-
ules My(p) — Mp(X) where p+6 = 3[...,3,-1]...,5,3,—1] and A+ 0 =
%[ .»3,1]...,5,3,1]. We will investigate now the singular orbit of A and
its singular Hasse graph in case k < n.

Lemma 5.1.1. Let k =2, n > 2. Then the singular Hasse graph for (g,p, \)
18

13,1]...,3,1] =6

18,-1]...,3,-1] =94

$01,-3]...,3,-1] =9

® 4“— 0 <«— 0 <«— o

3-1,-3[...,3,1] =9

Proof. The weights p+4, A+6 are on the Weyl orbit of the g-dominant weight
A406 = %[Qn -1,...,7,5,3,3,1,1] that is on the wall of the fundamental
Weyl chamber, so we see that they have singular character. If v is on the
affine Weyl orbit of A and p-dominant, it means that v + § is on the Weyl
orbit of A+ ¢ and strictly p-dominant. In coordinates, v 4+ ¢ consists of sign-
permutation of %{ ., 7,5,3,3,1,1}. A weight [a1,az|by,...,by] is strictly
p-dominant, iff a; > ag and by > ... b1 > |by|. Therefore, v + 6 =
%[al,ag\ ..., 7,5,3,£1] where (aj,as) is some decreasing sign-permutation
of (3,1) and the number of negative coordinates is even. There are only 4
such possibilities:

1

1 1 1
~[3,1...,3,1], =[3,-1]...,3,-1], =[1,-3|...,3,-1], =[-1,-3|...,3,1].
2[7| ?7]72[7 ] b} ]72[7 | g ]72[ ) | ?7]

To show the existence of %[3, 1]...,3,1]—6 — %[3, —1]...,3,—1]—0, consider
w € WP taking 6 = [...,2,1,0] to wd = [2,0]...,4,3,1] and w’ taking 6 to
w's = [2,—1]|...,4,3,0]. Tt is easy to see that w(\ + §) = 313,1]...,3,1],
w A+ 6) = $3,-1]...,3,-1] and w' = syw for v = [0,1,0,...,0,1]. We
know from lemma 3.2.2 that there exists w; € WP such that w — w; —
...w; = w'. Further, if F is the grading element, we see that (w'd—wd)(E) =
(240)—(2—1) = 1 and it follows from lemma 3.2.3 that {(w') = I(w)+1. So,
w — w' in the Hasse graph and %[3, 1]...,3,1] -0 — %[3,—1| e 3,—1] =0
in the singular Hasse graph.
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To show the second arrow, let w € WP be the element that takes § =
[...,3,2,1,0] to [2,—1]...,4,3,0] and w' takes ¢ to [1,—2|...,4,3,0]. We
see that w’ = syw, where v is the positive root [1,1,0,...,0]. In this case,
wd(E) =1 and w'§(E) = —1, so the difference is 2. But the grading element
evaluation w”§(E) cannot be zero for any w” € WP in this case, because it
is the sum of 2 different integers. Therefore, w — w’ in the parabolic Hasse
graph and there is an arrow [3,—1|...] = — [1,—3]...] — ¢ in the singular
Hasse graph for (g, p, \).

Similarly, one can show that there is an arrow %[1,—3| o 3,-1] =0 =
%[—1, —3|...,3,1] = ¢ by choosing w taking ¢ to [0,—2|...,4,3,—1] and v’
taking 0 to [—1,—2]...,4,3,0]. O

We know that for a generalized Verma module homomorphism M,(u) —
My(X) the difference (A — p)(E) is the order of the dual differential oper-
ator, if it is one or two. Conjecture 3.3.6 implies that each arrow in the
singular Hasse graph corresponds to a nonzero invariant differential opera-
tor between sections of bundles associated to dual representations. In the
following pictures, we will draw in the singular Hasse diagrams ¢ lines be-
tween A and p, if (\—p)(E) = q € {1,2}, i.e. the dual operator, if it exists,
corresponds to the operator of order ¢ (Theorem 2.4.1). In particular, the
middle operator in our case is of second order, so we can draw the singular
Hasse graph

in this case.

Theorem 5.1.2. Let (g,p, \) be like at the beginning of this section, assume
k>3, n>k and let Sk, be the singular Hasse graph associated to it. Then
Skn contains two disjoint subgraphs St and S2, both isomorphic to Sk—1,n-

It follows that S* contains SVt and SY2, both copies of Sk_a,. Similarly,
S? contains S*' and S*2. Let ¢1,(¢2) : Sk—on — SV2(S%1) be the iso-
morphisms, respectively. Then each element ¢1(p) of S%2 is connected to

the corresponding element ¢o(p) in S>' by an arrow, that corresponds to a
second order differential operator.

This describes all the singular Hasse graph of (g,p, ).

Graphically, the Sy, has the following fractal-shape:
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Sl’l

52,1 51,2

52,2

Definition 5.1.3. From the lemma 5.1.1 and Theorem 5.1.2 it follows in
case k < n, the shape of the graph Sy, depends only on k. Therefore, we
can denote this graph by Sk. We also define Sy to be a one-point graph.

These pictures show Sy for k = 3,4 (the arrows goes from up to down and
from right to left):

k=3 k=4 ‘
[ ]
|
[ ] o —— o [ ]
[ ] o —— o [ ]
I I |
[ ] [ ] [ ) o ——— o
| | | | |
[ ] [ ] [ ] e ——— o
I I
[ ] [ ]
| |
[ ] [ ]

Proof. Let us denote gy, ,, = 50(2(n+k)), pr» the parabolic subalgebra from
the beginning of this section, and similarly, 65, = [n+k—1,...,1,0],

- 1
New+0hn =520 —1,2n ~3,... 2k~ 1,2k — 1,2k~ 3,2k ~3,...,3,3,11]

elements of by ,, the (k 4+ n)-dimensional Cartan subalgebra.
We find all the weights v so that v + § is on the Weyl orbit of %[21{: —
1,...,3,12n — 1,...,3,1] and strictly p-dominant. The condition k& < n

implies that v + 0 = %[ ..]2n—1,...,5,3,£1] and on the first k positions
there is a strictly decreasing sign-permutation of %{Qk —1,...,5,3,1}. Let
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ST be the set of weights of the type %[21{: —1,...12n—1,...,£1] and S? the
set of the weights 3[...,—(2k—1)|2n—1,...,+1]. Clearly, Sy, is a disjoint
union of S' and S2.

We define a map ¢ : Sp—1, — St
1 1

E[al, ce ,ak_1| e ,3,:|:1] —5143_17” = 5[2]{3— 1,&1, ce ,ak_1| e ,3,:|Zl] —5]@7”
We will show that it is a graph isomorphism. First, note that it is a
bijection on the set of vertices because any decreasing sign-permutation
%(al, c..yak_q1) of %{Qk —3,...,3,1} is strictly decreasing if and only if
%(2/@ —1,a1,...,a5_1) is strictly decreasing.

Suppose that there is an arrow
1 1

§[a1,...,ak_1|b1,...,bn] -0 — 5[@'1,...,a§€_1\b’1,...,b;1]

in the singular Hasse graph for (gk_17n,pk_17n,5\k_1,n). The first weight,
%[a|b] = w(A\,—1,n + Ok—1,,) and the second weight %[a’|b’] = w(Ng—1n +
dk—1n) for some w — w'. Let wd = [z1,...,25-1|Y1,...,yn] and w0 =
(25T _4[¥15 -+, yp). Note that all ; and 2 are strictly smaller then
2(k — 1), because

- 1
WM +0-1) = w3 2(n+k)=3,... 2k+1,2k~1,2k~3,2k—3,... 3,3, 1.1]

contains a number smaller or equal than 2k — 3 on the first position (which
is at a position less than 2(k — 1) from the right).

Let i(w), i(w’) be elements of W,ﬁn satisfying i(w)dy, = [2k—1,21,...,2p—1]...
and i(w' )0k, = [2k — 1,2),...,2}_4|...]. The dots ... don’t mean y;’s but
something uniquely determined by the first k£ coordinates (the first k& coordi-
nates determine uniquely the last n coordinates on the WP-orbit of dj ). We
will show that there is an arrow i(w) — i(w’) in WP. Clearly, if v’ = s w,
then i(w’) = syi(w) for the root 4/ = [0,7].

Further, we claim that the grading element evaluation (wd — w'd)(Ex_1,,)
is 1 or 2. We will prove this by induction: for the case k = 2 it holds, as we
saw in the proof of lemma 5.1.1 and we will show by induction that it holds
in general.

Because i(w)ék,n(Ek,n) = (2k - 1) + wdk—l,n(Ek—l,n)> we see that

(i(w)ok,n — i(w')Opn) (B n)
is 1 or 2 in this case as well. We see that i(w) < i(w') and it follows
from lemma 3.2.3 that [(i(w)) — I(i(w)) < 2. But the length difference
cannot be 2, because i(w) and i(w’) are connected by a root reflection, so

the length difference must be an odd number. Therefore, it must be one and
i(w) — i(w') in WP. Tt is easy to see that

(Z(w))(j\k,n + 5k,n) - 5k,n = Z'('w(j\k—l,n + 5k—1,n) - 5)
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(Z(wl))(j\k,n + 5k,n) - 5k,n = Z'(wl(j\k—l,n + 5k—1,n) - 5)

so there is an arrow 3[2k — 1,alb] — & — £[2k — 1,d’|b'] — § in the singular
Hasse graph and the map i : Sy_1, — Sk, preserves the arrows.

On the other hand, let %[21{: —1,a1,...,a5-1lb1,...,bp] — S — %[Qk —
Lay,...,a}_4|by,...,b,] — Ok, be an arrow in S'. The weights are repre-
sented by Weyl group elements w,w’ so that w — w’ and %[Zk‘ —1,alb] =
w(Agpn + Okp) and %[21{: — 1,d'|V)] = w' (Mg + Okn). It follows that wé =

[®1,. ., Zk|Y1,- .., Yn], where z1 is either 2k — 1 or 2k — 2 and x9,..., 2k
are smaller. Similarly, w's = [27,...,2}[y},...,y5] and 21 = 27 (because
they are connected by a root reflection that does not fix w(A + §)). We
define t(w) = [z2,...,zk|...] and v(w') = [25,...,2}]...] to be elements in

W,f_l > Where the last n coordinates are again uniquely determined. It is
easy to check that «(w) — ¢(w’) in W} _,  and that VW) Ap—10 + Op1m) =
[ag,...,aglb1,...,by) and (W) (Ag—1n+0k—1n) = [ah, ..., ar|b], ..., b]. So,
there is an arrow %[alb] — & — $[a/[t/] — & in Sj_1,, if and only if there is an
arrow 1[2k — 1,alb] — 6 — 32k — 1,d'|b'] — § in S™.

Similarly, we define the map j : Sg_1.,, — S? by %[al, ey Ql—1]b1, .. by) —
Ok—1m — %[al, o1, —(2k = 1)|b1,...,by] — 0k, and we can check that
it maps arrows to arrows.

It remains to determine, which elements of S' are connected with arrows
to elements of S2. If a weight £[2k — 1,...[...] is connected by some
root reflection s, to 3[...,—(2k — 1)|...] so the only possible root is y =
[1,0,...,0,1]0,...,0]. Simple combinatorics implies that the only possibil-
ity for the root reflection to exist is yu + 6 = %[21{: —3,a2,...,a5-1,—(2k —
D]...] = sy3[2k — L,as,...,a5-1,—(2k — 3)|...] = sy(A +6). The first
weight is in S%! and the second in SV2. To show that there is an ar-
row A — p, consider w € WP taking § to [2k — 2,aq,...,a5-1,—(2k —
3)2n —2,2n —4,2n —6,...,2k — 1,2k — 4,...,4,2,0] and w' € WP taking
5 to [2k — 3,as, ..., ap_1,—(2k — 2)[2n — 2,20 — 4,2n — 6,..., 2k — 1,2k —
4,...,4,2,0], where (ag,...,ax_1) is decreasing so that wA+08) = A+0
and w' (A +6) = p+ 6. (For example, the weight %[5, 1,-3l5,3,—1] is repre-
sented with wé = [4,1, —3|5,2,0] and %[3, 1,—5]5,3, —1] is represented with
w'd = [3,1,-4]5,2,0]) Now v’ = s,w implies w < w’ or w’ < w. But for £
the grading element, wé(E) =2k —2+as+...+ap,_1—(2k—3)=>_a;+1
and w'd(E) = > a; — 1, so w < w'. The difference of the grading element
evaluation is 2, so the length difference is at most 2, but it must be odd,
because w’ = syw and therefore w — w’ in WP. So, there is an arrow
w-A— w -\ in the singular Hasse graph.

We see that (A — p)(E) = 2 and this also proves the assumption that all the
arrows A — p fulfill (A — p)(E) < 2. If there exists the homomorphism of
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the generalized Verma modules, the corresponding dual differential operator
is of order 2, therefore we draw 2 lines in the picture.

Because we saw in lemma 5.1.1 that the form of the graph Ss, does not
depend on n, so Sy, >~ S for n,n' > k as well. O

Theorem 5.1.4. All the arrows pu — v in the singular Hasse graph from the
previous theorem such that (1 —v)(E) =1 are in the BGG graph and there
is a standard homomorphism My(v) — My(p). If X — p in the previous
theorem and (A — p)(E) = 2 (2 lines in the picture), the standard homo-
morphism My(p) — My(X) is zero. So, under the assumption of conjecture
3.8.6, the homomorphisms corresponding to second order operators are all
nonstandard.

Proof. We will prove the first part of the theorem by induction. In case k = 2
we have seen in Theorem 4.4.1 that there exists a standard homomorphism
3,1]...,3,1] =6 — [3,—1]...,3,—1]. Similarly, we could show that there
exist a standard homomorphism [1,-3|...,3,—1]—-d — [-1,-3|...,3,1]—0.

The BGG graph has the same set of vertices as the singular Hasse graph,
so we can define the sets S} ,,, 51,52 the same way as in Theorem 5.1.2 and
we define the maps ¢ : Sp_1,, — St and j: Sk—1n — S? by

7 [al,... ,ak_l\bl,... ,bn] — 5k—1,n — [Qk — 1,(11,... ,ak_l\bl,... ,bn] — 5k,n

j . [al,. .. ,ak_1|b1, .. 'abn]_ék—l,n = [al,. ey A1, —(2k—1)|b1, .. 'abn]_dk,n

We will show that there exists a nonzero standard homomorphism of true
Verma modules My, , (o) — My, _, (B) (o, € Sk—1,) if and only if
there exists a nonzero standard hon{omorphism of true Verma modules
My, , (i(a)) — M, ,(i(3)). To see this, note that it follows from Theorem
3.1.3 that for integral a, 3 € h}’;_lm there is a nonzero homomorphisms of
true Verma modules M («) — M () if and only if there exist root reflections
v; so that

B4+d>5,(B840)> Sy,sy,(B+0)>...>a+6
But this is exactly if

i(B) + 0 = 83,y ((B) + 6) 2 55(,,) 34, (0(B) +6) = ... > (i(@) +6)

where 1 : Dk—1n < bk is defined by [y] — [0,7], especially o € Ag_1, —
aiy1 € Ag . So, nonzero homomorphism M (a) — M(B) implies nonzero
homomorphism M (i(a)) — M(i(3)). On the other hand, if M(i(a)) —
M (i(3)) is nonzero, there exists 7;, so that

i(B) + 6 > 55, (i(F) +0) = 55,55, (1(B) +6) = ... > i(a) + .

All the #4; fix the first coordinate (2k — 1)/2, because the first coordinate
in the root expression cannot increase, if the weights are decreasing, but
the first coordinate of i(a)) + ¢ and () + 0 are both equal to (2k —1)/2.

46



Therefore, all the 4; have pre-images v; in hi_1, so that E(Vj) =75;. It
follows that

B+06>5,(8+6)> 5,5, (B+0)>...>(a+90)

and there exists a nonzero map M (a) — M (). So, there exists a nonzero
homomorphism M («a) — M (() if and only if there exists a nonzero homo-
morphism M (i(a)) — M (i(53)).

We will prove the following statement: there exists a nonzero standard ho-
momorphism

Mpk—l,n (a) - Mpk—l,n (/8)
for o, 8 € Si—1,, if and only if there exists a nonzero standard homomor-
phism

My, ., (i(a)) — My, ,(i(5))
It follows from Theorem 3.3.3 that the standard homomorphism

Mpkfl,n (a) — Mpkfl,n (B)

is zero if and only if M(a) C M(sq, -3) for some parabolic simple root a; #
aj—1. If this is the case, then M(i(a)) C M(sq,,, - i(3)) follows from the
previous paragraph and the map My(i(o)) — My(i(5)) is zero as well. On
the other hand, if M, (i(a)) — My (i(53)) is zero, then M (i(o)) C M(sq,-i(5))
for some parabolic simple root «; # ag. If i = 1, then M (i(a)) C M(sq, -
i(3)) implies i(«) + 0 < sq,(i(B) + J). But i(a) + § contains (2k — 1)/2 on
the first position and s,, (i) + 0) contains a number strictly smaller then
(2k — 1)/2 on the first position, what is a contradiction. Therefore, i > 1
and that implies M (o) C M(sq,_, - ), so the map My(a) — My(f3) is zero
as well.

Similarly, we can show that the map j : Sp_1, — 52 given by is a graph
isomorphism.

To complete the proof, we have to show that the standard homomorphism

1
Mp(§[2k —1,a9,...,a5-1,—(2k = 3)|2n — 1,...,3,£1] — ) —

1
= My(5[2k = 3,az,... ap1,—(2k = 1)[2n —1,....3,%1] )

is zero (this are exactly the arrows represented by 2 lines in the singular
Hasse graph, see theorem 5.1.2).

In case k = 2, we observe that

1 1 1
Z[3,-1]...,3,=1] >sq=[3,—1]...,3,—1] = =
513 =103, 1] 2 sa5[3, 1.3, -1 =
1 1

> —[1,-1]...,3,-3] > =[1,-3]...,3,—1

_2[7 ‘ 737 3]—2[7 3| 737 ]

3,-1]...,1,-3] >

The first reflection is with respect to the parabolic simple root o« = [0, ..., 1,1],
the second interchanges 1 and 3, the reflection being with respect to v =
[1,0,...,0,—1,0] and the last interchanges —1 and —3, the reflection being
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with respect to the root y9 =[0,1,0...,0,—1]. So, it follows from Theorem
3.1.3 that M(3[1,-3|...] —0) C M(sa-(3[3,—1|...,3,—1] = 6)) and we see
from Theorem 3.3.3 that the standard homomorphism Mp([1,—3|...] —
§) — My(3[3,—1]...] = 8) is zero.

Similarly, for k > 2, we observe that

2k —1,a0,...,a5-1,—(2k —3)|2n —1,...,3,+1] >

IV Nl

1
52k = Laz,o ap1,—(2k = 3)2n — 1.2k 3,2k — 1,....3,%1]

1

> [2k = 3,0z, a5, ~(2k = 3)2n — 1, 2k — 1,2k — 1.3, 1]
1

> 5[2k =302, apo, —(2k = D20 — 1. 2k~ 1,2k 3,3, %1]

The first reflection is with respect to the simple root « = [0,...,0,1,—-1,0...]
interchanging 2k — 1 and 2k — 3 on the (n + 2)-nd and (n + 3)-th position,
the second reflection interchanges the 2k — 1 on the first position with the
2k — 3 on the (n + 2)-th position, and the last reflection sign-interchanges
the —(2k —3) on the k-th position and the 2k —1 on the (n+ 2)-nd position.
It is easy to check that

M(%[Qk—B,...,—(Qk—lﬂ ]-8) M(so,(%[Qk—l, o —(2k=3)]...]-6)

and it follows from 3.3.3 that the standard homomorphism is zero.

O

Remark 5.1.5. Note, however, that for k > n the singular orbits is larger
as the one described in the theorem. We will show this in more details in
section 5.2.

Remark 5.1.6. If we choose the weight X\ + § = %[...,3,1\...,5,3,—1]
(corresponding to the other spinor representation), the singular Hasse graph
associated to it has the same structure and there is no real difference in the

PToof.

5.2. Even dimension, k > n. Let g;,, = s0(2(n + k), C)), p the parabolic
subalgebra corresponding to the k-th node crossed and let A be as in section
5.1. We saw that the shape of the singular Hasse graph associated to (g, p, A)
does not depend on n for n > k and all the weights v on the affine Weyl
orbit of A are of the form v + 6 = %[ |2n —1,...,5,3,£1]. In case n < k,
there exists other p-dominant weights on the affine Weyl orbit of A and the
singular Hasse graph is larger. We will illustrate it on the simplest example:

Example 5.2.1. Let k = 3,n = 2. Then the singular Hasse graph has to
following form:
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%[3517_1‘55_3] ‘

/
. o 1[5,1,-3[3,—1]
%[31_17+3|571] x ‘
/ v\
[ ] % [ ] %[5,—17—3|3,1}
[
§[la_17_3‘573]

In this diagram, we should subtract § from each of the weights to obtain the
singular Hasse graph for (g, p, \).

We see that there are four “new” strictly p-dominant weights of type

1 1

Sl I8, %1 and Z[..5,£3)

on the Weyl orbit of A + §. Each of the new arrows corresponds clearly
to a root reflection. To see that each of the new arrows is in the singu-
lar Hasse graph, consider, for example, the arrow (%[5, 1,-3[3,-1] = §) —
(3[3,1,-3[5,—1] = 8). Let A+ 3 = £[5,3,3,1,1] be the dominant weight on
the orbit of A+9. Choose w, w’ be elements of WP that take § = [4,3,2,1,0]
to wd = [4,2,—1|3 — 0] and w'é = [3,2,—-1]|4,—-0]. Because v’ = sjw
for v = [1,0,0,—1,0] and (wd — w'§)(E) = 1 (E is the grading element),
it follow w — w’ in WP. The weights w(\ + &) = 1[5,1,-3|3,—1] and
w' (A +0) = 13,1, —3|5, —1]. The other arrows in the above diagram can be
shown in an analogous way.

Moreover, we claim that all these new arrows are in the BGG graph as well,
representing standard homomorphisms of generalized Verma modules. To
show, for example, that there is a nonzero standard homomorphism

1 1
MP(§[37 17 _3|57 _1] - 5) - Mp(§[5, 17 _3|37 _1] - 5)
assume that it is zero, then there is a chain of weights

1 1
5[3717 _3|57 _1] =poSpr <. S Hj = 3015[57 17_3|37_1]

for some parabolic simple root a # ag, connected by root reflections.
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Because p is p-dominant and the only elements fixing io(E) are from W),
it follows that p1(E) = po(E) + 1. If py = $[3,1,—1|...], s would be
p-dominant and to leave the W-orbit of this weight, one would have to
increase the grading element evaluation once more, which is not possible.
If up = %[5, 1,—3|...], the only possibility is u; = %[5, 1,-3|3, —1] which is
larger than any sa%[5, 1,—3|3,—1]. In any case, we get a contradiction.

Let us denote by Sy, the singular Hasse graph associated to (g,p,A) in
general. We will show that it has similar structure as the picture above
if n = k— 1. The weights of type %[ .. 2n —1,...,3,+1] and the arrows
between them are a copy of the graph Sy from definition 5.1.3. We can define
the subgraphs Sb1, §42 821 and S%2 similarly as in Theorem 5.1.2. For
example, S1? consists of weights %[Qk —1,...,—(2k=3)|2n — 1,...,3,£1].
We denote by K the subgraph of Sy, consisting of weights not in S?, S2.

Theorem 5.2.2. Letn =k —1, n > 2. The subgraph K of Sk, contains
a copy of Sk—o that consists of weights £[2k —3,...,—(2k — 3)|2k — 1,2k —
5,2k — 7,...,3,%+1] (Remember that 2k — 3 = 2n — 1). We denote this
subgraph by Ky_o. The graph isomorphisms ¢ : Sy_o — Kg_o is given by

1

(5[(11, ce ,ak_2| ce ,3,:|Zl] — 5k—2,n) —
1

»—>(§

2k —3,a1,. .. a5 9, —(2k —3)|2k — 1,2k — 5,...,3,+1] — 6.

({a1,...,ax_2} is a decreasing sign-permutation of %{(2]{: —5),...,3,1}).

Let ¢1(p2) : Sp—o — S12 (S>1) be the isomorphism from Theorem 5.1.2,
respectively. Then for each p € Sk_a, there is an arrow ¢(u) — ¥(u) and
an arrow Y(p) — ¢a(p) in Sy.,. Graphically, it is described by the following
picture:

Sl,l

Ky,

32,1 51,2

52,2

The arrows connecting Kj_o with S correspond to operators of first order.
Again, we can divide Kj_o into two parts K,i_Q and K,%_w each isomorphic

to Sk_3 as a graph. Then there are two copies K,il_)3 and K,£2_)3 of Sp_3 in
K — Kj_9 connected to Ki_o in a natural way:
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1
g

J K o

K2, s
2
K2

N

The arrows connecting K 1523 with K 11—2 correspond to first order differential

operators. In a similar way, K ,823 18 connected with K ,ii_)(;) and K ,ii_)(f), each
being isomorphic to Si_4. So we can continue until we come to Sy, which is
a one-point graph. This describes all the arrows and vertices in the singular

Hasse graph.

All the arrows 1 — v such that (u — v)(E) = 1 are in the BGG graph as
well and there exists a nonzero standard homomorphism My(v) — My(p) in
such case.

Proof. The technique of the proof is similar to the proofs of Theorem 5.1.2
and example 5.2.1. We will just outline the basic steps.

First, note that if a weight v on the affine Weyl orbit of X is p-dominant, so
v+4 is of the form 3[...|bi,...,b,] where (by,...,b,) is strictly decreasing.
We can prove in the same way as in Theorem 5.1.2 that the weights of type
(bi,...,bp) = (2n—1,...,3,+1) and arrows between them are a copy of Sk.
Let us denote by Kj_o the set of weights of type (b1,...,b,) = (2n+1,2n—
3,...). The map ® is a graph isomorphism Sj_o ~ Kj_5. We will omit the
subtraction of § in the expression of the following weights. An element of
K}, is of the form $[2k—3,2k—5,c1,...,cp—3, —(2k—3)[2k — 1,2k —5, .. ]
and it is connected with root reflection to %[21@—3, 2k—5,¢1, ..., cr—3,—(2k—
5)|2k — 1,2k — 3,2k —7,...]. These are exactly elements of K,il_)3 Similarly,
an element of K? , is of the form %[Zk‘ —3,¢15...,0p-3,—(2k = 5), —(2k —
3)|2k — 1,2k — 5,...] and it is connected with root reflection to 3[2k —
5,¢1,...,Cp—3,—(2k—5),—(2k—3)|2k—1,2k—3,2k—7,...]. This are exactly

elements of K Igz_)g We can continue similarly and see that elements of K ,2?(4”

are weights of the form 1[...|2k—1,2k—3,2k—5,2k—9,...,3,£1]. Finally,
K(()“)"'(Z’“’Q) are weights of the form 3[...|2k — 1,2k —3,...,7,5,£3]. O
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For general k > n, the situation is even more complicated.

5.3. Odd dimension. Let g = By, = s0(2(n + k) + 1,C), p its parabolic
subalgebra corresponding to

G : O

where the k-th node is crossed (X = {ax}). We have seen in chapter 4
that there exists a nonzero homomorphism of generalized Verma modules
My(p) — My(X) where p+6 = [...,3/2,-1/2|...,3,2,1] and A +§ =
[...,3/2,1/2|...,3,2,1]. We will show that the BGG graph associated to
(g,p,A) is isomorphic to the singular Hasse graph S, ,, from Theorem 5.1.2.
On the other hand, the singular Hasse graph does not contain all the arrows
in this case. Moreover, the BGG graph does not depend on n at all (for a
fixed k). We will start with the simplest case k = 2.

Lemma 5.3.1. Let k = 2. Then there exist three nonzero generalized Verma
module homomorphisms on the affine orbit of A described by the following
diagram (the middle homomorphism corresponds to an operator of second
order):

(3/2,1/2|...,2,1] =6 =\

(3/2,-1/2|...,2,1] =6 = p

(1/2,-3/2|...,2,1] -6 =v

[-1/2,-3/2]...,2,1] -6 =¢

Proof. The existence of the homomorphism M,(n) — My(\) was shown in
chapter 4.

We see that [1/2,-3/2|...,2,1] and [3/2,—1/2|...,2,1] are connected by
root reflection s., where v = [1,1/0,...,0] and [3/2,—-1/2|...,2,1](Hy) =
3/2 —1/2 =1 is a nonnegative integer. It follows from Theorem 3.1.3 that
there is a true Verma module homomorphism i : M (v) — M (p). We will
show that the standard map of the generalized Verma modules is nonzero.

The weight A+ 6 = [3/2,1/2|...,2,1] is on the Weyl orbit of the dominant
(but non-integral) weight A\ + 6 = [...,2,3/2,1,1/2]. This weight is non-
singular, so there exist unique elements w,w’ € W so that w - A= w and
w' - X = v. In this case, § = %[ .., 7,5,3,1] and it is easy to check that wd =
%[5,—1| ..., 11,9,7,3] and w'6 = %[1,—5| ...,11,9,7,3]. Because w' = syw
and the evaluation on the grading element is (wd —w'0)(E) = (5/2—1/2) —
(1/2 = 5/2) = 4, we see that w < w’ and either w — w' or w — w; —
wy — w' in the (Borel) Hasse graph (there must be an odd number of
root reflections, if their composition is a root reflection and it cannot be 5,
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because the difference of the grading element evaluation is 4). If w — w', we
can use Theorem 3.3.4 and we are done. Assume that w — w; — wy — W’
and that the standard map My,(v) — My(u) is zero. Theorem 3.3.3 says
that

(5.1) M(v) C M(sq - p)

for some parabolic simple root o # ay. We know that for p-dominant pu,
M(sq - ) € M(p). The weight s, (1 + 0) is one of the following types:

(1) [-1/2,3/2]....3,2,1] ifa = oy
(2) [3/2,-1/2In,n—1,....0—1,1,...,2,1]]isa=wo;, L <i<n+k
(3) [3/2,-1/2|...,3,2,~1] if @ = anyk

First we show that a # ay. If @ = ay, (5.1) implies v + 6 < sq, (1 + 0), i.e.
[1/2,-3/2]...,2,1] < [-1/2,3/2|...,2,1]. Subtracting the second weight
from the first we get [1,—3|0,...,0], which cannot be obtained as a sum of
negative roots, because none of them has a positive coefficient on the first
position.

Now assume that s, (u + ) is of type (2). Because
M 3) = M(v) € M(sq- ) © M(z) = M(w- X,

l(w') —l(w) = 3 and v + § is not connected with s, (p + §) with any root
reflection, it follows from Theorem 3.1.3 that there must be 31, 82 so that

(5.2) M(v) € M(sp, -v) = M(s,50- 1) S M(sa - p).

Note, that the weights are sq(u +90) = [3/2,—-1/2|...,1 —1,1,...,2,1] and
v+B = 55,58,5a(+0) = [1/2,-3/2|...,2,1]. In coordinates, s3, cannot be
a (sign)-transposition interchanging an integer and a half-integer, because
of the conditions so (1 + 0)(Hg,) € N and sg,sa(p + 6)(Hg,) € N. So,
exactly one of these reflections interchanges (3/2,—1/2) to (1/2,—3/2) and
the other one interchanges (n,n—1,...,1—1,1,...,2,1) to (n,n—1...,1,1—
1,...,2,1). Soeither sg,sa(p+0) =[1/2,-3/2|...,1—1,1...] or sg,sa(pt+
d) = [3/2,-1/2|...,1,l —1,...]. In the first case, sg,sq(pt + 0) = sa(v +
J) < (v+9) (v is p-dominant) which contradicts (5.2). In the second case,
$g,8a(pt+9) = p+ 6 > sq(p+ 0) which also contradicts (5.2). So sq (i + 9)
cannot be of type (2).

Similarly, we can show that s, (u+ ) cannot be of type (3). But this means
that (5.1) does not hold and the standard map M,(v) — M,(u) is nonzero.

Finally, to show that there is a nonzero standard homomorphisms M (£) —
M(v), note that v 4+ = w(A +d) and £ + 6 = w'(A 4 6) where wd =
$[1,-5]...] and w'§ = 3[-1,-5|...]. Evaluating wd and w'd on the grading
element, we see that the difference is 1 and w — v’ (lemma 3.2.3). Finally,
v—¢& = [1,0,...,0] is an integral multiple of a root, so M(§) C M(v).
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Applying Theorem 3.3.4, we see that the standard homomorphism M,(§) —
M, (v) is nonzero as well. O

Note, however, that in the case k = n = 2, there are other strictly p-
dominant weights on the orbit of A 4+ §. Namely, the weights

2,1(3/2,1/2],[2,-1|3/2,1/2],[1,-2[3/2,1/2] and [-1,-2[3/2,1/2].

Neither of them is connected with a root reflection to any weight from the
last theorem. It is easy to see that they are connected with standard ho-
momorphism analogous as the weight in the last theorem. So, in that case,
the BGG graph consists of 2 connected parts, each of them being a copy
of Sy (cf. Theorem 5.1.2). However, the homomorphisms of generalized
Verma modules appearing in the other component correspond to differen-
tial operators that are all of second order (because, intechanging 1 with a
—1 decreases the grading element evaluation by 2, so we can use Theorem
2.4.1).

Remark 5.3.2. The singular Hasse graph, however, does not contain the
arrow [ — v.

Proof. For A\ + 6 = [...,3,2,3/2,1,1/2], there is a unique w resp. w’
taking A + 6 to g + 0 resp. v 4+ 6. As we saw in the proof of 5.3.1,
wé = 3[5,-1|...,7,3] and w's = £[1,—5[...,7,3]. The length difference
l(w") — l(w) is not 1, because (identifying w < wd for w € WP)

%[5,—1|...,7,3] —>%[3,—1|...,7,5] —>%[1,—3\...,7,5] -

1
—|1,-5|...,7,-3
2[7 | AR ]

—

Theorem 5.3.3. The BGG graph from lemma 5.5.1 is a complez.

Proof. We want to show that the standard homomorphism My (v) — My())
is zero. This can be see from the following sequence of weights connected
by reflections:

[1/2,-3/2|...,2,1] < =[1/2,3/2|...,2,1] = 54,[3/2,1/2| ... ,2,1]

DO | =

Similarly, the standard homomorphism My (&) — My(p) is zero because
[—1/2,-3/2]...,2,1] < [-1/2,3/2|...,2,1] = 50,[3/2,-1/2| ..., 2,1]
U

The situation in k£ > 2 is analogous:

Theorem 5.3.4. For any k,n > 2, k # n, the graph Sy from Theorem 5.1.2
describes the BGG graph associated to (g,p,A). The double-arrows describe
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homomorphisms, whose corresponding invariant differential operators are of
second order.

All homomorphism in the graph are standard.

Howewver, the arrows corresponding to second order operators are not in the
singular Hasse graph.

In case k = n, the orbit has two connected components. One of them is a
copy of S and the other one is similar except that all of its homomorphisms
correspond to second order differential operators.

Proof. Let A\+6 =[...,5/2,2,3/2,1,1/2] be the g-dominant weight so that
A+ is on its Weyl orbit. Recall that there are n integers and k half-integers
in the expression of A + §. Assume that k # n.

The condition on a weight v + 6 = [aq,...,aklb1,...,b,] to be strictly p-
dominant and p-integral is a1 > ... > ay, by > ... > b, > 0, a; —a; €
Z, by — b;j € Z and the b;’s are all integers or all half-integers. Simple
combinatorics implies that, if v is on the affine orbit of A and k£ # n, the
only possibility is v+ 6 = [a1,...,ax|n,n—1,...,2,1], where (a1,...,ax) is
some strictly decreasing sign-permutation of ((2k —1)/2,...,3/2,1/2).

Let Sk, be the BGG graph for (g, p, A). In the same way as in Theorem 5.1.2
we can define S! to be the subgraph consisting of weights [(2k—1)/2,...].. ]
and S? the subgraph consisting of weights [..., —(2k — 1)/2|...]. Clearly,
the set of all vertices in the BGG graph is a disjoint union of vertices in S*
and vertices in S2. Similarly, we can define S™!, S12 and S§%!, §22.

We shall show that the map 4 : Sg_1, — S* given by ([a1,...,ax_1]...] —
5) — ([(2k—1)/2,a1,...,ak_1|...] —0) is a graph isomorphism. The weight
[ai,...,ax_1|...] is strictly pg_1 ,-dominant and pj_1 ,-integral if and only
if [(2k —1)/2,a1,...,a5_1]...] is strictly pj,-dominant and py, ,-integral.
Therefore, ¢ is a bijection on vertices.

Similarly as in the proof of Theorem 5.1.2, it can be shown that there is
a nonzero standard homomorphism My, , (81) — My, _, . (f2) if and only
if there is a nonzero standard homomorphism My,  (i(81)) — My, , (i(52))-
Therefore, i : Sp—1, — S lis a graph isomorphism.
Similarly, the map j : Sp—1,, — S? given by

([(11, s ,(Ik_1| e ] - 5) = ([ah' sy Ak—1, _(2k - 1)/2| o ] - 5)

is a graph isomorphism.
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We will show now that all the arrows connecting elements of S? with ele-
ments of S?! in S}, (defined analogously as in 5.1.3) are in the BGG graph

for (g, p, A).

Let us denote p+0 = [(2k —1)/2,az,...,a5-1,—(2k—3)/2|...] and v+ =
[(2k — 3)/2,a9,...,a5-1,—(2k — 1)/2]...]. We will show that there is an
arrow p — v in the BGG graph. First, we show that there is a standard
homomorphism My (v) — Mp(u). For true Verma modules, M (v) C M(u),
because v+ 6 = s, (u+0) and v = p—~ for y=[1,0...,0,1/0,...,0].

Let w € W be the Weyl group element that takes § = %[...,5,3, 1] to
514k —3,by, ... b1, —(4k — 7)|...] where (ba,...,by_1) is some decreasing
sign-permutation of ((4k — 11)/2,...,5/2,1/2) and w’ takes & to 3[4k —
7,ba, ... bp_1,—(4k—3)|...] so that w(\+6) = p+6 and w' (\+6) = v +4.
The difference of the grading element evaluation is (wd — w'd)(E) = 4 and,

similarly as in the proof of lemma 5.3.1, either w — w’ or w — w; — wy —

w'. If w — w', we apply Theorem 3.3.4 and see that there is an arrow

uw—v. Let w — w; — wy — wi and assume, for the sake of contradiction,
that the standard map My(w' - \) — Mp(w - A) is zero. Therefore,

(5.3) M) = M(w' - X) C M(sqw-X) = M(sq - 1)

for some o € S.

The weight s4(p + 9) is one of the following types:

1) [az, 2k —1)/2,...]....3,2,1] ifa = iy

@) [(2k—1)/2,...,an,a_1,...,—(2k — 3)/2|...]

(3) [(2k—1)/2,...,~(2k — 3)/2, a 1] .. ]

@) [(2k—1)/2, ..., —(2k —3)/2ln,n—1,...,1—1,1,...,2,1]
(5) [(2k—1)/2, ..., —(2k —3)/2|...,3,2,—1] if & = anss

First we show that it is not of type (1). If & = «q, (5.3) implies v + § <
Saq (4 0), ie.

(2 — 3)/2,a0, ..., —(2k —1)/2|...] < [as, (2k —1)/2, ..., —(2k —3)/2|.. ]

where ag < (2k — 5)/2. Subtracting the first weight from the second we get
[as — (2k — 3)/2,...] which cannot be obtained as a sum of positive roots,
because it contains a negative number on the first position.

Now assume that s, (u + d) is of type (2) — (5). Because
M 3) = M(v) € M(sa- ) © M(z) = M(w- X,

l(w") = l(w) = 3 and v + ¢ is not connected to s,(p + ¢) with any root
reflection, it follows from Theorem 3.1.3 that there must be 31, B2 so that

(5.4) M(v) € M(sg, -v) = M(sp,50 - 1) G M(sa - 1)
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Similarly as in the proof of lemma 5.3.1, we will show that a cannot be of
type (2) — (5) leading to a contradiction. Let o be of type (2), i.e.

sa(p+0) = [(2k—1)/2,... ap,ai_1,...,—(2k —3)/2|.. ],
v = [(2k—3)/2.. . at,ans.. ., —(2k—1)/2)]...].

The root reflections sg, and sg, cannot interchange an integer with a half-
integer, because of the integrality conditions s, (u+0)(Hg,) € Nand sg,sq(u+
0)(Hg,) € N. There are two possibilities: either sg, interchanges a; with a;_;
and sg, interchanges ((2k—1)/2, —(2k—3)/2) with ((2k—3)/2,—(2k—1)/2)
on the particular positions, or sg, interchanges ((2k—1)/2, —(2k—3)/2) with
((2k—=3)/2,—(2k—1)/2) and sg, interchanges a; with a;_;. In the first case,
B2 = a and (5.4) implies M (1) € M (sq - f1), which contradicts the fact that
M (sq-pt) € M(p) for a parabolic simple root o and p € P, *. In the second
case, #1 = « and (5.4) implies M(v) C M(sq - V), which also contradicts
M(sq-v) S M(v).

Let « be of type (3), i.e.
Sa(p+9) = [2k—-1)/2,...,—(2k —3)/2,a-1]|.. ],
v+d = [(2k—-3)/2,...,ak-1,—(2k —1)/2)|...]

If either 51 = a or B3 = «, we get contradiction similarly as in case (2).
But there is no other possibility, because the a;_; on the k-th position has
to move somehow to the (k — 1)-th position: if §5 would fix it, then §; = «,
if B would take it to the (k — 1)-th position, then s = « and if B2 would
take it (possibly with a minus sign) to the I-th position for | # k,k — 1,1,
then [ has to (sign-) interchange the [-th and (k — 1)-th position, so sg, 53,
would fix the (2k — 1)/2 on the first position, which is impossible. The
last possibility is [ = 1: this would mean that (s takes ap_q to the first
position (possibly with a minus sign), but ax_; < (2k — 3)/2 would imply
that sg,54 (1 + 6) has a smaller number on the first position as v 4+ ¢ which
contradicts v + & < sg,54(u + 9).

In case (4), we have
Salp+96) = [2k—-1)/2,...,—(2k—=3)/2|n,..., 1 —1,1,...,2,1]
v+d = [(2k-3)/2,...,—(2k—=1)/2)|n,..., 1,1 —1,...,2,1]
Because the reflections with respect to (1, G2 cannot interchange an integer
and a half-integer, it follows that one of them interchanges [ with [ — 1, so

either 81 = a or B2 = o and we get a contradiction as in case (2). The same
happens in case (5).

In either case, we get a contradiction, so the standard map M(v) — Mp(1)
is nonzero.

We will show that the condition (2) from the definition of the BGG graph
(3.4.1) is satisfied as well. Let us suppose that there exists nontrivial homo-
morphisms

My(v) = My(8o) — My(&1) — ... — Mp(&;) = My(p)
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for 5 > 1. The weights &; are increasing and p-dominant p-integral, so
& — &1 cannot be written down as a sum of positive roots in gg: therefore,
the grading element evaluation &;(F) is strictly increasing. The difference
(u—v)(E) =2, so it follows j = 2 and

v+0<&+d=v+i+m<v+i+m+yr=p+d
for some 71,72 € g1 (grading element evaluation on roots from g; is 1). But
~v1 € g1 implies that v, is of the form

[0,...,1,...,0]0,...,£1,0...,0],

and so the y;-addition changes

[al, N ,ak|b1, N ,bn]
to
[al,...,al+1,...\b1,...,bl/ —1,...,bn],
but this cannot be strictly p-dominant and p-integral when (b1,...,b,) =
(n,...,2,1). So, there is really an arrow g — v in the BGG graph and
we leave to the reader to check that there are no other arrows in the BGG
graph.

For k = n, there are other p-integral and strictly p-dominant weights on
the orbit of \: the weights of type [a1,...,a;|(2k—1)/2,...,3/2,1/2] where

(ai,...,ax) is some strictly decreasing sign-permutation of (k,k —1,...,1).

We could again, define S’! as a set of weights [k,...[...] — ¢ and S as a

set of weights [...,—k|...] — and show that there are arrows
([ky...,—(k=1)]...]=6) = ([k—1,...,—k] =),

similarly as in the first part of the proof. However, the order of the dual
operators is always 2 in this case, because changing 1 to —1 decreeses the
grading element evaluation by 2. O
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6. CALCULUS OF EXTREMAL VECTORS

6.1. Computation of extremal vectors. We saw in the last chapter that
in the even orthogonal case, the singular Hasse graph contains arrows that
may correspond to nonstandard homomorphisms and the dual operators
are of second order. One way to prove that existence of a nonstandard
homomorphism My (1) — Mp(A) is to compute the so called extremal vector.
It is a vector v € My(A) of weight p such that X - v = 0 for any positive
root space generator X in g. If we find such a vector, the homomorphism
can be defined by 1 ® v, — v (1®wv,, is the highest weight vector in M,(u))
and consequently

Y- Y @Y1 Yo, =y yeYr . Y

where y; are generators of some negative root spaces in g_, Y; are generators
of some negative root spaces in gg and the right hand side of the last equation
is the result of the action of y; ...y;Y7...Y; on v in My(A).

Consider the Lie algebra g = Dy = s0(8,C), p the parabolic subalgebra
determined by ¥ = {a1} (first node crossed in the Dynkin diagram), and
the weights A = 3[—5|1,1,1] and p = 3[—7|1,1,—1] (this is a special case
of lemma 4.1.1). We will compute the extremal vector corresponding to
My(12) — My(N) .

Let us represent the elements of s0(8,C) as matrices antisymmetric with
respect to the anti-diagonal, as in section 2.1.

Let y; j resp. Y; j be a matrix E; j — Eg_j9—; so that y; ; € g— and Y; ; € go_
(E; j is a matrix having 1 in ¢-th row and j-th column and 0 on other places).
These are exactly the generators of negative root spaces in g. Similarly,
we denote the generators of positive root spaces by x;; and X;; and the
generators of the Cartan subalgebra by h; = E; ; — Eg_; 9—:

hi| w2 213 x4 T15 T Z17 0
ya1 | he  Xoz  Xog  Xos  Xog 0 —T17
ys1 | Y2 hy X3z Xss 0 —Xo6 | —716
ya1 | Yao Vi3 hy 0 —X35 —Xo5| —x15
ys1 | Ys2 Y3 0 —hy —X34 —Xog|—714
Y1 | Ye2 0 —Ys3 —Yi3 —hy —Xo3|-—w13
yrni| 0 =Yg —Ys Yo Y3 —hy | -2
0 | —ynn —wer —Ys1 —¥ya1 —Y31 —Y21 | —M

(6.1)

Lemma 6.1.1. There is exactly one vector (up to multiple) in My(\) of
weight u that is extremal, i.e. annihilated by all positive root spaces in g,
namely the vector

Y51 @ Uy — Y31 @ Y5305\ — Y21 @ Y500
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(under the identification My(\) ~U(g—) @ Vy).

Proof. We know from 2.3 that the vector

(6.2) Yirgr -+ Yingn © Yer b+« Ve Ln U

is a weight vector with weight A — ", root (y;, j,) — > root (Vi ;) (if it
is nonzero). The difference p— A = [—1]0,0, —1] in our case, so the u-weight
space in My(\) is generated by vectors of type (6.2), where the sum

Z root (Yi, j,.) + Z root (Y3, j,,) = [—1[0,0, —1].
k K’

There are only 4 possibilities how to obtain [—1]0,0, —1] as a sum of negative
roots in g:

—1|0, 0, —1] itself — corresponds to ys1, so the weight vector is y51 ®@v)
0] — 1,0, —1] + [-1]1,0, 0] — weight vector y21 ® Ysovy

0/0, -1, —1] + [-1]0, 1,0] — weight vector y31 ® Ys3v)

0/0, -1, —1]4[0]—-1,1,0]4+[-1|1,0,0,] — weight vector y2; ®Y53Y3203.

The last vector is zero because A = %[—5|1, 1,1], Y32 is the negative root
space of the root = [0,—1,1,0] and the copy of sl(2,C) in g generated by
Hpg, Xo3, Y3 acts trivial on vy, because Hg(vy) = AM(Hg)vy = A(ha —h3)(1 —
1)vy = 0 and therefore, this submodule generated by vy is an irreducible
5[(2, C)-module with highest weight 0, so it is trivial. From the same reason,
Yi3vy = Yiouy = 0. On the other hand, Ysovy # 0 and Ys3vy # 0, because
this root spaces correspond to the coroot h; 4+ hg resp. ho + hs and the
action of A on these coroots is nonzero.

We have identified a 3-dimensional p-weight space in M,(\) and are looking
for a vector in this space that is extremal, i.e. annihilated by all positive
root spaces in g. The action of the positive root spaces can be computed
using just the commutation relations in ¢(g) and the fact that we know the
action of p on vy.

In fact, it suffices to find a vector in this weight space that is annihilated
by x19, Xog, X34, X35, Xog and x17, because the other positive root spaces
generators can be obtained by commuting those. We compute the action of
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12 on the three vectors:

z12(Ys51 @ Ux) = Ys51Z12 @ V) + [T12,Ys51] @ v\ =
Y51 ® 1205 + [T12,Y51] @ vy = 0+ (—Y52) ® vy
=1 &® (—Y522))\),

T12(y21 ® Ys20)) = Y21712 @ Yso0y + [T12,921] ® Yaouy =
= Y21 ® 212Y500) + (h1 — h2) ® Y520\ = yo1 @ Ysow120) +
+1y21 & [1’12, Yir,g]v)\ +1® (hl — hg)Y522))\ =040+

+1® Ys2(h1 — ha)uy +1® [y — ha, Yso] =

5 1
-1Q® (—5 — 5)1»\ +1® Ysouy = =2 ® Ysouy,
z12(yY31 ® Ys305) = y31 @ 212530 + 212, y31] @ Yszu) =
= Y31 ® Y532120) + Y31 @ [212, Ya3]ua + (—Y32) @ Yazvy =
=0+0—1® YsYs30\ = —Y53Y300) — [Y32, Ya3]uy =
=0—-1® (=Ys2)vy = 1 ® Y500y,

where ® means product over U(p).
Similarly, we compute the action of the other positive root spaces on each

of the 3 nonzero vectors of weight . We can write the result into a table of
actions on vectors:

action vector

V1 = Y51 @0y | v2 = Y21 @ Vaouy | v3 = y31 ® Ya3uy
T2 | 1® (=Ysuy) —2 ® Ysau) 1 ® Ysou)
Xo3 0 —y21 ® Y530\ Y21 @ Y530
X34 0 0 Y21 ® Yaquy =0
X35 Y31 ® vy Y21 ® Yaouy =0 Y31 ® vy
Xog 0 0 0
T17 0 0 0

We want to find some combination avy+bvy+cvs of the vectors vy, v9, v3 such
that the actions on this are zero. We see from the table that a—2b+c = 0,b =
c and a = —c¢, so the solution is one-dimensional (a,b,c) € ((1,—1,-1)). O

We know from 4.1.1 that there exist a standard homomorphism M,(u) —
Mpy(X) , but now we see that it is the only one (up to multiple), and there
is no nonstandard homomorphism M, (u) — My(X) .

In a similar way, we could compute that taking ' =
/

N:

2[-5/1,1,-1] and
2[=7|1,1,1] there exists a unique homomorphism M,(p/') — Mp(N')
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and the extremal vector is

Ya1 @ vy — Y31 @ Yagun — yo1 @ Yyouyr.

This example can be generalized:

Lemma 6.1.2. Let g = D, and ¥ = {a}, A0 = [2k—1,...,3,1]...,3,1]
and p+0 =12k —1,...,3,—-1|...,3,—1], as in 4.4.1. Let us represent el-
ements of g as matrices, the same way as in 2.1. Then the Verma module
homomorphism My(p) — Myp(X) is unique (up to multiple) and is described
by the extremal vector

(6.3)  Yktnt1.k @ UN = Ykan—1,k @ Yignt1 kdn—1Vx —
~Yktn—2k @ Yitni1 ktn—20x — -+ — Ykt1,k @ Yignt1 k+10x

Similarly, for N +6 = 2k —1,...,3,1]...,3,=1] and ¢/ + 06 = [2k —
1,...,3,—1|...,3,1], the extremal vector is

Yktnk @ VN = Yktn—1k @ Yitn ktn—10x — Ykan—2k @ Yign ktn—2Ur — ...
s = Ykt 1k © Yy 2Ua.

Proof. The technique of the proof is essentially the same as in the previous
lemma. The weight difference p — A = [0,...,—1]0,...,—1] which can be
obtained either directly (it is the root so that its root space generator is

Yk+n+1,k), OF as a sum
0,...,=1[,...,1,0,...,0] +[...]...,—1,...,—1].
The weight vector corresponding to this decomposition is

Yktik @ Yetni1,k450n

Other decompositions of type (...+[0,...,0]...,—1,...,1...]) donot occur,
because the root space generator associated to this root is Y4 x4 for I <m
and Yii g+mvx = 0, because A(hy4; — hgrm) = % — % = 0 and we can use
the same argument as in the proof of lemma 6.1.1.

Writing down the actions of the positive root spaces on this weight vec-
tors, we obtain that the only weight vector annihilated by them is the vec-
tor from the lemma. It suffices to take the action of Xi9, Xo3,..., X141,

Tkt 1y Xht1,k42> -+ Xhfn—1k+ns Xk4n—T1k+tn+ls > Xk+1k+2n—1s Th k+2ns
..., T12k+2n—1- Recall that

A= %[—(Qn—1),...,—(2n—1)|1,1,...,1].
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We compute the action of X2 on the summands of (6.3) in case k > 1:

X12(Yk+nt1,k Puu(p) UA) = Yktnt1,k Ouu(p)) X120x +
+[X12, Yrant1.6] Dup) 2 = 0,

X12(Uktjk @ YVirnt1,k4500) = Ykt i kX12 Qui(p) Yotrnt1,k150N +
+[X12, Yk, k] ua(p) VA = Yksik Dui(p) YVirnt1,k+5X120x +
FYktik Qup) (X125 Yernt1,k45/0a +0 =0,

for j = 1,...,n — 1, because the commutators are zero. Similarly, the

action of Xo3,...,Xj_1 are zero on all the vectors we consider. For
Tk k+1, however (if & = 1, we start here), there are nonzero commuta-

tors [Tr pt1s Yernit,k] = —Yarntt ksl [Thht1, Ukijkl = —Yiyjper for j =
2,...,n—1and [ZL'k,k—i—l, yk-i—l,k] = hy, — hgy1. Note that N(hx — hgpi1) = —n.
We obtain

Tk k1 Uk rnt 1,k Qo) VA) = =1 @ Yini1 k4102,

Tk ket 1Ytk Dup) Yernt1,k4500) = =1 @ Vi jor1 Yetn1,k4500 =
= —1® (Yetnt+1,k+5Ye+j k197 + [Yetjk+1, Yernt1,k+5]00) =
=1 ® Yignt1k+10r,

for j =2,...,n— 1, because Y4 x+1vx = 0. Finally,

T k1 Y1,k @ Yirnt1,6+1) = (b — hit1) @up) Yernt1,k4108 =

=1® Yisnt1,h+1 (e — his1) + [he — Pty Yirng1,k41])0n =

=1®(—n~+1)Yitnt1h+1)0a = (—1 + 1) @ Yitnt1 k+10n
We see that the action of xj ;41 on the vector from the lemma is

1® Yipnsrpri(—1— (n—2) +n—1) = 0.

Further, the action of Xj; yyi+1 for some fixed i € {1,...,n — 1} is zero
ON Ykt+n+1,k Dtq(p) UA and the only nonzero terms come from the commutators
(Xhtikotit1s Yhtit1,k] = Yrtig for 1 <i <n—2and [Xiyi btit1, Yitnt1 kil =
—Yitn+1,k+i+1. We obtain:

Xivisktit1 Wrtit 1,k @ Yignt L h+it1V0) = Yhtik © Yifnt1 ktit102

and

Xitiktit1 Wktik © Yitna1 k+iV) = —Yktik © Yitnt1 k+i+1V)-

Therefore, the coefficient of the term yri;x ® Yiqn41 k+iva in the extremal
vector is the same as the coefficient of the term yiyit1,5 ® Yitn+1 k+i+1Vx-
This already implies the extremal vector from the lemma and the reader can
check that the action of the other positive root spaces is zero as well. O

Lemma 6.1.3. Let g = Dy, ¥ = {as} and A+ = [3,—1|3,-1], u+ 6 =
%[1,—3|3,—1] are the weights representing the double-arrow from lemma
5.1.1. Then there is a unique (up to multiple) nonzero nonstandard ho-
momorphism My(p) — My(X) , i.e. the arrow X —  is in the BGG graph.
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Proof. We compute the extremal vector the same way as in the previous
lemmas. The matrices are 8 x 8 with the following gradation:

hi X1 | 13 x4 x5 w16 | T17 0
Yor  he | 723  ®oq4 x5 @2 0 —T17
Yyt ys2 | hy Xz Xss 0 —Tog —T16
(6.4) yar  Ya2 | Yaz  hg 0 —Xz5|—725 —x15
Yst  Ys2 | Y53 0 —hy —X34| —w24 —T14
Yl Y62 0 —Ys3 —Yy3 —hg | —w23 —x13
yr1 0 | —ye2 —¥Ys2 —wa2 —ys2 | —ha —Xi2
0 —yr1|—Yer —¥Ys1 —Ys1 —Y31 | —Yor —Mhg

The computation is quite long and technical but the result is that the ex-

tremal vector is

Vezt = Y51Y42 ® U\ + Ys2ya2 @ Yo10) + Ye2y31 @ vx + Ye2y32 @ Yo1v) +

+ys2131 @ Ya30)\ — y51932 ® Ya30).

For simplicity, we will write only y € U(g) instead of y ®y ) va for the
extremal vector. To make the expression of y more unique, we will write it
as a sum of elements of type yi, j, - .- Yi, j, Yui,01 - - + > Yug,vp, SO that

((1,51)5 - - -, (i1, 1)

and

((ul’vl)v SEER) (Uk,’Uk;))

are ordered lexicographically. Of course, yx = 0 for any positive root space
generator z in this formalism, Y* may be zero for large k and yh = A(h)y

for h € b.

So, we write eyt = Y5142+ - - .+ (—ys51y32Ya3). The reader may easily verify
that all the summands have weights u = X + [—-1,—1,]0,0]. For example,
the first summand ys1y42 corresponds to the decomposition [—1,0[0, —1] 4+
[0,—-1]|0,1] of [-1,-1,0,0,].



We will show that the action of X5 on this is zero.

Xi12Us1Y42 = Ys1Z12Y42 + [X12, Us1]ya2 = ys1942X12 + ys51[ X2, yaz] — Usoyao =
= —Ys2Y42,

Xi12Us2912Y21 = Y52 X12ya2Yo1 + [ X2, ys2] - . . = ys2ya2X12Y21 + ys2[X12, ya2] - ..
= ys2ya2Y21 X12 + Ysova2[X12, Ya1| = ysoyaz(h1 — he) = ysoyaz,

1
(because A\ = 5[—3/2, —5/2[1/2,-1/2])
Xi2u62Y31 = Y62 X12Y31 = Ye2y31X12 + Ye2[X12, Y31] = —Ys2y32,

X12y62Y32Y21 = Y62 X12Y32Y21 = Ye2y32X12Y21 = Ye2y32Y21 X712 +
+ye2y32[X12, Ya21] = ys2ys2(h1 — h2) = ys2y32,

Xi2ys52y31Ya3 = ys2X12y31Ya3 = ysoy31 X12Ya3 + ys2[ X2, y31]Yaz =
= Y50y31Ya3X21 — Ys2y32Ya3 = —Y52y32Y43,

Xi2(—ys1y32Ya3) = —ys1 Xi2y32Yaz — [Xi2, ys1]ys2Yazs = —ys1y32X12Yas +
+yYs52y32Ya3 = —y51y32Ya3X01 + Y52y32Y43 = Y50Y32Ya3.

Summing up all the results, we get zero. The same can be checked for any
positive root space X and it is left to the reader. To prove the uniqueness
of vegt, one has to write down the basis of the py-weight space in My(\) and
compute the actions of positive root spaces on them: solving this is very
technical but straightforward. O

This extremal vector represented by ye,+ € U(g) can be rewritten in an easier
way:
Yert = (Y51 — Y31Y53) (Va2 — ¥32Ya3) + (ys2 — ¥32Y53) (Ya2 — y32Ya3)Yo1 — yr1.

To check that it is the same, multiply the brackets, use commutation rela-
tions in g and the facts that yYs3 = 0 (because Ysz3vy = 0).

The vectors in the bracket look very similar to those from lemma 6.1.1 and
6.1.2. The following theorem says that this holds in general.

Theorem 6.1.4. Let g = Dayy, & = {a2}, A+ 0 = 1[3,-1]...,3, 1]

and p+ 6 =[1,-3|...,3,—1]. Then there exists a nonzero homomorphism
My(p) — Myp(X) and the extremal vector is

(65) Yext = Df_DQ_ + D;DQ_Yél — Yon+3,1

(Y2n+3,1 1s the generator of the root space in g_3), where

(6.6) D} = yni3i— Ynt1iYnt3n41 — UniYnism — - — Y3, Yn+3.3

and

(67) DZ_ = Yn+24 — yn+1,iYn+2,n+l - yn,iYn+2,n R yS,iYn+2,3
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fori=1,2.

Remark 6.1.5. Note that D; resp. D, is the extremal vectors from The-
orem 6.1.2 describing the homomorphism dual to the Dirac operator.

Proof. We will verify that the extremal vector from the theorem is annihi-
lated by the action of positive root space generators. This is sufficient to ver-
ify for X192, 23, Xiit1 3 <i<n+1), Xpio jnio+; (1 <j<n—1), z22,42
and 21 25,43 (draw a matrix similar to (6.4) with go ~ gl(2,C) & so(2n,C)
for general n).

h1 X2 T13 T1 nt2 T1,n+3 T1,2n+2 T1,2n+3 0
Yo ha T23 . T2 nt2 T2 nt3 S T2.2n42 0 —T1,2n43
Y31 Y32 h3 X3 n42 X3,n43 .- 0 —Z22n42 —T1,2n42
Yn+2,1 Yn+2,2 Ynt2,3 e hn+2 0 oo —X3n43 | —T2nt3 —Z1,n+3
Yn+3,1 Yn+3,2 Yotss ... 0 ~hnt2 ... —Xzni42 | —Tani2 —Tind2
Y2n+2,1  Y2nt2,2 0 ... —Yn4a3 —Y.s . —hs —T23 —T1,3
Y2n+3,1 0 —Y2n+2,2 .- —Yn43,2  —Yn42,2 ... —Y32 —ha —X12
0 —Y2n+43,1 | —Y2n42,1 -0 TYn43,1 —Ynt2,1 .- —y31 —Y21 —hy

The weight A\ = %[—%, —2”2—+1 %, ce %, —%] implies that Y, 43 juy = 0 for
3<j<n+land¥jivy=0for j <n+1

First we show that the extremal vector in question is annihilated by the
positive root spaces in gg.

(a) The action of Xi,.
X19D{ Dy = Df X19D5 + [X12, D 1Dy =
= DI Dy X195 + D{ [X12, D5 ] + [X12, D} 1Dy

The commutator [X12, D5 | is zero, because Xj2 commutes with each sum-

mand in the definition (6.7) of D, . Further, [Xi9, D] = —DJ because
[X12,Yn+3,1] = —Unt3,2 and
(X12, Ynt2—k1 Yne3nro—k] = —Ynt2—k2Yn+3nt2—k
for 1 < k <n — 1. Therefore,
X12D{ Dy = —Di Dy
Similarly,

X12D§ Dy Yo1 = Dy Dy [X12,Y12] = Dy Dy,
because [X12, Yi2Juy = (b1 — ho)uy = vy, for
2n—1 2n+11 1 1
;g eyl
So, Xlg(Df_DQ_ + D; D5 Y51) = 0. The space g_» is one-dimensional, gener-
ated by yan4+31. The action of X132 is Xiayon13.1 = [Xi2, Y2n+3,1] = 0 so we
see that X9y = 0 for y defined by (6.5).

A=
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(b) The action of X ;41 for 3 <i < n. Again, we have
X;;+1D Dy = [X; 11, DY 1Dy + DY [X; 41, D5 ]
and
Xiiv1D$ Dy Yo1 = [X; 11, DS]1D5 Ya1 + DY [Xi i1, Dy |Yo1
We will show that all the commutators are zero. We have
[(Xiit1, DY) = [Xiit1, Unt+31 — Ynt1,1Yn43m41 — - -« — Y31 Ynt3,3)-

The only nonzero terms here are [Xj i1, —¥i+11Yn+3.i+1] = —Yi1Yn+3i+1
and [X; i+1, —¥i1Yn+3,i] = ¥i.1Yn+3,i+1 and they cancel each other. Similarly,

1 _
(Xiit1, D3| = [Xiit1,Yn+32 — Yn+1,2Yn43n41 — - - — Y32Yny33] =
= —Yi2Yni3i+1 T ¥i2Yny3i41 =0,

[(Xiit1, D7 = [Xiit1, Ynt2,1 — Ynt1,1Yn42n4+1 — - - — Y31 Ynty23] =
= —¥i1Ynt2,i+1 + ¥i1Yni2i+1 =0,

[(Xiit1, Dy | = [Xiit1, Yn+2.2 — Ynt12Yn+2n4+1 — - - — Y32Yniyo3] =

= —¥i2Yni2i11 +¥i2Yni2i+1 = 0.
The action of X; ;1 on g_o is X; ;+1y2n4+3 = 0 as well. So, we are done for
Xiiv1, 3< i< n.

(c) Action of Xp41 n+2. We have

+ o N
[(Xnt1m+2, DT = [Xnd1,042: Unt31 — Ynt1,1Yn43n41 — - - — Y31 Yn433] =0,

because all the summands in Df commute with X, 4. Similarly, [Xp 1 n42, D; | =
0. The other commutators are nontrivial:

(Xn+1,n42, D7 ] = [Xnt1,042: Un+2.1 — Ynt1,1 Vo421 — -+ - — Y31 Yn423] =
= Ynt+1,1 — Ynt1,1(Pnt1 = Png2) = Yn1Yonsin — - — Y31 Y0413
(Xnt1m42, D3] = [Xnt1n42: Yn42,2 — Ynt1,2Ynt2n41 — -+ — Y32Yn403] =
= Yn+1,2 — Ynt1,2(Pnt1 — Pny2) — Yn2Yniin — - — y3.2Yn41.3.

We obtain:
Xnt1.n42(Df Dy + Dy Dy You) = DY [Xpy1n42, Dy | + D3 [Xnt1nv2, Dy ] =
= Dy (Yn+1.2 — Ynt12(hnt1 — Pns2) — Yno2Yniin — - — Ys2Yni1,3) +
+D3 (Yn+1,2 = Ynt1,2(hns1 — Pnga) — Yn2Yns1m — - - — y3.2Yn41,3)Yor1.

The first term is zero, because Y, 1 41— has zero action on vy for 1 < j <
n — 2 (because the weight A has £ both on the n 4+ 1 and (n + 1 — j)'th

position) and yn41.2(1 — (hpt1 — hnt2))Ur = Ynt1,2(1 — (% - (—%)))v)\ = 0.
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For the second term,

(Un+1,2 = - —Y32Yn41,3) Y21 = Yo1(Ynt12 — ... — y32Ynt13) +
+Yo1, (Wnt12 — - - — Y32Ynt1.3)] = —(Un+1,0 — Unt1,1(Ans1 — hng2) —
—Yn1Ynt1m — - — Y3,1Yn413),

and this is zero from the same reason as above. For the g_o term, X, 4 1yon+43.1 =
[(Xnnt1Y2n+3] = 0 as well.

(d) Action of Xy 41 pn+3. The commutators are
[Xn-i—l,n—i-?n Df_] = [Xn-i—l,n—i-?n Yn+31 — yn+1,1Yn+3,n+1 R y31Yn+3,3] =

= Unt+1,1 — Ynt1,1(Pnt1 + Png2) = Yn1Ynsin — - — Y31 Yn41,3

o _
[(Xn+1,n43, D3] = [Xnt1043: Un+3.2 — Ynt1,2Yn43n41 — - - — Y32Yni33] =
= Yn+12 — yn+1,2(hn+1 + hn+2) - yn,QYn-l—l,n e y3,2Yn+1,37

[(Xn+1,n+3, Dy ] = [Xnt1,n43, Dy ] = 0.

Therefore,

Xn+1,n+3(Df_D2_ + D;D2_Yél) =
- [Xn-i—l,n—i-?n DT]DQ_ + [Xn+1,n+37 D;]Dg_yél

The first term is zero, because

= (Unt+1,1 = Ynt1,1 (A1 + Png2) = Yn1Yng1n — - — Y31 Yn41,3) Dy =
= Yn+1,1D5 — Yn+11D5 (hng1 + hng2) = Yns1,1[(Png1 + hng2), Dy ] —
~Yn1,1[Yns1,0, Do ] — o = y31[Yny1,3, Dy |,

because the action of Y, 11 ; on v is zero for 3 < j < n. It is easy to check
from (6.7) that the commutators

Yot1: Dol = —Yn+12Yn+25 + Unt12Yn42; =0
and (hn41 + hnt2)or = (3 — 3)ua = 0, so we obtain
Xnt1,n003D7 Dy = yny1,1(Dy — [(hnt1 + hnya), Dy ).
A bit effort yields that [hy41 + hpyo, Dy | = Dy, so
Xps1nisDi Dy =0,
Similarly, we can show that X, 41 43D D; Y51 = 0 and clearly,

[(Xn+1,n+3, Y2nt3,1] = 0,

so it has zero action on g_o as well.
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(e) Action of X,,19—jnio4j for 2 < j <n—1. In this case, the commutators
are

+1_
[(Xnt2—jnt2+5, DU ] = [Xng2—jnt2+45> Yn+31 — Ynt1,1 Y4341 — - - - — Y31 Yn43.3]
= _yn+3—j,1[Xn+2—j,n+2+j7Yn+3,n+3—j] - yn+2—j,1[Xn+2—j,n+2+ja Yn+3,n+2—j] =
(the other commutators are zero)

= Ynt3—j1Xnt2—jn+2 — Ynt2—j,1 Xnt3—jn+2,

+ _ . .
[(Xnt2—jnt2+5> D3] = Ynt3—j 2 Xnt2—jnt2 — Ynt2—j2Xn43—jn+2 (similarly),
[(Xns2-jn+245> D11 = Unt3—j1Xn42—jn+3 — Ynt2—j 1 Xnt3—jnt3s

[(Xni2—jnt2+i> Dy | = Yni3—j2Xnir2—jnt3 — Yni2—j2Xn43—jnt3-
Therefore,

Xn+2—j7n+2+j(Df_D2_) = [Xn+2—j,n+2+j7 DT]D2_ =

= yn+3—j,1Xn+2—j,n+2D2_ - yn+2—j,1Xn+3—j,n+2D2_7
To show that this is zero, observe that the weight A = 1[—(2n — 1), —(2n +
1)[1,...,1,—1] differs from the weight X' = £[—(2n—1), —(2n—1)[1,...,1,—1]
from lemma 6.1.2 only on the second position and we know from that lemma
that the positive root spaces X in gog have zero action on D, vy/; a simple

check shows that the second position in A is not used in the computations
in this case.

Similarly, we can show that Xn+2_j,n+2+jD;'D2_Y21 =0 and
Xn+2—j,n+2+jy2n+3,1 =0
as well.

(f) Now, we compute the action of x93, a root space generator from g;. The
commutators are

(223, D] = (223, Ynt3.1 — Ynt11Ynt3m41 — - - - — Y31 Yns33] =

= —Y21Yn133,

(223, Dy | = (223, Ynt3,2 — Yn+1,2Yn43m41 — - - — Y32Ynt3,3] =

=—Yoi33+ Yor13Ynis3nr1 +.. o+ YasYniza — (ho — h3)Yoq33 =

= Y133+ Vot ne1Yns1,3 + [Yn+1,3: Ynesnsi]) + oo — (Yag33(ho — hg) +

+[(he — h3), Ynts3]) = —nYni33 — Yaiss(he — h3) + Yoisni1Ynt13 + -
. Yn+374Y43.
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Similarly, we obtain

[w23, D1 ] = —=Y21Y, 493,
[z23, Dy ] = —nYni23 — Yat23(h2 — h3) + Yarony1 Yoy + - -
ot Yoo4Vis.
Let us now compute
(6.8) wo3D Dy = [x93, DDy + Di [z23, D5 ].
The first term is
(293, DY 1Dy = —Yo1Yy433D5 = =Y, 433Yo1D5 = —Y,433D; Yo1 —
—Yi33[Ya1, D5 | = —Yyi33D5 Yo1 + Yoy33D] = —Y433D5 Yor +
+[Yot33, Dy ],
where we used the relations [Ya1, Dy ] = —D5 and Y3305 = 0.

The second term is

D [z93, D3] = DY (—nYpi23 — Yuio3(ha — hs) + Yotont1Yot13 + -
2n+1 1

e+ Yoi04Vis) = D Yopo3(—n — (— 5~ 5)) =D{ Y23

(the other terms are zero because Yj vy = 0 for 4 < k < n+1). So, (6.8)

is computed to be

(6.9) —Yo133D5 Yo1 + [Yoi33, D]+ D Yiias.

Further, we compute
(6.10) w93 D3 Dy Yo1 = [w23, Dy |Dy Yo1 + D [x23, Dy |Ya1
We will show that the second term is zero:
(223, Dy 1Y21 = (—nYy423 — Yogo3(he — h3) + Yoo nt1Ynsr13+ ...
e+ Yog04Ya3)Yor = —nYp103Yo1 — Yi03Yo1(ho — h3) —
—Yo123[Y21,ho — hg] = Y40 3Yo1(—n — (_2n2+ L %) -1) =0,
where we used that Y21 commutes with Y}, 3 and Y, 3v) = 0 again. The first
term in (6.10) is
[293, D3 D5 Yo1 = (—nYy133 — Yois3(ha — h3) + Yoz ni1Yni13 + - -
oo+ Yy34Ya3) Dy Yo = —nY 433Dy Yor — Yi33D; (ho — h3)Ya —
—Y,433[he — h3, Dy 1Yo1 + Yo i3 ni1Ynt1,3D5 Yo + ... 4+ Yoi34Ya3 Dy Yo

The commutator

(X&3, Dy ] = [Xk3, Unt22 — Unt12Ynt2n41 — - — Y32Yni23] =
(X3, =Yk 2Yn+2.k] — [Xk3,y32Ynt23] (the other terms are zero) =
= Yk2Yni23 — Yk 2Yni23=0
for 4 < k < n+ 1. Therefore,
Yoi3.Ye3D5 Yo1 = Y 3Dy Y01V, 435 =0
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because Yy,43 vy = 0. Another few calculations show that the commutator
[he — h3, D3| = —D, .
We obtain

(293, DS | Dy Yo1 = —nY,133D5 Yo1 — Yyi33D5 Yo1(ho — h3) —
—Y133D5 [ho — h3, Yo1] + Y 433D5 Yo =

_ 2n+1 1 _
= Ynt33D5 Yo1(—n — (— 5~ 5) —141) =Y,y33D; Yor.
So, (6.10) is equal to
(6.11) Yii3,3D5 Yar.

Summing up (6.9) and (6.11) we obtain
(6.12) 23(Dy Dy + Dy Dy Ya1) = [Yays3, Dy + Df Yaras.
The commutator is

Ynt3,3: D7) = [Yoni33, Ynt2,1 — Unt1,1Ynt2m41 — - - - — Y31 Ynq23] =
= —Yon+21 — Yn+2,1Yn+43 — Yn1Yn+53 — -« — Ya1Yont13 —
—Yn+3,1Yn42,3

and

+
DiYoi23 = (Yn+31 — Yn+1,1Yn43n41 — - - — Y31 Yn43,3) Yny2,3 =
= Yn+3,1Yn+2,3 — Ynt+1,1 (Ynt2,3Yn43n+1 + Yotamt1, Yogo3]) — ..
coo =Y (Yongo,3Ynis4 + [Yogsa Ynt23]) — y31Yny2,3Yn433.

Because Y43 ,v) = 0 for 3 <k <n+ 1 and the commutators are
Yois ks Ynr23] = —Yonys k3

for 4 <k <n+1and [Y,133, Yni23] =0, we obtain

+ _
DiYni03 = Yn+31Yn423 + Ynt11Yn443 + Un1Ynis53 + ... +v41Yon41 3.

Summing this with the above equation, we obtain that (6.12) is equal to
—Y2n+2,1-

Further the action of x93 on y2,431 is

T23Yon+3,1 = [33237y2n+3,1] = —Y2n+2,1-
We obtain the desired equality

w93(Dy Dy + Dy Dy Yo1 — Yan43.1) = 0.
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(g) The action of 9 2,4+2. We will skip the details for now. The commutators
are

1
(22042, D] = y31Y2,n+2,

(222012, D3] = (n— 1) X312 — Yni3nt1Xsnid — Yoi3nXsnis — . —

- n+3,4X3,2n+1 — Y3222 n+2,

(@23, Dy ] = (n — 1) X3 13 — Yo nt1 X3 nta — Yoo n X3 nes — ... —
—Yn124X32n11 — Y3272 143

Further, we obtain
(6.13) 29.9n+2D7 D3 = [222n+2, DT |D5 + D (22,2042, D3]
The second term is zero, because the commutator contains positive root
spaces on the end of each term, so (6.13) is
Y3172n12D5 = y31[T2n12, Dyl = y31((h2 — hnt2) + (h3 — hpy2) — - ..
o= (hnt1 = hog2)) = ys1(—n+ (n — 1)) = —ys31.

For the second part,

T29n+2D5 Dy Yo1 = [229n42, Dy |Dy Yo1 = (n — 1) X3 n42 — Yoi3nt1 X3 n44 —

Y30 X3m45 — - — Yni34X32011 — Y3272 np2.
The action of X3,42 and X3,k for 4 <k <n+1 on D, Y5 can be easily
computed to be zero. Further,

(€2 n42, Dy |Yo1 = ((ha — hpy2) + (h3 — hng2) — ... — (A1 — hny2))Yo1r =

=Yo1((h2 — hny2) + ...+ (hny1 — hny2)) + Yo1 = Yor (=1 +1) = 0.
Finally,

T2.2n+2Y2n+31 = [$2,2n+27y2n+3,1] = —Ys31

and the action of 3 2,42 on (6.5) is zero.

(h) The action of 2 2,+3. Because this is from gg, the action on 6.5 is

(6.14) (21,2043, DY) D5 + [21,2n43, Dy | D5 Yo1 + [1,2043, —Y2n+3,1]
The last term is clearly hi + ho = —% — % = —2n. For the first term,
(212043, D] = T2.n42 — 2044018041 — T2.045Yn43m - - - — T2.9n+2Yn+3,3

[$2,n+2’D2_] = (h2 - hn+2) + (h?; - hn+2) + ...+ (hn-',-l - hn+2) =-1

—Z2nt3+kYnt+3nr2—kDy = E (hnto—k +hj) +
2<j<n+1,j#n+2—k

+(hn+2—k - hn+2)
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for 1 <k <n—1. Summing this and substituting for h; the coordinates of
A, we obtain

z12n413D{ Dy = —n.
For the second term of (6.14) we obtain

+1 —
[x1,2n+37 D2 ] = —T1n+2 + ml,n+4Yn+3,n+l + ml,n+5Yn+3,n st x1,2n+2Yn+3,37
[—21,n42, Dy [Yo1 = =X 1221 = —[X12,Yo1] = —1,

T1ng3+k Y3 nt2—kDy Yo1 = —X12Yo = —1
for 1 <k <n—1. Summing this we obtain
71904305 Dy Yo = —n.

We see that the action of 1 2,43 on (6.5) is again (—n—n—(—2n)) =0. O

We know from lemma 5.1.1 that the homomorphism M;(u) — My()) is not
standard. We showed that the BGG graph and the singular Hasse graph
coincide. Let us denote the weights in this graph by A, u, v, &:

o 2[3,1]...,3,1]=d6=2A

o 33,-1...,31]-5=np

o 2[1,-3...,3,1]-b6=v
(6.15) o 3[-1,-3]....3,1]-d6=¢

Similarly as in the last theorem (it is, in fact much easier, but we omit the
computations), we could prove the following:

Theorem 6.1.6. The homomorphism My(§) — My(v) is given by the ex-
tremal vector

Dy + D5 Yo
where Dy and D, are again defined by (6.7).

Theorem 6.1.7. The BGG graph above is a complez.

Proof. Let A, u,v,€ be the weights as in the picture above. We will show

that the composition My(v) = My (1) EN M, (X) is zero. This is zero exactly
if j o4 sends the highest weight vector in M(v) to zero. Let o = 1 ® vy
be the highest weight vector in My(\). We know that the map j sends the
highest weight vector 1 ® vy, in Mp(1) t0 Yeat ®y(p) va Where yepy = D3
(see Theorem 6.1.2). We will denote it, for simplicity, ye,rcv. Because j is
a g-homomorphism, it sends § @) vy t0 GYearx for any § € U(g). The
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composition joi sends 1 ® v, to §yerrr, where g is the extremal vector from
Theorem 6.1.4. Therefore, we need to show that

(DY D3 + D3 D5 Yo, — yant3,1) D5

has zero action on vy. Recall now that A =[..., |%, el %] so now the action
of Y; ; on vy is zero for ¢ < n + 2. First, we compute the term DQ_DQF that
we will denote by As. A few computations yield a very nice and symmetric
expression

Ag = Yon42,2Y32 + Yon+1,2¥42 + - - - Ynt3.2Un+2,2

Moreover, assuming the weight N = [... |%, ol %, —%] (corresponding to

the S~ representation), we obtain the same expression Ag = D; D, in that
case. Note that Yajvy = 0, because A(H,, ) = A(h1 — ha) = 0. We compute

D{ Dy DS + D Dy Yo1 DY = Di Ay + DS D5 [Yo1, D5 | =
= Df Ay — D Dy DY
For the second term, note that Df vy is a weight vector of weight
[ 2n+1 2n—1‘1 1 1]
2 2 27777727 2
It is not p-dominant but, however, similarly as for p, the action of Y, ;3 is
zero on such weight vectors and we easily compute that the action of D; Dy

on such weight vectors is again equal to Ay. Therefore, the equation above
is equal to

(DY, As] = [(Yn+31 — Yn+11Yn43m+1 — - -« — Y31 Yn433),  (Yont2,3Y32 + - -
oot yn+3,2yn+2,2)] .

The commutators are

[yn+3,1, A2] = [yn+3,1, yn+3,2yn+2,2] = Yn+3,2Y2n+3,1 = Y2n+3,1Yn+3,2,

[=yj1Ynes,, Do) = —y51[Yirsj, o] = [y1, Dol Viys; =
= —Y;1[Yn+3: Yj2Y2n+5-3,2 T Un+32Un+2.2) — [Yj,1, Yant5-5.2]Ynts,j =
(the other commutators are zero)
= —Yj1(YUn+3,2Y2n+5-4,.2 — Un+3,2Y2n+5—5,2) — Yon+3,1Yn43,; =
= —Y2n+3,1Yn+3,;
for 3 < j <n+4 1. So, we proved that
(DY, As] = yant31 D5,
and it follows that

(D Dy + D3 Dy Ya1 — yan+31)Dy = 0.
We will show now that the composition My(§) — My(v) — My(p) is zero.
Using Theorem 6.1.6 we have to prove that the action of

(6.16) (DY + Dy Ya1)(DY Dy + Dy Dy Ya1 — Yany3,1)
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on v, is zero. Note that the action of D; Dy on v, is Ay and similarly,

DDy = yoni21Y31 + Yont1,1941 + -+ - Ynt3.1Ynt2,1 = Ay.
We can easily check that if Di Df acts on a weight vector with weight
[...]3,..., 3] (the ST-representation of the so-part), then Dy D = A; as
well. We adjust (6.16):
(DY + Dy Ya1)(DY Dy + Dy Dy Yar) = Dy Df Dy + Dy Dy Dy Yo +
+D5 Yo1 D Dy + Dy Yo1D3 Dy Yoy =
= A1Dy + D] AgYsy + Dy D Yo1 Dy + Dy [Ya1, DY 1Dy +
+Dj5 D3 Y21 D3 Ya1 + Dy [Yo1, D3 1Dy Yay.
The commutators are [Yar, D] = 0, [Ya1,D5] = —Dj and [Ya1,D;] =
—D7, so we have
... =A1D; + Dy AyYoy + Dy DY Dy Yoy + Dy Dy [Yo1, Dy ] +
+Dy Dy Dy Yo1Ya1 — Dy Di Dy Yoy — Dy Dy Dy Yoy.

Further, note that Y21Y21v, = 0 because, as a representation of the copy
of sl(2,C) generated by H,,,Xi2,Y21, V, generates an irreducible repre-
sentation. But Hy, (v,) = p(hy — he) = —251 — (=22 = 1 5o this
representation is 2-dimensional and Yz%v“ = 0. Continuing, we get

.. =A1Dy — Dy Ay + (D] Ay — AyDy )Yy =
= [A1, Dy ]+ [Dy, Ag]Ya
Some more computations yields that
[A1, Dy ] = y2n431D7 = Dy yontsn and  [Dy, AglYa =
= Yon+3,1D5 Yo1 = Dy Yo1Y2n43,1

This proves that (6.16) acts trivial on vj,.

0

6.2. Translation of the extremal vector to an operator. Let us con-
sider the weights A, u, v, £ defined by (6.15). We will now revise the results of
4.5 (in case k = 2) and add some further comments on that. We start with a
complex Lie algebra so(C, 5) of matrices 2(n+2) x 2(n +2) fixing the scalar
product 3(z,y) = >, ¥jy2n+5-j. The homomorphism My(u) — Mp(A) is
described by the extremal vector D;r = Yn+32—Ynt12Yn43n+1 ---—Y32Yn433
in our standard formalism. We choose another product

2n+2

Y@, y) = T1Tonra + ToToniz + P T3,

j=3
of signature (2n + 2,2). We denote the Lie algebra of real matrices fixing
this scalar product by so(2(n+2),7). Its complexification so(2(n+2),v)¢ ~
50(C,~y) is isomorphic to the complex Lie algebra so(C, 3), because all com-
plex scalar products are conjugate. It is easy to check that the explicit
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isomorphism ¢ : 50(C, 3) — s0(C,~) is given, in matrices, by A — C~1AC
where v = C'3C and

OO O O Ol O

o om|»—t o o§|~o o

oo o§|»—ﬁ|»—t olo o

ool oglyll ole e
o oyl @ ogllle o

O RO O O OoOlo o
— OO O O oo o

O OO O O OO0

0

for n = 2 and analogously for larger n. Let p be the real Lie subalgebra

of s0(2(n + 2),v) such that in the associated gradation gy = gl(2,R) ®
$0(2n). We showed in 4.2 that for a complex representation V of the complex
Lie algebra so(C,~)¢ (being also a representation of the real Lie algebra
$0(2(n + 2),7) by restriction)

U(s0(2(n +2),7)) @ue) V = U(50(C, 7)) @ypey V = U(s0(C, B)) @y V,

where p’ = p(p°) is the parabolic subalgebra of so(C, 3) given by ¥ = {as}.
The homomorphism M,(u) — My(A\) maps the highest weight vector in
Mp(p) to DY @yqwy va = (52 — y32Y53) Qu(p) Ua in the case n = 2 (see
6.1.2). However, for the Verma modules induced by so(C,~) the extremal
vector is Dy = (¢(ys2) — ¢ (y32)(Ys3)) ®yi(p) VA Where ¢ is the isomorphism
50(C, 3) — s0(C,v). We denote, for simplicity, ;; := ¢(vs;) and will omit
the tilde in Dz?t. We obtain

(6.17)

Us2 = —=

Ya2 = —=

)
o QoloocoQo|oo
<.
Scooooo
S
[=Ne] eleNele] folo]
[=NeNeRe] fele]

|
|

colo !l moloo
-

colocoo|oo
os|loocoo|loo
colococoo|loo
colococoo|loo
colococoo|loo
cols.co oo
colococoo|loo
colococoo|loo
olloocooloo
colococoo|loo
colocoo|oo

o |
o |

Let g = s0(2(n+2),~) be the real Lie algebra and p its parabolic subalgebra,
inducing the gradation of g. We know that g§° ~ s[(2,R) ® so(2n) and as
a g¥-module, g_; ~ (R?)* ® R?*™. We can define natural coordinates on
g_1 denoted by y11,...,Y1,2n,Y2.1,-- -, Y220 such that if {e;,e2} is a basis
of (]R2)* dual to er,es and e; is a basis of R?" so €; ® ey has coordinates
yjr = 1 and ym, = 0 for m # j or n # k. In 4.5, we identified sections
of Spin(2(n + 2),7) xp ST with spinor valued functions on g_ and further
restricted to functions that are only functions on g_i. Let f : R¥ — S~ be
such a function and D f its image, where D is the differential operator dual
to the real Verma modules homomorphism. We showed that D = (D1, Ds),
where D; is the Dirac operators Zj ej%ij. Let sT, resp. s, be the highest
weight vector in ST resp. S~ as s0(2n)-modules. As a g§*-modules, Vi ~ S~
and Vi ~ C*>® St for n odd and V§ ~ ST and Vi, ~ C* ® S~ if n is
even. We will assume the first case, the other one is similar. The module
V, =~ (C?)* ® S~ has a highest weight vector ez ® s~. Then we know from
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(2.3) and (6.17) that

_ 1 0 —7 0
(e2®s7)(Df(0)) = ﬁ@sﬂfﬂo + ﬁ%8+(f)|o —
0  ~ i 0 -
(6.18) —ﬁ%(ymsﬂ(ﬁb - ﬁ%(yszasﬂ(fﬂo-

The left hand side is equal to s~ ((D2f)(0)) and the right hand side can be
interpreted as the action of Dy on s*(f). Formally,
s~ ((D2£)(0)) = Dy (s7)(f),
and for any u =Y7...Y) a product of negative root spaces in so(2n)
(6.19) (us™)((D2f)(0)) = (uD3)(s")(f)
(such us™ generate all S7). Similarly,
(Yarea @ s7)((D)(0)) = (Yo D3 ) (s7)(f).

The left hand side is —e; ® s~ (because the action of the negative root space
Y21 in s[(2,C) on €3 is —e7) and for the right hand side, note that Y310y = 0,
because all the s[(2,R) acts trivially on V) = C® S*. So, we obtain

(—e1 @ s7)((Df)(0) = [Yar, D3 [(sT)(f) = =Df (s7)(f),

(because we know from the proof of Theorem 6.1.7 that [Ya1, DJ] = —Dy)
and

(s7)((D1)(0)) = Di (s ")(f).
Both sides are equal to an equation that differs from (6.18) only by differ-

entiating % instead of %. Similarly as in (6.19), we obtain that for any
product u = Y7 ... Y} of negative root spaces in so(2n),
(6.20) (us™)((D1£)(0)) = (uD)(sT)(f)-

Informally, we can say that the action of D; or Df on f is the action of D,
or D2.

Similarly, if we start with representations Vi = S~ and V, = (CH* @ ST,
the D5 and D] would act as Dy and Ds.

Now consider the homomorphism M,(v) — My(n). As g§*-modules, V, =
V), ~ (R?)* ® S~. Let us denote by D the operator dual to the Verma
module homomorphism M,(v) — My(p) and again, restrict it to functions
on g_1. The extremal vector is D{FDQ + D;D;Ym — Uon+3,1 (see 6.1.4).
The highest weight vector in V¥ is again e; ® s and the duality in (2.3)
yields

(6.21) (e2® s7)(Dg)(0) = (Di Dy + Dy Dy Yar)(e2 @ s )(g),

where on the right hand side, the symbols DZ.jE acts by differentiating, sim-
ilarly as in (6.18) and the derivations are evaluated in 0. Note that we
omitted the term 72,431, because it is from g_o and we assume that the
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function f is constant in the g_s, so differentiating in this direction is trivial.
So, D acts between the spaces

D - COO((Rz)* ®R2n’R2 ® S+) N COO((R2)* ®R2n,R2 ® S+)
We can again define the components D1, Dy of D so that
D. <91> . <Dl(91,92)>
g2 Do(g1,92))’
where g1, g2 are functions on g_;. The left side of (6.21) says that it describes
the second component Dy. The terms on the right are
DD, (e2®57)(g) = Dy Dy (s g2),
and
Dy Dy Yai(e2® 5™ )(9) = D3 Dy (—e1 ® s7)(9) = =Dy Dy (s g1),
so (6.21) reads
s~ (D2(9)(0)) = Dy Dy (s~ g2) — Dy Dy (s~ g1).

Let u = Y7 ...Y} be some products of negative root spaces in s0(2n). Then

(622)  us™(Da(g)(0)) = uDf Dy (s~ ga) — uDy Dy (s g1).
We know already that D5 (s7¢;)(0) = sT(D2gi(0)), where D5 is the Dirac
operator in variables ya1,. .., ¥2.2,. Because (2.3) holds not only in zero but

everywhere, we can easily show that Dy (s~ g;) = sT(Dag;) everywhere. The
function g; is ST-valued, so Dayg; is S~ -valued and we know from (6.19) and
(6.20) that

UD;_DE(S_QZ) = ’LLD;_(S—F(DQQZ‘)) = US_(D]‘DQQZ') (] = 1,2).
Substituting the left hand side into (6.22) we get
us™ (Dz2(g1,92)) = us™ (D1D2g2 — D2Dagy).

This holds for any u and the spinors us™ generate all S~, so we obtain that
the second component of the operator D is the following combination of
Dirac operators:

D3(g1,92) = D1Daga — Do Dogy.

To determine the first component, we apply the action of Y5, on (6.21):
(6.23)  (—e1®57)(Dg)(0) = Ya1(Dy Dy + Dy Dy Ya1)(e2 @ 57)(g).

Recall the commutators [Ya1, Di] = 0, [Ya1, D] = —Dj and [Ya1,D; ] =
—D7, so we compute

Y21(D{ Dy + D3 Dy Ya1)(€a ® s7) = (Df Dy Ya1 — D Dy + Dy Y21 D5 Yoy —
—D{ D3 Y1) (e2®s7) = (Dy Dy Yoy — DY D — Dy Dy Yo —
—D{ Dy Ya1)(e2®57) = (=Dy Dy — Dy Dy Ya1)(e2 @ 57).

So, applying a similar argument as for Dy, we see that

Di(g1,92) = D1D1ga — Do D1 gr.

78



We see that we have found a principle, how to translate extremal vector
expressions that are in terms of DZ.jE into operator. The method could be
summarized by this:

e The extremal vector describes the last component of the operator

e The symbols D;-; Dj; DE ... are translated to the composition of
Dirac operators Dj, Dj, ... acting on g

e The symbols D;-; Dj; DE .. Djik Y5, are translated to the composition
of Dirac operators D; Dj, ... acting on —g;

Now, we can easily determine the explicit form of the operator dual to
My(&) — Mp(v). We know that Ve ~ C ® ST, so the operator has only one
component in this case. In Theorem 6.1.6 we found the extremal vector to
be D + D, Y31 so we see that the operator is described by

h
<h1> — D1g2 — Dag.
2

The same sequence of differential operators was derived in [18] by algebraic
methods as a resolution of 2 Dirac operators. We showed, however, that
this operators are invariant with respect to the action of s((2,R) x Spin(2n)
and even more, by choosing the proper generalized conformal weight, this
operators are even G-invariant, where the action of GG includes translations
((gl(xvy))QQ(x>y)) = (91(33 +u,y+ ’U),QQ(QZ' +u,y+ U)) and all actions of
elements from P. This is an analogue of the invariance of the usual Dirac
operator not only with respect to Spin but also to all conformal transforma-
tions.

Note that we used the realization V, ~ (C?)* ® S~ as gi*-module. But
(C?)* ~ (C?) as sl(2,R)-modules, so we could use the identification V, ~
C? ® S~ instead. The difference is that for e;, es being a basis of C?, e; is
the highest weight vector and Ys1e; = ey (not —es). So, the operator D’
derived by this way would be D} = Dy and D) = —D;. The third operator
would be (hl, hg) — Diho 4+ Dohgq.

Finally, let us remark that in case of the Dirac operator in k variables, the
first four vertices in the BGG graph representing the weights

A48 =5[05,3,10,3,1]

M+5:%[...,5,3,—1\...,3,—1]
y+5:%[...,5,1,—3|...,3,—1]
g+5=%[...,5,—1,—3|...,3,1]
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are connected by arrows A\ — u, u — v and v — £. The existence of a
nonzero homomorphism My(p) — My(A) and My(§) — Mp(v) was shown
in Theorem 5.1.4 and the existence of a nonzero homomorphism My(v) —
Mp(p) can be shown by proving that the corresponding extremal vector is
D,j_lD,; + D;}'Dk_Yk’k_l — Y2n+k+1,k, Similarly as in Theorem 6.1.4, where
D,f and D,f_l are defined analogously as (6.6), (6.7). There is no difference
in the computations. As g§*-modules, V; o~ CF ® S*, but V is some
more complicated representation of dimension [ € N. If we identify V¥ ~
C! ® ST, then the second order operator D has | components. From the
above analysis, we can easily derive that if ¢; is the highest weight vector in
V, ~ (CY* (as sl(k,R)-module) then I-th component of the operator D is

Di(g1;---59k) = Dek—1Drgr — DiDigr—1
where Dy, Dy_; are the Dirac operator in the k-th, resp. (k—1)’th, variable.

The composition My(v) — Mp(n) — Mp(A) is still zero but My(&) —
M, (v) — My(p) is nonzero for k > 2.
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