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R-algebras

A residuated Boolean algebra, or r-algebra,(B.J6nsson and
Tsinakis) is an algebra A = (A, A, V), T, L, -\, /) where
(A,A,V,”, T, 1) is a Boolean algebra, and -,\ and / are binary
operators on A satisfying the following residuation property: for

any a,b,c € A,
a-b<c iff b<a\c iff a<c/b

The operators \ and / are called right and left residuals of -

respectively.
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The left and right conjugates of - are binary operators on A

defined by setting
arc=(a\c') and c> b= (c'/b).
The following conjugation property holds for any a, b, c € A:

a-b<c iff apc<b iff cab<d
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Let K be any class of algebras. The equational theory of K,
denoted by Eq(K), is the set of all equations of the form s = ¢t that
are valid in K. The universal theory of K is the set of all first-order

universal sentences that are valid in K denoted by Ueq(K),
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Eq(NA) is decidable (Németi 1987)

Eq(UR) is decidable. (Jipsen 1992)

Ueq(UR) and Ueg(RA) are decidable (Buszkowski 2011)

Eq(ARA) is undecidable (Kurucz, Nemeti, Sain and Simon
1993)
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Generalized residuated Boolean algebra

Generalized residuated algebras admit a finite number of
finitary operations o. With each n-ary operation (0;) (1 < i < m)
there are associated n residual operations (0;/j) (1 <j < n) which

satisfy the following generalized residuation law:

(O,’)(Oé]_,. '-705n) S /B ifft aj S (Oi/j)(ala'” 7aj717/67aj+17"‘ 7an)

A generalized residuated Boolean algebra is a Boolean algebra
with generalized residual operations. A generalized residuated
distributive lattice and lattice are defined naturally. The logics are
denoted by RBL, RDLL, RLL respectively.
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RBL RDLL

MRBNL RLL ¢ PSPACE-hard

MKt ; > Kt m===|  PSPACE

Figure: Outline of Proof
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Sequent Calculus

(I) A=A, (D)AA(BVC)= (AAB)V(AAC),

(L)T[L]=A (Mr=T,

(F1)AN-A= 1, (=2)T=AV-A,
rAil = B r=A I'=2=B

L AR
M) Ao B S ane
MNA1]= B T[A] =B = A
L VR) ———M8M—.
( ) r[Al\/A2]2>B ’ ( )F:>A1\/A2

A=A T[Al=B

(Cut) A= B
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M(p1,. . en)o] = @ opy = esiiln=en
C[(0i) (1, - -5 en)] g G (

Mol =a,;iT1=¢1;...;Th = ¢n
F(F1,...,(0i/)(@1,- - s¢n), s Th)o] =

(1,5, 0)o = @ .
T = (0/)(p1. T ) G/ R)

All above rules are invertible. \

((oi/i)L)
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Frame semantics

A frame is a pair § = (W, R) where W # () and R C W"*1 s
an n + l-ary relation on W. A modelis a triple M = (W, R, V)
where (W, R) is a frame and V : P — (W) is a valuation from
the set of propositional variables P to the powerset of W.

The satisfaction relation 9, w = ¢ between a model 9t with

a point w and a formula ¢ is defined inductively as follows:
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QO M,wkEpiff we V(p).

Q@ M, wle L.

Q@ MwEpDYiff Mw fE @ or M w .

Q M, w k= o(p1,...,pn) iff there are points vy, ..., u, € W
such that Rwuy ... up, and M, u; = ;i for 1 < i< n.

Q@ M, wkE(o/i)(p1,...,en) iff forall ug,...,u, € W, if
Rujuy...w...up and M, uj = pj forall 1 <j < nand j#i,
then M, u; E ;.
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Unary case:

Q@ M, w = QA iff there exists u € W with R(w, u) and
M, u = A

Q@ M, w = A iff for every u € W, if R(u, w), then M, u = A.
Binary case:

Q J,uE A/Biff for all v,w € W with S(w, u,v), if J,v = B,
then J,w = A

@ J,u = A\B iff for all v,w € W with S(v,w, u), if J,w = A,
then J,v = B.
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From RBL to MRBNL

The translation (.)# : LrpL(Prop) — LyrenL(Prop) is

defined as below:
o oi(ar,...an)t=(..(a1-ja2)...)-ian)...)
o (0i/j)(ea,. .. an) =
(...(a1-ja2)...) i )\i(- .- (aj/icn) ... [icjy1)
o (M1, s Tn)o)t = (... (T10;T2)...)0i Ty)...)

For any Lrpr.-sequent [ = «, Frpy, [ = « if and only if
|_MRBNL ((F))T D) CkT.
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From MRBNL to MK,

The translation () : LyprnL(Prop) — Luk, (Prop) is

defined as below:

o = p, T# =T, 1#*=1,
(ma) = —at, (A B)F = o A B,

(aVvB)* =a¥ v 7, (a i B)* = 0n(Ona® A 0ns™),

(a\iB)* = Op(0na® > 046%),  (a/iB)* = T (0nB* > Oja®),

For any Lyvgen-sequent I = «, Fvpent [ = « if and only if
|_MKt (f(r))# D) Oé#.
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O, (0,an0.p)

X X Y

a-B
z

v z v
B QansB

5\ B x Y a

Q,GAEIB 0.(Qa—Of)

p

Figure: Translation #
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From MK; to K;

Let P C Prop and {x,q1,...,qn} € P be a distinguished
propositional variable. Define a translation

()" : Lke,(P) = Lxt(PU{x,q1,...,qn}) recursively as follows:

pr=p, L7 =1,
(AD B)" = A* D B".
(0iA)" = =x A O(qi A AY),
(OrA)* = ~x D O4(g; D AY),
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For any Lk, -sequent [ = o, Fyk, [ = o if and only if
Fr, (F(MN)* D a*.

b p
y
D
X X \ 7]2
\ /
\\ /
— Y
y z o,
D, G

Figure: Translation x
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(Id) A=A,
and inference rules

(L) NMAoB]= C (R) r=A A=2EB
rNA-B]=C’ fTrcA=A-B’

A=A T[A =8B
ra]l= B

MAi]= B (R)I’:>A =B

AL A A = B’ r=AAB ’

MNA1]= B T[A)] =B (VR) M= A
r[Al\/A2]2>B ’ F:>A1\/A2'

(- L), (- R), (AR) and (VL) are invertible.

(Cut)

(AL)

(VL)
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PSPACE-hard

If16 T[AA B] = C and all formulae in T[A A B] are \V-free and C
is N\-free, then T[A] = C or ['[B] = C.

Lemma
Ifbi e T = AV B and all formulae in T are V-free, then I = A or

rB] = B.

| A
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By o(e) we denote a formula structure

z10(z -+ (zp—102p)---) such that

xj if e(x)=1
ZJ' =
o(A)=0o(D1)V...Vo(Dp) and
o(Di) =y1-(y2--(¥n—1"Yn)---) such that

xj if xje D

Yj

I
e
=

_'XJ‘ED,'

XjVXj o.w.
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e(A) =1 iffk¢ a(e) = O‘(A)
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Let us consider a quantified Boolean formula ¢ in DNF form

ie. & = Quxk - Qix1A where Q; € {V,3} and Ais a
propositional formulae in DNF form. We extended the translation
of e(¢) into a sequent in LG as follows: o(e) we denote a formula
structure z; o (z2- -+ (zp—1 © 2p) - - - ) such that forany 1 <j < k

Xj N\ Xj if QJ' =3

Zj =

Xj V Xj if QJ' =V

and for any k41 < j < n z; is defined as above. Further the

translation on A is remained the same.
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e(¢) =1 iffo(e) = o(A) where A is a quantifier free formula of ¢.

The decision problem of LG is PSPACE-hard.
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We define two special sub-languages of LG and DLG. The
Left sub-language of LG and DLG denoted by LL is defined

recursively as follows:

Au=plpAplpVpl|(A-A)

The right sub-language of LG and DLG denoted by RL is defined

recursively as follows:

Av=plpVvp|(A-A)

Given a sequent I = A such that I is a LL formula structure and
Ais a RL formula. Thent;c T = A iffbpic I = A.
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The decision problem of RBL, RDLL, RLL are PSPACE-hard. \

By Buszkowski[2011], RBL is conservative extension of RDLL,
while RDLL and RLL are conservative extension of DLG and LG

respectively
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PSPACE-completeness

The decision problem of RBL, RDLL, RLL are PSPACE-complete.
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Extensions

For any extensions S of RBL, RDLL, RLL with set of axioms
¢, if (-L) and (-R) are both invertible, then the decision problem of
S is PSPACE-hard.

For instance, FNL¢, FNL., DFNL,, ...

For any extensions S of RLL with set of axioms ¢, if (-L) and
(-R) re both invertible and admit cut elimination, then the decision
problem of S is PSPACE-complete.

For instance, FNL,, ....
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Thank you

Zhe Lin and Mi i itute of Logic and Cognition, Sun Ye e complexity of equational theory of generalized resid



