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A Loomis-Sikorski theorem and functional calculus for a generalized Hermitian algebra



introduction
GH-algebras – special case ofsynaptic algebras
(Foulis, 2010) – unite the notions of
an order-unit normed space,
a special Jordan algebra,
convex effect algebra
and an orthomodular lattice.

Examples: self-adjoint part of a von Neumann
algebra, AW*-algebra, Rickart C*-algebra;
JW-algebra, JB-algebra.
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outline
Loomis-Sikorski (LS) theorem
B — Booleanσ-algebra
(X,Σ) — X – Stone space forB,
Σ — σ-algebra of Baire subsets ofX,
h : Σ → B — surjectiveσ-homomorphism.
Generalization for aσ-MV-algebraM Mundici 1999,
Dvurečenskij, 2000:
(X, T , h),X – Stone space for the maximal Boolean
subalgebra ofM ,
T — tribe of functionsf : X → [0, 1],
h : T →M — surjectiveσ-homomorphism.

We will present a version of LS-theorem for a
commutative GH-algebra and its application in a
functional calculus.
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synaptic algebra
R – a linear associative algebra with unit element1.
A – a vector subspace ofR, 1 ∈ A, partially ordered
with positive coneA+.
a, b ∈ A ab taken inR need not belong toA.
aCb meansab = ba, theab ∈ A.
ForB ⊆ A, C(B) = {a ∈ A : aCb ∀b ∈ B} - the
commutantof B.
C(A) -thecenterof A.
CC(B) = C(C(B)) - thedouble commutantof
B ⊆ A.

The vector subspaceA of R is asynaptic algebraiff
the following conditions hold.
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axioms of SA
(SA1) With1 as order-unit,A is an order-unit space with norm

|| . ||.

(SA2)a ∈ A =⇒ a2 ∈ A+.

(SA3)a, b ∈ A+ =⇒ aba ∈ A+.

(SA4)a ∈ A, b ∈ A+, aba = 0 =⇒ ab = ba = 0.

(SA5)a ∈ A+ =⇒ ∃ a
1

2 ∈ A+ ∩ CC(a) such that(a
1

2 )2 = a.

(SA6)∀a ∈ A∃ ao ∈ A with (ao)2 = ao and∀b ∈ A,

ab = 0 ⇐⇒ aob = 0.

(SA7)1 ≤ a =⇒ ∃ a−1 ∈ A with aa−1 = a−1a = 1.

(SA8) If a, b ∈ A, a1 ≤ a2 ≤ · · · are pairwise commuting

elements ofC(b) andlimn→∞ || a− an ||= 0, thena ∈ C(b).
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axioms 1,2,3,4
AssumeA is synaptic algebra, non-degenerate, i.e.,
0 6= 1. So we may identifyλ ∈ R with λ1.
• A – order unit space,A+ := {a ∈ A : 0 ≤ a}, 1 is
an order-unit:∀a ∈ A,∃λ > 0 : a ≤ λ.
A is archimedean, i.e.na ≤ b ∀n ∈ N impliesa ≤ 0,
with the norm
|| a ||:= inf{0 ≤ λ ∈ R : −λ ≤ a ≤ λ}.

• If a ∈ A then0 ≤ a2 ∈ A, thusA is a special Jordan
algebra under the Jordan product
a ◦ b := 1

2((a+ b)2 − a2 − b2) = 1
2(ab+ ba).

• aba = 2a ◦ (a ◦ b)− a2 ◦ b ∈ A; b 7→ aba is linear
and order preserving mapping.
• a ∈ A, b ∈ A+, aba = 0 =⇒ ab = ba = 0; with
b = 1: a2 = 0 =⇒ a = 0.
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axioms 5,6,7,8
• ∀a ∈ A+, square roota1/2 ∈ A+ ∩ CC(a) – the
unique element such that(a1/2)2 = a.
| a |:= (a2)1/2 ∈ CC(a), a+ := 1

2(| a | +a),
a− := 1

2(| a | −a), a = a+ − a−.

• ∀a ∈ A, carrier projectionao ∈ CC(a) – the unique
p ∈ A such thatp2 = p and,∀b ∈ A,
ab = 0 ⇔ pb = 0.
| a |o= ao, (an)o = ao,∀n ∈ N.
• a ≥ 1 =⇒ a is invertible witha−1 ∈ CC(a); a is
invertible iff | a |≥ ǫ, ǫ > 0.
• ∀a ∈ A, C(a) is norm-closed.
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effects and projections
• E := {e ∈ A : 0 ≤ e ≤ 1} is the set ofeffectsin A.
For e, f ∈ E, define:e⊕ f is defined iffe+ f ∈ E,
and thene⊕ f = e+ f .
Then(E;⊕, 0, 1) is a convex effect algebra with the
ordering inherited fromA.
• P := {p ∈ A : p2 = p} is the set ofprojectionsin A.
• P is an OML,0 ≤ a ≤ 1 for all a ∈ P ,
orthocomplementationp 7→ p⊥ = 1− p .
Let p, q ∈ P . Thenp andq are
• orthogonal(p ⊥ q) iff p ≤ q⊥ iff pq = 0.
• (Mackey)compatible(p↔ q) iff
p = (p ∧ q) ∨ (p ∧ q⊥), p↔ q⇐⇒ pCq.
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symmetry, polar decomposition
If a ∈ E, thenao is the smallest projectionp ∈ P
such thata ≤ p.
s ∈ A is asymmetryiff s2 = 1.
−1 ≤ s ≤ 1, ||s|| = 1.

• If s is a symmetry, thens+1
2 is a projection.

If p is a projection, thens = p− p⊥ is a symmetry.
• polar decomposition ofa:
a = |a|u = u|a|, |a| = ua = au, u a symmetry,
u ∈ CC(a).
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spectral resolution
• ∀a ∈ A, spectral resolution
(pa,λ : λ ∈ R) ⊆ CC(a),

pa,λ := 1− ((a− λ)+)o,

L := sup{λ : pa,λ = 0}, U := inf{λ : pa,λ = 1},

a =

∫ U

L−0

λdpa,λ

• a, b ∈ A, aCb ⇔ pa,λCpb,µ ∀λ, µ ∈ R.

• Thespectrumof a ∈ A:
spec(a) := {λ ∈ R : a− λ is not invertible}.
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GH-algebra
• A synaptic algebraA is a GH-algebra iff
a1 ≤ a2 ≤ · · · ≤ b, anCan+1 =⇒ ∃ a ∈ A: an ր a.
Thena ∈ CC((an)n∈N).

• A1, A2 – synaptic algebras. A linear mapping
φ : A1 → A2 is asynaptic morphismiff:

(1) φ(1) = 1. (2) φ(a2) = φ(a)2.

(3) aCb⇒ φ(a)Cφ(b). (4) φ(ao) = φ(a)o.

• A1, A2 — GH-algebras. A synaptic morphism
φ : A1 → A2 is aGH-algebra morphismiff
(an)n∈N ⊆ A, anCan+1 (n ∈ N),

(5)an ր a =⇒ φ(an) ր φ(a)
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commutative GH-algebra
• A – synaptic algebra. TFAE:

(i) A is commutative.

(ii) A is lattice ordered, hence an order unit normed
vector lattice.

(iii) E is an MV-(effect) algebra.

(iv) P is a Boolean algebra.

• A commutative synaptic algebra is a GH-algebra iff
A is monotoneσ-complete.
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representation theorem
• A — commutative GH-algebra;
X — basically disconnected Stone space of the
σ-complete Boolean algebraP . Then:

(1) C(X,R) is a commutative GH-algebra;

(2) ∃ GH-isomorphismΨ : A→ C(X,R);

(3) ψ := Ψ/P to P — Boolean isomorphism ofP
ontoP (X,R) (clopen subsets; Stone’s theorem).
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states
A – synaptic algebra. AstateonA – positive linear
functionalρ : A→ R with ρ(1) = 1.
S(A) — state space ofA,
Ext(S(A)) — extremal states onA.
• A-commutative GH—algebra,
X—Stone space ofP ,
Ψ : A→ C(X,R) – GH-algebra isomorphism.
• ρ ∈ S(A) is extremal iffρ : A→ R is a lattice
homomorphism iffρ(ab) = ρ(a)ρ(b), a, b ∈ A.
• There is a bijective correspondencex↔ ρx,
x ∈ X, ρx ∈ Ext(S(A)) such thatρx(a) = Ψ(a)(x).
Denoteâ := Ψ(a); thenx(a) = â(x) ∀x ∈ X.
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gh-tribe
• A gh-tribe is a setT ⊆ R

X such that:

(1) ∀f ∈ T ∃α, β ∈ R: α ≤ f ≤ β.
(2) 0, 1 ∈ T .
(3) f, g ∈ T =⇒ f + g ∈ T .
(4) α ∈ R, f ∈ T =⇒ αf ∈ T
(5) (fn)n∈N, f ⊆ T , fn ≤ f, n ∈ N

=⇒ supn fn ∈ T .

• T is a commutative GH-algebra consisting of
bounded functions with poinwise operations.
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integral theorem
T ⊆ R

X — gh-tribe;
• B(T ) := {D ⊆ X : χD ∈ T } – σ-field of sets.
(1) ∀f ∈ T isB(T )-measurable.
(2) ∀ σ-additive stateρ onT ,

ρ(f) =

∫
X

f(x)µ(dx),

µ(D) := ρ(χD),D ∈ B(T ).
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LS theorem
• Loomis-Sikorski theorem:
A — commutative GH-algebra,
X — basically disconnected Stone space ofP .
=⇒
• ∃ gh-tribe(X, T ) such thatC(X,R) ⊆ T ,

• ∃ surjective GH-algebra morphismh : T → A.
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sketch of proof
T — gh-tribe of functionsf : X → R generated by
C(X,R).
X = ExtS(A), ∃Ψ : A→ C(X,R) – isomorphism,
Ψ(a) = â ∈ C(X,R), â(x) = x(a).
DefineN(f) := {x ∈ X : f(x) 6= 0}, andf ∼ g iff
N(f − g) is a meager subset ofX, f, g ∈ T .
Then∼ is an equivalence relation, and∀f ∈ T
∃!â ∈ C(X,R) with f ∼ â.
Puth(f) := a iff f ∼ â. Thenh : T → A is a
GH-algebra morphism.
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observables on σ-OMLs
L — σ-OML,
B(R) – σ-algebra of Borel subsete ofR.
• A (real) observableis ξ : B(R) → L such that
(i) ξ(R) = 1;
(ii) C ∩D = ∅ =⇒ ξ(C ∪D) = ξ(C) ∨ ξ(D);
(iii) Dn ր D =⇒ ξ(Dn) ր ξ(D).
ρ – σ-additive state onL =⇒ ρ ◦ ξ : B(R) → [0, 1] is
thedistributionof ξ in ρ.
ρ(ξ) :=

∫
R
λρ(ξ(dλ)) – theexpectationof ξ in ρ.
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observables on GHA
(X, T , h) —- Loomis-Sikorski representation of
CC(a);
∀b ∈ CC(a), ∃fb ∈ T : h(fb) = b.

Defineξb : B(R) → P ,

ξb(D) = h(χf−1

b
(D)), D ∈ B(R).

• ξb is a real observable onP , independent on the
choice offb.

• ξb is the unique real observable onP such that

ξb((−∞, λ]) = pb,λ, λ ∈ R.
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functional calculus
• ρ — σ-additive state onA,

ρ(a) =

∫
R

λ(ρ(ξa(dλ)), a ∈ A.

f ∈ C((spec(a),R), g := Ψ(a) ∈ C(X,R).
spec(a) = {g(x) : x ∈ X} =⇒ f ◦ g ∈ C(X,R).

• Definef(a) ∈ CC(a) by f(a) := Ψ−1(f ◦ g).

f(a) =

∫ Ua

La−0

f(λ)dpa,λ.

ρ(f(a)) =

∫
R

f(λ)ρ(ξa(dλ)).
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