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Finite Embeddability Property

Definition

A class of algebras K has the finite embeddability property
(FEP) if every finite partial subalgebra of any algebra from K
can be embedded into a finite member of .
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Finite Embeddability Property

Definition

A class of algebras K has the finite embeddability property
(FEP) if every finite partial subalgebra of any algebra from K
can be embedded into a finite member of .

@ useful when dealing with the word problem
@ applications in logic
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A different approach to FEP

Definition

An algebra A satisfies the generalized finite embeddability
property (GFEP) for a class K of algebras of the same type if
every finite partial subalgebra of A can be embedded into

an algebra from K.
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A different approach to FEP

Definition

An algebra A satisfies the generalized finite embeddability
property (GFEP) for a class K of algebras of the same type if
every finite partial subalgebra of A can be embedded into

an algebra from K.

An algebra A satisfies GFEP for K if and only if A € ISPy(K).

@ useful for several problems of representation
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Finite Coverability Property

Definition

Let A = (A, F) be an algebra and K be a class of algebras of
the type F. We say A satisfies the finite coverability property for
the class K if for every finite set of terms T C Tg(A) there exist
an algebra B € K, a mapping f: B— Aandaset Y C B such
that
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Finite Coverability Property

Definition
Let A = (A, F) be an algebra and K be a class of algebras of
the type F. We say A satisfies the finite coverability property for
the class K if for every finite set of terms T C Tg(A) there exist
an algebra B € K, a mapping f: B— Aandaset Y C B such
that

@ fly: Y — Var T is a bijection,
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FEP FCP FCP = HSP( HSPy = FCP HSPy <> FCP

Finite Coverability Property

Definition
Let A = (A, F) be an algebra and K be a class of algebras of
the type F. We say A satisfies the finite coverability property for
the class K if for every finite set of terms T C Tg(A) there exist
an algebra B € K, a mapping f: B— Aandaset Y C B such
that

@ fly: Y — Var T is a bijection,

e ift(ay,...,an) € Tand yy,...,yn € Y are such that fy; = a;

then

ftB(y'], 56 7_yn) == tA(a17 5o .,an).
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FCP = HSPy

Let A satisfy the finite coverability property for the class K then
A € HSPy(K).
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FCP = HSPy

Let A satisfy the finite coverability property for the class K then
A € HSPy(K).

Sketch of proof: There exists an ultrafilter ¢/ on the set
Prin TF(A) such that it contains all sets

T={T €PuTe(A)| TC T},

where T € Py, Te(A).
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FCP = HSPy

Let A satisfy the finite coverability property for the class K then
A € HSPy(K).

Sketch of proof: There exists an ultrafilter ¢/ on the set
Prin TF(A) such that it contains all sets

T={T €PuTe(A)| TC T},

where T € Py, Te(A).

For every T € Py, Te(A) there exist an algebra Br € K, a
mapping fr: Br — Aand a set Y7 C By satisfying the
conditions of FCP.
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FCP = HSPy

Let A satisfy the finite coverability property for the class K then
A € HSPy(K).

Sketch of proof: There exists an ultrafilter ¢/ on the set
Prin TF(A) such that it contains all sets

T={T €PuTe(A)| TC T},

where T € Py, Te(A).

For every T € Py, Te(A) there exist an algebra Br € K, a
mapping fr: Br — Aand a set Y7 C By satisfying the
conditions of FCP.

Let ac Atheny € [[; Y7 is called a-stable if

Staba(y) :={ T € Pan Tr(A) [ fr(y(T)) = a} €U
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FCP = HSPy

There exists a mapping -*: A — [[; Y7 such that a* is a-stable.
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FCP = HSPy

There exists a mapping -*: A — [[; Y7 such that a* is a-stable.

We can define a* € [+ Y7 such that

a(T) = (frly;)""(a) ifaeVarT,
\yr ifag VarT.
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FCP = HSPy

There exists a mapping -*: A — [[; Y7 such that a* is a-stable.

We can define a* € [+ Y7 such that

a(T) = (frly;)""(a) ifaeVarT,
\yr ifag VarT.

Letx,y € [I7 Y7. Ifx,y are a-stable, then [x = y] € U.

Letx,y € [[; Y1 be such that [x = y] € U. If x is a-stable then
also y is a-stable.

Michal Botur & Martin Brousek A new characterization of the class HSP (K)



FCP = HSPy

Let Y be the set of all a-stable elements for some a € A. Than
Y CII7 Yr €Iy Brandso[Y/U] <[y Br/U. Which implies
[Y /U] € SPy(K).
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FCP = HSPy

Let Y be the set of all a-stable elements for some a € A. Than
Y CII7 Yr €Iy Brandso[Y/U] <[y Br/U. Which implies
[Y /U] € SPy(K).

Due to the lemmmata the mapping g: A — Y /U such that

a— a®/U is a bijection.
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FCP = HSPy

Let Y be the set of all a-stable elements for some a € A. Than
Y CII7 Yr €Iy Brandso[Y/U] <[y Br/U. Which implies
[Y /U] € SPy(K).

Due to the lemmmata the mapping g: A — Y /U such that

a— a®/U is a bijection.

A mapping f: [Y /U] — A such that

f(tY/ @ u, ... ahu)) = tA(ay, ..., an)

forany t(a1,...,an) € Te(A) is a well defined homomorphism.
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FCP = HSPy

Indeed, sets

M= [slIrBr(as, ... a0 =dlrBr(ay ... a%)]

P={s(a1,...,an) t(as,...,an)}

n
S = (") Staba(af)
i=1
are elements of U/.
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FCP = HSPy

Indeed, sets

M= [slIrBr(as, ... a0 =dlrBr(ay ... a%)]

P={s(a1,...,an) t(as,...,an)}
S= fn] Stabg, (a7)
i=1
are elements of /. And using T € Mn PN S we can prove
s asju, ... a0 u) = Y/ asju, ... a%u)
= s(ay,...,an) = tA(a,. .., an).
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Let A = (A, F) be an algebra and let K be a class of algebras
of the type F. If A € HSPy(K) then A satisfies the finite
coverability property for the class K.
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Let A = (A, F) be an algebra and let K be a class of algebras
of the type F. If A € HSPy(K) then A satisfies the finite
coverability property for the class K.

Sketch of proof: There exist algebras B; € K fori € I,
an ultrafilter 4 C P(/) and a homomorphism h: B — A such

that B < (I[; B;) /U and A = h(B).
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Let A = (A, F) be an algebra and let K be a class of algebras
of the type F. If A € HSPy(K) then A satisfies the finite
coverability property for the class K.

Sketch of proof: There exist algebras B; € K fori € I,
an ultrafilter 4 C P(/) and a homomorphism h: B — A such
that B < (I[; B;) /U and A = h(B).
Let us take an arbitrary finite set T € T¢(A).
@ For every a € Var T let us take a fixed element & € B such
that h(&') = a.

Yi={d eB|aeVarT}u
{t5(a.....a)) € B Har,....an) € T}
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HSPy = FCP

@ For every b € Y; let us take a fixed v(b) € [[; B; such that
v(b)/U = b.

Yo ={v(b eHB |be Yy}
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HSPy = FCP

@ For every b € Y; let us take a fixed v(b) € [[; B; such that
v(b)/U = b.

Yo ={v(b eHB |be Yy}

@ Forany ay,...,ap€VarT and t € T we prove

[[V(f(l_[,-B/)/M(a/17 .., a,)) = tliBi(v(a,),...,v(a,))] € U.
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HSPy = FCP

@ For every b € Y; let us take a fixed v(b) € [[; B; such that
v(b)/U = b.

Yo ={v(b eHB |be Yy}

@ Forany ay,...,ap€VarT and t € T we prove

[[V(f(l_[,-B/)/M(a/17 .., a,)) = tliBi(v(a,),...,v(a,))] € U.

@ We can prove W = Wy n W, € U where

Wi= () [Iv(t...)=t(v...)]

t(ay,...,an)eT
Wo= () [x#yleu.
X)y€Y27X7£y
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Letj € W. We define f: B; — Ain the following way

F(x) = h(b/u) if x = b(j) for some b € Y5,
" \a otherwise.

Andalso Y ={v(d)(j)e Bi|ac VarT}.
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Letj € W. We define f: B; — Ain the following way

F(x) = h(b/U) if x = b(j) for some b € Y5>,
la otherwise.

Andalso Y ={v(d)(j)e Bi|ac VarT}.

Finally, we prove B;, Y and f satisfy the conditions of the

definition of FCP.
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HSPy « FCP

Let A = (A, F) be an algebra and K be a class of algebras of
the type F. The algebra A satisfies the finite coverability
property for the class K if and only if A € HSPy(K).
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HSPy « FCP

Let A = (A, F) be an algebra and K be a class of algebras of
the type F. The algebra A satisfies the finite coverability
property for the class K if and only if A € HSPy(K).

Equivalent formulation of Jénsson’s lemma:

Let K be a class of algebras of the same type such that V(K) is
a congruence distributive variety. If A € V(K) is subdirectly
irreducible then A satisfies the finite coverability property for the
class K.
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Thank you for your attention!
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