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A quick reminder

Definition
1. Let B be a ring with an order <. We say that B is an /-ring if
» (B, <) is a lattice
» a<b=a+c<b+c
» 0<a,b=0< ab.

2. An (-ring B is an (-algebra if it is an R-algebra such that
(B3a>0et R>r>0)=r.a>0.

3. A bal is a bounded, archimedean /-algebra.

» aecB=dneN : a<nl;
» (vneN na<b)=a<0.



A quick reminder

Definition
Let B be a bal.

» An /-ideal | of B is a convex ring-ideal which is \V-closed.

» By Max(B), we denote the set of maximal ¢-ideals of B.

Lemma
Max(B) with the topology generated by

w(b) = {l € Max(B) : | # b},

is a compact Hausdorff space.



A quick reminder

Definition
Let X be a compact Hausdorff space. By C(X,R), or more simply
C(X), we denote the set of continuous functions from X to R.

Lemma
C(X) is a bal.



The uniform norm

Definition
Let B be a bal. For each b€ B,
» |b|=bV(-b),
> ||b]| = inf{\ € R : |b] < A.1}. (the uniform norm)

Theorem (Key observations)

1. X = Max(C(X) for all compact Hausdorff spaces X.

2. B = C(Max(B)) if and only if B is complete for the uniform
norm.
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Shifting the problem
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KPSp

Definition
A compact po-space is an ordered compact topological space
such that its order is closed.

KPSp is the category of compact po-spaces and increasing
continuous functions.

Remark : KHaus could be seen as a full subcategory of KPSp.



Justification

Notation
Let X be a compact po-space.

1. I(X,R"), or more simply /(X) denotes the set of increasing
continuous functions from X to RT.

2. Con(I(X)) denotes the set of maximal congruences of /(X).

Theorem
With the right topology on Con(I(X)), it follows

X = Con(I(X)).



Semi-bal

Definition
An (-semi-ring consists of an algebra (A, +,.,0,1, <) such that :
» (A,+,0) and (A, .,1) are commutative monoids
» (A, +,.) is distributive
»a<boatc<b+c!
»a>0
» a<b—ac<bc
(A, <) is a lattice.

v

!Note the difference with £-ring.



Semi-bal

Definition

An sbal is an /-semi-ring A which is
1. bounded : ac Ac A=3dneN: a<n.l,
2. archimedean : (VvneN) na+b<nc+d=a<c,
3. an RT-algebra.

Definition
A morphism between sbals is an application which respects the
operations +,.,V, A, r. for r € RT.



Programme

1. Prove that sbal and KPSp extend bal and KHaus.
2. Establish the duality between sbal and KPSp.

3. Prove that this duality extends the one between ubal and
KHaus.



sbal and bal

Let A be an sbal, we define
(a,b) ~(c,d)<=a+d=b+c.
and
AP = Ax A/~

with the operations

-(a,b)" 4+ (c,d)”=(a+c,b+d)™

- (a,b)~(c,d)~ = (ac + bd, ad + bc)™
and the order

- (a,b)” <(c,d)" <= a+d<c+b.

Proposition
AP js a bal.



sbal and bal

Proposition
Let a € sbal(A,A"). Then

b AL — (AP (a,b)™ — (afa), (b))~
is a morphism between bals.

Proposition
Let B, B’ € bal and ~ € bal(B, B’). Then
1. Bt ={be B| b>0} €sbal.
2. sbal(BT,B )34t : BT — (B)" : b— y(b).



sbal and bal

Theorem
Let B, B’ € bal. Then

ng: B — (BY)P:b— (b7, b7)"
is an isomorphism such that for each v € bal(B, B')

B B (B+)b

Vl [(W)b

B’ ST (B*)P.
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From the topological side to the algebraic one

Let F: KPSp — sbal be the functor which sends
» a compact po-space X to /(X).

» an increasing continuous function f : X — X’ to

flX)—I(X):g—rgof.



From the algebraic side to the topological one

Let A be an sbal. We denote Con(A) the set of the congruences on
A.

Proposition
If 0 € Con(A), then

Vace A, JseRT: (a,s1)€b.

We denote \(a, ) this real.
Remark : (a, b) € 0 iff X\(a,8) = A(b, ).



From the algebraic side to the topological one

Proposition

1. With the topology generated by
w(a, b) = {0 € Cony(A) : 0 %(a,b)}

Cony(A) is a compact space.
2. The relation <1 on Cony(A) defined by

< Na,0) < Aa,u)Vac A

is a closed order relation.



From the algebraic side to the topological one

Let G : sbal — KPSp be the functor which sends
» an sbal A to Con(A).

» an moprhism between sbals o : A — A’ to
o* : Con(A') — Con(A) : 0 — a~1(h)

where

a~1(0) = {(a,b) € A | (a(a), a(b)) € 6}.



sbal — KPSp

Theorem
The application

=F(G(A))
—
®4:A— [(Con(A)):a— (fr: 0 — A(a,0))
is a natural morphism, i.e. for each o € sbal(A, A")

Dy

F(G(A))
A F(G(AY)



Theorem
&4 is a isomorphism if and only if

» A is complete w.r.t. the uniform norm of AP

> A has the "difference with constants" property, i.e. for all
acAandrcR"

a>rl=3dbeA: a=r1+b.

We note usbal the full subcategory of sbal which contains all A
verifying both properties.



KPSp — sbal

Theorem
The application

=G(F(X))
——
ex : X — Con(I(X)) : x — 0, ={(f,g) | f(x) =g(x)}
is a natural isomorphism, i.e. for each f € KPSp(X, X")

EX

X G(F(X))
f 7
X'~ GIF(X)



KPSp > sbal

Theorem
The functors F and G between sbal and KPSp restrict to an
equivalence between usbal and KPSp.
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Generalization 7

» If X € KHaus,

> I(X) = C(X)*

> C(X) = (C(X)h)P.
» If B ¢ ubal then

» BT € usbal
» Max(B) = Con(B™) by

| € Max(B) — 0, = {(a,b) € (BT)? | a— b I}.
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