The annihilator of fuzzy subgroups
TACL 2017 , June 26-30

Prague

M. J. Chasco, University of Navarra

S. Ardanza-Trevijano, M. J. Chasco, J. Elorza



Purpose

» To give an appropriate notion of annihilator of a fuzzy
subgroup which enlarges the one given for crisp subgroups in

Pontryagin duality theory.
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Outline

v

We start with the concept of a duality (X, X™*) for an abelian

group X.

» Using the a—cut representation of a fuzzy subgroup, we
construct both the annihilator of a fuzzy subgroup of X and

the inverse annihilator.
» We show some properties of the annihilator.

» We conclude with two examples of annihilators of fuzzy

subgroups.
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The notion of duality in abelian groups

Let X, X’ two abelian groups. We say that they are in duality if
there is a function

()X x X' 5T

» It is homomorphism on each component
» If © # ex, there exists 2/ € X’ such that (x,2') # 1

» If 2/ # ex, there exists x € X such that (z,2') # 1

S. Ardanza-Trevijano, M. J. Chasco, J. Elorza



The notion of annihilator in the crisp setting

The notion of annihilator is defined in the context of the following
duality.
» Let X be an abelian group, by a character of X we mean a
homomorphism from X into the unit circle of complex plane T.
» The set of characters with pointwise multiplication is the group
Hom(X, T).
» A subgroup X* of Hom(X, T) separates points of X if for all
x # ex, there exists x € X* such that x(x) # 1.
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» If X is an abelian group and X* is a subgroup of Hom(X, T)

which separates points,
<'7 > X x X — T? [<$,X> - X(.’B)]

The pair (X, X*) is a duality

» Pontryagin duality assigns to a locally compact abelian group
another locally compact abelian group which is the group
X" := CHom(X,T) endowed with the compact open topology

and it is called the Pontryagin dual group of X.

» If X is discrete its Pontryagin dual is compact.

If X is compact its Pontryagin dual is discrete.
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» An abelian group X can be treated as a discrete group.
In this case X* := Hom(X, T) coincides with
X" := CHom(X, T). Therefore (X,Hom(X,T)) is the

Pontryagin duality for the discrete group X.

» For example, the Pontryagin dual of the group of integer

numbers Z is isomorphic to T by means of the mapping

T — 7"

t— (n—1t")
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Question. Is there a way to go back and forth between subgroups of
X and subgroups of X" without loosing information?.

The answer is through the annihilator operator.

> Let G be a subgroup of X, the annihilator of G is the subgroup

Ghi={pe X" (@) =1}. (1)

> If L is a subgroup of X™, the inverse annihilator of L is defined

by

‘L={reX|p@)=1,YpecL}. (2)

S. Ardanza-Trevijano, M. J. Chasco, J. Elorza



Proposition 1

Let (X, X™) be a duality.
1. If G1,G3 are subgroups of X and G'; C (i, then G5 C G

2. If J is a totally ordered set and {G};jes is an increasing family
of subgroups of an abelian group X, (Ujc7G;)*" = ﬂjejGjL.
3. If J is arbitrary and {G;};jes is a decreasing family of

subgroups of an abelian group X, (Njc7G;)*" = UjejGjL.
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Proposition 2

1. The previous three properties also hold for the corresponding

inverse annihilators statements.

2. Given the duality (X, Hom(X,T)), we have that

L(GL) e

for all subgroups G of X.
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Fuzzy subgroups.

X is a nonempty set, I is the unit interval [0, 1] and I* denote the
family of all fuzzy sets on X.
Let G be a fuzzy subset of an abelian group X, we will say that GG

is a fuzzy subgroup of X if it satisfies
(FG1) G(ay) = min{G(z),G(y)} Yo,y € X
(FG2) G(x~ 1) > G(x) for all Vo € X

A fuzzy subgroup G is determined by its (open) closed a-cuts: A
fuzzy set A in a group X is a fuzzy subgroup of X if and only if

each non-empty (open) closed a-cut of A is a subgroup of X.
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» For each A € [0,1]X and a € [0, 1],
the closed a-cut of A is the set A, = {z € X | A(x) > a} and

the open a-cut is the set A* = {z € X | A(x) > a}.

> A fuzzy set can be recovered from its a-cuts:

A(x) = sup {a-x,, (2))}
a€e(0,1]

> A family {Aa}aep,1) of subsets of X is the family of a-cuts of
a fuzzy subset of X if and only if it satisfies:
(i) Ag =X
(i) o< B implies A, D Ag Ve, 5 € [0,1]
(i) N Aa = Ap VB € (0,1]

a<f
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The annihilator of a fuzzy subgroup.

Let (X, X™*) be a duality and G a fuzzy subgroup of X.

We construct the annihilator of G in the following way:

X+ if =0
(GHa =14 (GEEO=)L if0 < a < G(e) 3)
0 if & > G(e)

The family A, = (G1)., a € [0, 1] satisfies:
(i) Ao = X~,

(ii) a < B implies A, D Ag Va, 8 € [0, 1],
(i) ) Ao = A V5 € (0,1]

a<lf
Hence, it is the family of a — cuts of a fuzzy subgroup G of X*.
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The inverse annihilator of a fuzzy subgroup.

Let us now define the inverse annihilator for a fuzzy subgroup H of

X*

X if =0
("H)o = L(HHO=2) if 0 < a < H(e) (4)
0 if « > H(e)
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Property of annihilators.

Given the duality (X,Hom(X,T)), and a fuzzy subgroup G of X,
we have that +(G1) = G.

Proof If a =0, Gp = X and [J‘(GL)]O = X by definition.

If @ > G(e) then a > G+ (e) and [J'(GJ‘)]Q =0 = G..

If 0 < a<Gle):
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Behavior of the annihilator with respect to operations with fuzzy subgroups

1. If G1, Gg are fuzzy subgroups of an abelian group X satisfying
(1 C Gy and G1(e) = Ga(e), then G5 C G-

2. If {Gj}jc7 is a non increasing family of fuzzy subgroups and
Gi(e) = Gj(e) for all i,5 € J, then (NjesGy)*" D Vies(Gj)*

3. Let J be a totally ordered set, and {G}jc7 an increasing

family of fuzzy subgroups such that G;(e) = Gj(e) for all

1,7 € J, then (\/_jejGj)L = /\jej(Gj)L
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Example 1

Denote Cpn := Z/p™Z the cyclic group of order p". Then
{0}=C1CCpyCCpr C---CCp CCpn

Given any sequence 1 > t, > t,_ 1> --->1t1 >ty > 0 we can

define a fuzzy subgroup G of Cpn as follows:

;

tn ifx=20

th_1 ifxeC, — {0}
G(z) = P

tr—rk if z € Cpk — Cpk—l
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We are going to compute the annihilator of GG in the duality
(Cpn, HOm(Cpn,T)) Hom(Cpn,']T) = Cpn
Every homomorphism ¢, : C,n — T is defined by their image at

the generator 1 of Cyn by @, (1) = 2™™/P" 0 <m < p" — 1.

tn—to ifx =0
t, —t1 if$€Cp—{0}

tn — tg if z € Cpk — Cpk—l

p

t, —tn—1 if x € Cpn —Cpn-1
\
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Example 2

Consider the group of integer numbers (Z,+) and the duality (Z, T).

0 ifzeZ\2Z

G(x)=4q1—1/n if . =m2" withm € Z\ 2Z, n > 0

1 ifx=0
0 ift¢ ] Conn
n>1
GL (t) _ — if t € 027L+1 \ an
1 ift € Cy

where (nZ)t = C,, and C,, denotes the subgroup of T of the n-th roots of

the unity.
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