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» Sankappanavar H P. Semi-De Morgan algebras[J]. The Journal of
symbolic logic, 1987, 52(3): 712-724

» a common abstraction of De Morgan algebras and distributive
pseudo-complemented lattices

Boolean
Heytingan-a<0
—--a < a De Morgan o
Minimalanb<c=aA-c<-b
a < ——a quasi-De Morgan
semi-De Morgan Quasi-Minimal a < -—a

-a=---a,-1=0

——aA--b=--(anb)

Preminimal =(aVv b) = -aA-b,-0 =1

» Ma M, Liang F. Sequent Calculi for Semi-De Morgan and De Morgan
Algebrasl[J]. arXiv preprint:1611.05231, 2016.
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Motivation and Aim

Is there an uniform way to deal with semi De Morgan negation and
preserve real subformula property?

» The answer is “Yes”, via multi-type methodology!



Preliminaries



De Morgan and semi-De Morgan Algebras

Definition

If (A,v,A, T, 1) is a bounded distributive lattice, then an algebra
A= (A,V,A,~,T,L)is: forall a,b € A,

De Morgan algebra
-(avb)=-aA-b
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-—a=a
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De Morgan and semi-De Morgan Algebras

Definition
If (A,v,A, T, 1) is a bounded distributive lattice, then an algebra
A= (A,V,A,~,T,L)is: forall a,b € A,

De Morgan algebra  semi-De Morgan algebra
-(avb)=-an-b =(avb)=-aA-b
-(aAb)=-av-b -=(aAb)=-—-aAr-—b
-—a=a -—-a = -a
Sl=T,-T=1 S l=T,-T=1

Fact
A semi-De Morgan algebra 2 is a De Morgan algebra if and only if A
satisfies the equation av b = =(-=a A=b) = ==(a Vv b).
-—(aAb)=--aA-=band -——a = -a can not be transformed into
structural rules immediately!
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» from heterogeneous semi-De Morgan algebras to construct semi-De
Morgan algebras



From single type to multi-type



Multi-type enviroment

Lemma

Given an SM-algebralL = (L,A,V, T, L,=), letK :={-—ael|ael}.
Define h: L » K and e : K — L by the assignments a — —-a and
a — a, respectively. Then forallae K andaeL,

h(e(a)) =«



Multi-type enviroment

Definition
For any SM-algebraL = (L, A, V, T, L,—), let the kernel of L be the
algebra K, = (K,Nn,U,~,1,0) defined as follows:

K1. K := Range(h), where h: L -» K is defined by letting h(a) = —-—a
forany aelL;

K2. aUpB:=h(--(e(a)Vve(p))) forall a,5 € K;
K3. anp:=h(e(a)Ae(B)) for all @,B € K;

K4. 1:=h(T);

K5. 0:=h(1);

K6. ~a := h(-e(a)).



Multi-type enviroment

Lemma
For any SM-algebra L,

1. the kernel Ky, is a DM-algebra.
2. his a lattice-homomorphism from L onto K, and for all o, € K,

e(a)ne(B) =e(anp) e()=T1 e(0) = L.



Heterogenous algebra

Definition
A heterogeneous SDM-algebra (HSM-algebra) is a tuple (L, A, e, h)
satisfying the following conditions:

H1 L is a bounded distributive lattice;



Heterogenous algebra

Definition
A heterogeneous SDM-algebra (HSM-algebra) is a tuple (L, A, e, h)
satisfying the following conditions:

H1 L is a bounded distributive lattice;
H2 A is a De Morgan lattice;



Heterogenous algebra

Definition
A heterogeneous SDM-algebra (HSM-algebra) is a tuple (L, A, e, h)
satisfying the following conditions:

H1 L is a bounded distributive lattice;
H2 A is a De Morgan lattice;
H3 e: A — L is an order embedding, which satisfies: for all @1,z € A,

e(ar)rne(az) =e(ainNaz) and e(1)=T and e(0)=1



Heterogenous algebra

Definition
A heterogeneous SDM-algebra (HSM-algebra) is a tuple (L, A, e, h)
satisfying the following conditions:

H1 L is a bounded distributive lattice;
H2 A is a De Morgan lattice;
H3 e: A — L is an order embedding, which satisfies: for all @1,z € A,

e(ar)rne(az) =e(ainNaz) and e(1)=T and e(0)=1

H4 h:L —» A is a lattice homomorphism;



Heterogenous algebra

Definition
A heterogeneous SDM-algebra (HSM-algebra) is a tuple (L, A, e, h)
satisfying the following conditions:

H1 L is a bounded distributive lattice;
H2 A is a De Morgan lattice;
H3 e: A — L is an order embedding, which satisfies: for all @1,z € A,

e(ar)rne(az) =e(ainNaz) and e(1)=T and e(0)=1

H4 h:L —» A is a lattice homomorphism;
H5 h(e(a)) = a for every a € A.



From multi-type to single type
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Heterogenous algebra

Lemma

If (L,D, e, h) is an heterogeneous SM-algebra, then L can be endowed
with a structure of SM-algebra defining - : L — L by —a := e(~h(a)) for
every a € L. Moreover, D =K.

Definition
For any SM-algebra A, we let AT = (L,K, h, e), where:
- Lis the lattice reduct of A;
- Kis the kernel of A;
- e: K< Lis defined by e(e) = @ for all ¢ € K;
- h:L -—» Kis defined by h(a) = —-—aforall aeL;
For any HSM-algebra H, we let H; = (L, —) where:
- L is the distributive lattice of H;
- =:L - L is defined by the assignment a — e(~h(a)) forall a e L.



Heterogenous representation theory

For any SM-algebra A and any HSM-algebra H:
A=(AT), and H=(H,)*.



Algebraic semantics for multi-type display calculus



Canonical extension

Definition

A HSM-algebra is perfect if:
1. both L and A are perfect;
2. eis an order-embedding and is completely meet-preserving;
3. his a complete homomorphism.

Corollary
If (L,D, e, h) is an HSM-algebra, then (L°,D°, ", h%) is a perfect
HSM-algebra.



Canonical extension

Corollary

If (L,—) is an SM-algebra, then L? can be endowed with the structure of
SM-algebra by defining =% : L.° — L% by =% := "o ~% o h%. Moreover,
K¢ =Kys.



Multi-type proper display calculus



Hilbert style semi-De Morgan logic
» the language £

A:=p|L|T|-A|AAA|AVA

» Axioms
(A1)  LFHA (A2) ArT
(A3) -TFL (A4) TF-L
(A5) AFrA (AB) AABFA
(A7) AAB+B (A8) ArAVB
(A9) BrAvB (A10) -Ar-—-A
(A11) —==A+-A
(A12) —=AA-Br-(AVB)
(A1 3) -——AA--B+ —|—|(A A B)
(A14) AA(BVC)+-(AAB)V(AAC)

> Rules

R1. IfA+BandB+ C,then A+ C;
R2. IfArBandA+C,thenA+BAC;
R3. IfArBandC+ B,thenAvCt+ B;
R4. If A+ B, then =B+ —A.
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{ A:=p|T|L|oa|ANATAVA
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Multi-type Display calculus

» Structural and operational language of D.DL:
{ A:=p|T|L|oa|ANATAVA

Xou=F|LIaT | XAX|XVXIXZX]|X5X

» Structural and operational language of D.DM:

a:=0A|1]|0|~a|lana|aUa
DM

Fe=8X|1|0| M| FTAT|TUM T~ |IT=S.T



Interpretation

» Interpretation of structural DL connectives as their operational
counterparts

DL connectives

categorization f g
stuctural | T [ A | >~ [ 1] V] S
operational | T | A [ (>=) ]| L ]| VvV | (=)
adjoint pairs A >4V




Interpretation

» Interpretation of structural DL connectives as their operational
counterparts

DL connectives

categorization f g
stuctural | T [ A | >~ [ 1] V] S
operational | T | A [ (>=) ]| L ]| VvV | (=)
adjoint pairs A >4V

» Interpretation of structural DM connectives as their operational

Counterparts
DM connectives
categorization f g f-g
structural | 1 | A >, | 0] U = z
operational | 1 | N | (>=-) [0 | U | (—-) ~
adjoint pairs N+ =, >—_4U R4R




Interpretation

» Interpretation of structural heterogeneous (from DL to DM and vice
versa) connectives as their operational counterparts

bL—-DM DM—-DL DM-—DL DL — DM

categorization f-g f-g g f

structural 3 . | *

operational o . O L 2
adjoint pairs o+ e &40




Display Postulates

» DL-type display structural rules

XAY+rZ XrYVZ

res e—— e —————————— { =11

YEX5Z Y>X+Z



Display Postulates

» DL-type display structural rules

XAY+rZ XrYVZ

res —-—-—"———— res

YEXSZ Y X+2Z
» De Morgan lattice type display structural rules

A I AY MF~A
adj adj
RART Ar T

. TrAA+O r- AUO
ArT3_06 A>_T+O

res




DL-type structural rules

X+A ArY

Cut

prp X+Y
R X+rY X+rY
XATrY XrYVI
EX/A\YI—Z XI—Y\72E
YAXFZ X+ZVY
(XAY)AZ+r W Xr(YVZ)VW
A A
XA(YAZ)+Z XrYV(ZVW)
X+rY X+rY
XAZrY XrYVZ
XAX+Y XrYVY
X+rY X+Y



DM-type structural rules

N« at A
A ot
. TEA N
rMirA e AU0
EFﬁAF@ FFAO@E
AAT+O r-euA
(FTAA)AO KA M (AUO)UA
A A
FA(AAG)FA [F AU(OUA)
w A r-A
rMerA NrN-AUO
FrArr A N AUA
N A M- A

A FRT

cont



DL-type operational rules

TrX
.

TEX

€

TrT

Xr X

11

AABFX

"“AANBFX

VA|—X BrY

XkL

XHA YFBA

XAY+AAB
X+rAVB

AVBrXVY

X+rAVB



DM-type operational rules

, Ael _ ]
1+ 1+1
0 _ re0
0rO0 lN-0
afprT ke AR
n—— ~
anprTl FMAFrang
il BrA M-aoUpB y
aUBrFTUA MN-aup
o ~arl -~a

~ar T M+ ~a



Multi-type rules

» Multi-type display postulates

adj

X+ ol

3X+T

OX T

X+ o



Multi-type rules

» Multi-type display postulates

 Xrol X+l .

adj ——— ———— adj
oX+T Xt ol

» Multi-type structural rules

XrY N SOA -
83Xk 3Y MNeA

L3 Xk i1 Xrtd
XrT Xkl



Multi-type rules

» Multi-type display postulates

 Xrol X+l .
ad]Ai ———— adj
oX+T Xt ol
» Multi-type structural rules
X+rY M- s/ .
83Xk 3Y MNeA
L3 Xk i1 Xrtd
XrT Xk 1
» Multi-type operational rules
ALY X+r3A |
cArY X oA
S AEX XF OA
oArOY X+DOA



Translation functions

The translations 7 : £ — L7 is defined by simultaneous induction as

follows:

AT ABT
ATv BT
O~oAT



Example

-=AA=--Bt+-=(AAB) ~» O~oO~0AAO~oO~0B + O~od~o(AAB)



Example

-=AA=-=Bt+-=(AAB) ~ O~oO~0AAO~oO~0B + O~od~o(AAB)

» Step 1:
ArA
SA+ 3A
_0ArBA
A+ RoA
+ ~0A -
A b 3 ~0A

X 3A F 3O0~0A
TZ5AF om~oA
RoO~0A + GA
~oO~0A + GA
O~oO~o0A + [0 3A
O~oO~o0A A O~oO~0B + 1 3A
O~oO~0A AO~oO~oB + 1 3A

3(D~0D~0A AO~oO~oB) + 8A

53(I:I~0D~OA /\D~oD~oB) FA



Example

-=AA=-=Bt+-=(AAB) ~ O~oO~0AAO~oO~0B + O~od~o(AAB)

» Step 1:
ArA
SA+ 3A
_0ArBA
A+ RoA
+ ~0A -
A b 3 ~0A

<3A + SO0~0A
K 3A F oO~0A
RoO~0A + GA
~oO~0A + GA
O~oO~o0A + [0 3A
O~oO~o0A A O~oO~0B + 1 3A
O~oO~0A AO~oO~oB + 1 3A

3(D~0D~0A AO~oO~oB) + 8A

53(I:I~0D~OA /\D~oD~oB) FA

> Step 2. s &(0~oO~0A AO~oO~0B) B



Example

» Step 3:

4 &(0~o0~0A AO0~o00~0B) A s #(0~o0~0A AO~o0~0B) + B
H 3(I:I~o|]~oA AO~oO~0B) A 33(D~0D~0A AO~oO~o0B)+FAAB
C

s #(0~oO~o0A AO~oO~0B) F AAB

#(0~o0~0A AO0~o0~0B) + 3(A AB)

#(O~o0~0A AD~oO~0B) + o(A A B)
Zo(AAB)+

~0(A A B) [

—~ cont
X #(0~oO~0A AO~oO~0B)
&

O~oO~0A AO~oO~0B)
O~o(A AB) + (1% #(0~o0~0A A O~oO~0B)

do~o(AAB)F 815 3(E|~0D~OA AO~oO~0B)
o0~o(AAB)+ :3(D~0D~OA ADO~oO~0B)

om~o(A AB) X #(O~o0~0A AO~oO~0B

ot
x

3(D~0D~0A AO~oO~0B) + ZoO~o(AAB

)
)
)

$(D~0D~OA AO~oO~0B) + ~oO~o(AAB

O~o0~0A AO~od~oB + & ~od~o(A A B)

O~oO~0A AO~oO~oB + O~oO~0(A A B)



Equality

Theorem
For all L-formulas A and B and every SM-algebra L,

L=A<B iff Lt=AT<B".



Properties

Theorem (Completeness)
D.SDM is complete with respect to the class of semi-De Morgan
algebras.

Theorem (Conservative extension)
D.SDM is a conservative extension of H.SDM.

Theorem (Cut elimination)
If X + Y is derivable in D.SDM, then it is derivable without (Cut).

Theorem (Subformula property)
Any cut-free proof of the sequent X + Y in D.SDM contains only
structures over subformulas of formulas in X and Y.



Future work

» extensions to other algebras based on semi-De Morgan algebras,
e.g. quasi-De Morgan algebras, demi-p-algebras, weak stone
algebras, etc.;



Future work

» extensions to other algebras based on semi-De Morgan algebras,
e.g. quasi-De Morgan algebras, demi-p-algebras, weak stone
algebras, etc.;

» compatebility frames for semi-De Morgan algebras



Thanks for your attention!



