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INntroduction

GH-algebras — special case synaptic algebras
(Foulis, 2010 — unite the notions of

an order-unit normed space,

a special Jordan algebra,

convex effect algebra

and an orthomodular lattice.

Examples: self-adjoint part of a von Neumann
algebra, AW*-algebra, Rickart C*-algebra;
JW-algebra, JB-algebra.
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outline

Loomis-Sikorski (LS) theorem

B — Booleanc-algebra

(X,>) — X — Stone space faB,

> — o-algebra of Baire subsets df,

h : > — B — surjectives-homomorphism.
Generalization for a-MV-algebra) Mundici 1999,
Dvurecenskij, 2000

(X,7T,h), X —Stone space for the maximal Booleal
subalgebra of\/,

T — tribe of functionsf : X — [0, 1],

h :T — M — surjectivec-homomorphism.

We will present a version of LS-theorem for a
commutative GH-algebra and its application in a
functional calculus.
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synaptic algebra

R — alinear associative algebra with unit elemént
A — a vector subspace @&f, 1 € A, partially ordered
with positive coneA™.

a,b € A abtaken InR need not belong tal.

aCb meansub = ba, theab € A.

ForBC A, C(B)={a€ A:aCbVb e B} -the
commutanbf B.

C'(A) -thecenterof A.

CC(B) =C(C(B)) - thedouble commutaruf

B C A.

The vector subspacé of R Is asynaptic algebraff
the following conditions hold.
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axioms of SA

(SA1l) With 1 as order-unitA is an order-unit space with norm
111

(SA2)ac A = a*c AT,

(SA3)a,be AT =— aba € AT.

(SAd)aec Abe AT, aba =0 = ab=ba=0.

(SAB)a € AT = Faz € AT NCC(a)such thataz)? = a.
(SAB)Va € AJa® € A with (a°)? = a° andVb € A,

ab=0 <= a°b=0.

(SA7)1<a = FJalecAwithaa ! =ata=1.

(SA8) Ifa,b € A, a; < ay < --- are pairwise commuting
elements of’(b) andlim,, ., || a — a, ||= 0, thena € C(b).
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axioms 1,2,3.4

AssumeA iIs synaptic algebra, non-degenerate, I.e.,
0 £ 1. So we may identifyA € R with A1.

e A—orderunitspaced™ :={a € A:0<a}, 11is

an order-unitVa € A, 3\ > 0:a < .

A ls archimedean, i.ewa < bVn € Nimpliesa < 0,
with the norm

| al|=nf{0 <A AeR:-XA<a <A}

o If « € Athen0 < a” € A, thusA is a special Jordar
algebra under the Jordan product
aob:=2((a+0b)*—a*—0b*) = 1(ab+ ba).

e aba =2a0(aob) —a’*ob e A; b abais linear
and order preserving mapping.

eac Abec AT,aba =0 = ab = ba = 0; with
b=1:a°=0 = a=0.
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axioms5,6,7,8

e Va € AT, square roota'/? € AT N CC(a) —the
unique element such that'/?)? = a.
| a|:= (a®)V? € CC(a), a™ := %(] a | +a),

a” =3(la]—a),a=at —a".

e Va € A, carrier projectiona® € C'C(a) — the unique

p € A such thap? = p and,vb € A,

ab=0 < pb=0.

| a |°=a’ (a™)° = a’,Vn € N.

ea>1 = aisinvertible witha™! € CC(a); ais
invertible iff | a |[> ¢, ¢ > 0.

e Va € A, C(a)is norm-closed.
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effects and projections

o :={ee A:0<e<1}Iisthe set okffectan A.
Fore, f € E, defineie ® f is defined iffe + f € F,
andthered f =e+ f.

Then(E;®,0,1) is a convex effect algebra with the
ordering inherited from.

o P:={pe A:p*=p}isthe set oprojectionsin A.
e PiIsanOML,0<a<1foralla € P,
orthocomplementatiop— p~ =1 —p.

Letp, g € P. Thenp andq are

e orthogonal(p L q) iff p < ¢t iff pg = 0.

e (Mackey)compatible(p < ¢q) Iff

p={p@AqV(pAqg-),p+ g pCq.
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symmetry, polar decomposition

If a € E/, thena’ Is the smallest projectiome P
such that: < p.

s € Ais asymmetryff s = 1.

—1<s<1,|ls|| =1.

o If sIs asymmetry, theléﬁg—1 IS a projection.

If pis a projection, ther = p — p* is a symmetry.
e polar decomposition of:.

a = |a|lu = ulal, |a| = vua = au, v a Symmetry,

u € CC(a).
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spectral resolution

e Va € A, spectral resolution
(Pax : A €R) C CC(a),

Payi=1—((a—=A)")"

L :=sup{\:p,n =0} U :=inf{\: p,\ =1},

U
a = / AdDg A
L—0

ea,bc A aCb & pu \Cpy, VA, 1 €R.

e Thespectrunof a € A:
speca) := {\ € R:a— Aisnotinvertiblg.
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GH-algebra

e A synaptic algebral is a GH-algebra iff
a<ay <---<b,a,Ca,1 = da€A.a, 7a.
Thena € CC((an)nen)-

e A, Ay — synaptic algebras. A linear mapping
¢ : Ay — Ay IS asynaptic morphisnit:

(1) (1) = 1. (2) ¢(a”) = ¢(a)”.
(3) aCb = ¢(a)Co(b). (4) ¢(a®) = ¢(a)®

e A;, Ay — GH-algebras. A synaptic morphism
¢ : Ay — Ay 1s aGH-algebra morphisniff
(an)nEN g A1 ancan—l—l (n - N)’

5)an S a = ¢la,) / ¢(a)
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commutative GH-algebra

e A — synaptic algebra. TFAE:
() A Is commutative.

(i) A s lattice ordered, hence an order unit normet
vector lattice.

(i) E'Is an MV-(effect) algebra.
(v) P Is a Boolean algebra.

e A commutative synaptic algebra is a GH-algebra |
A I1s monotoner-complete.
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I epresentation theorem

e A — commutative GH-algebra;
X — basically disconnected Stone space of the
o-complete Boolean algebra. Then:

(1) C(X,R)is a commutative GH-algebra;
(2) 4 GH-isomorphism¥ : A — C(X,R);

(3) ¢ := ¥/P to P— Boolean isomorphism af
onto P(X,R) (clopen subsets; Stone’s theorem
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states

A — synaptic algebra. Atateon A — positive linear
functionalp : A — R with p(1) = 1.

S(A) — state space ofl,

Ext(S(A)) — extremal states oA.

o A-commutative GH—algebra,
X—Stone space aP,

U: A— C(X,R)—- GH-algebra isomorphism.

e pc S(A)isextremaliffp: A — R is a lattice
homomorphism iffp(ab) = p(a)p(b), a,b € A.

e There Is a bijective correspondence- p,,

r e X, p: € Ext(S(A)) such thap,(a) = ¥(a)(x).
Denoted := V¥ (a); thenx(a) = a(x) Vo € X.
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gh-tribe

e A gh-tribeis a setT C R+ such that:

(DVfeT da,feR a< f 6.
(2)0,1 € T.

A)acR, feT = afeT
5) (fu)nen, fFC T, fu < f,neN
— sup, Jn € T.

e 7 Is a commutative GH-algebra consisting of
bounded functions with poinwise operations.
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Integral theorem

T C R* — gh-tribe;

e B(T):={D C X : xp €T} —o-field of sets.
(1) Vf €T is B(T)-measurable.

(2) V o-additive statey on T,

/f

u(D) = p(xp), D € B(T
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L Stheorem

e Loomis-Sikorski theorem

A — commutative GH-algebra,

X — basically disconnected Stone spacdof
—

e J gh-tribe(X,7) such thaC'(X,R) C T,

¢ 1 surjective GH-algebra morphisin: 7 — A.
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sketch of proof

T — gh-tribe of functionsf : X — R generated by
C(X,R).

X = ExtS(A), IV : A — C(X,R) —isomorphism,
U(a) =a € C(X,R),a(z) = x(a).

DefineN(f) :={x € X : f(x) # 0}, andf ~ g iff
N(f — g) is ameager subset of, f,g € T.

Then~ Is an equivalence relation, ang € T

dla € C(X,R) with f ~ a.

Puth(f) :=aiff f ~a. Thenh:7T — Aisa
GH-algebra morphism.
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observableson 0-OMLSs

L — o-OML,

B(R) —o-algebra of Borel subsete .

e A (real) observablas ¢ : B(R) — L such that

(i) €(R) = 1;

(i CND=0 = {CUD)=¢&C)VED);

(i) D, /D = &(D,) /€(D).

p —o-additive state oi. — po & : B(R) — [0,1]is
thedistributionof £ In p.

p(€) = [ Ap(&(dN)) — theexpectatiorof £ in p.
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observableson GHA

(X, T, h) —- Loomis-Sikorski representation of
CC(a);
Vb e CCl(a),3fy €T : h(fy) = 0.

Defineé, : B(R) — P,
fb(D) — h(be—l(D)), D e B(R)

e ¢, IS areal observable oR, independent on the
choice off,.

¢ &, IS the unique real observable éhsuch that

E((—00, A]) =y, A €R.
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functional calculus
e p — o-additive state o,

(@) = [ Mpléaldn)).a € A
f e C((spec(a),R), g :=V¥(a) € C(X,R).
spec(a) ={g(x):x € X} = foge C(X,R).
e Definef(a) € CC(a) by f(a) : =V 1(fog).

Ua

fla) = f(A)dpa,.
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