
Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Finite MTL-algebras

J.L. Castiglioni W. J. Zuluaga Botero

Universidad Nacional de La Plata

CONICET

TACL 2017
Prague, June 2017



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A:

(i) xy ≤ z if and
only if x ≤ y → z , and (ii) (x → y) ∨ (y → x) = 1. A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0. A MTL-algebra is
a bounded semihoop.A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A: (i) xy ≤ z if and
only if x ≤ y → z , and

(ii) (x → y) ∨ (y → x) = 1. A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0. A MTL-algebra is
a bounded semihoop.A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A: (i) xy ≤ z if and
only if x ≤ y → z , and (ii) (x → y) ∨ (y → x) = 1.

A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0. A MTL-algebra is
a bounded semihoop.A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A: (i) xy ≤ z if and
only if x ≤ y → z , and (ii) (x → y) ∨ (y → x) = 1. A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0.

A MTL-algebra is
a bounded semihoop.A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A: (i) xy ≤ z if and
only if x ≤ y → z , and (ii) (x → y) ∨ (y → x) = 1. A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0. A MTL-algebra is
a bounded semihoop.

A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A: (i) xy ≤ z if and
only if x ≤ y → z , and (ii) (x → y) ∨ (y → x) = 1. A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0. A MTL-algebra is
a bounded semihoop.A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Preliminaries

A semihoop is an algebra A = (A, ·,→,∧,∨, 1) of type (2, 2, 2, 2, 0)
such that (A,∧,∨) is lattice with 1 as greatest element, (A, ·, 1) is
a commutative monoid and for every x , y , z ∈ A: (i) xy ≤ z if and
only if x ≤ y → z , and (ii) (x → y) ∨ (y → x) = 1. A semihoop A
is bounded if (A,∧,∨, 1) has a least element 0. A MTL-algebra is
a bounded semihoop.A MTL-algebra A is a MTL chain if its
semihoop reduct is totally ordered.



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Let I = (I ,≤) be a totally ordered set and F = {Ai}i∈I a family of
semihoops.

Let us assume that the members of F share (up to
isomorphism) the same neutral element; i.e, for every i 6= j ,
Ai ∩ Aj = {1}. The ordinal sum of the family F , is the structure⊕

i∈I Ai whose universe is
⋃

i∈I Ai and whose operations are
defined as:

x · y =

 x ·i y , if x , y ∈ Ai

y , if x ∈ Ai , and y ∈ Aj − {1}, with i > j ,
x , if x ∈ Ai − {1}, and y ∈ Aj , with i < j .

x → y =

 x →i y , if x , y ∈ Ai

y , if x ∈ Ai , and y ∈ Aj , with i > j ,
1, if x ∈ Ai − {1}, and y ∈ Aj , with i < j .

where the subindex i denotes the application of operations in Ai .
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Finite Labeled Forests

Definition
A totally ordered MTL-algebra is archimedean if for every
x ≤ y < 1, there exists n ∈ N such that yn ≤ x.

Corollary

For any finite nontrivial MTL-chain M, there are equivalent:

i. M is archimedean,

ii. M is simple, and

iii M does not have nontrivial idempotent elements.
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Finite Labeled Forests

• A forest is a poset X such that for every a ∈ X the set

↓ a = {x ∈ X | x ≤ a}

is a totally ordered subset of X .

• A p-morphism is a morphism of posets f : X → Y satisfying
the following property: Given x ∈ X and y ∈ Y such that
y ≤ f (x) there exists z ∈ X such that z ≤ x and f (z) = y .



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Finite Labeled Forests

• A forest is a poset X such that for every a ∈ X the set

↓ a = {x ∈ X | x ≤ a}

is a totally ordered subset of X .

• A p-morphism is a morphism of posets f : X → Y satisfying
the following property:

Given x ∈ X and y ∈ Y such that
y ≤ f (x) there exists z ∈ X such that z ≤ x and f (z) = y .



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Finite Labeled Forests

• A forest is a poset X such that for every a ∈ X the set

↓ a = {x ∈ X | x ≤ a}

is a totally ordered subset of X .

• A p-morphism is a morphism of posets f : X → Y satisfying
the following property: Given x ∈ X and y ∈ Y such that
y ≤ f (x) there exists z ∈ X such that z ≤ x and f (z) = y .



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

Finite Labeled Forests

• A forest is a poset X such that for every a ∈ X the set

↓ a = {x ∈ X | x ≤ a}

is a totally ordered subset of X .

• A p-morphism is a morphism of posets f : X → Y satisfying
the following property: Given x ∈ X and y ∈ Y such that
y ≤ f (x) there exists z ∈ X such that z ≤ x and f (z) = y .



Preliminaries Finite Labeled Forests Forest Products From finite MTL-algebras to Forest Products The duality Theorem

The category f LF

• A labeled forest is a function l : F → S, such that F is a
forest and the collection of archimedean MTL-chains {l(i)}i∈F
(up to isomorphism) shares the same neutral element 1.

• A morphism l → m is a pair (ϕ,F) such that ϕ : F → G is a
p-morphism and F = {fx}x∈F is a family of injective
morphisms fx : (m ◦ ϕ)(x)→ l(x) of MTL-algebras.

• Let (ϕ,F) : l → m and (ψ,G) : m→ n be two morphism
between labeled forests. (ϕ,F)(ψ,G) = (ψϕ,M), where M
is the family whose elements are the MTL-morphims
fxgϕ(x) : n(ψϕ)(x)→ l(x) for every x ∈ F .
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Forest Products

Definition
Let F = (F ,≤) be a forest and let {Mi}i∈F a collection of MTL-chains
such that, up to isomorphism, all they share the same neutral element 1.

If
(⋃

i∈F Mi

)F
denotes the set of functions h : F →

⋃
i∈F Mi such that

h(i) ∈Mi for all i ∈ F, the forest product
⊗

i∈F Mi is the algebra M
defined as follows:

(1) The elements of M are the h ∈
(⋃

i∈F Mi

)F
such that, for all i ∈ F

if h(i) 6= 0i then for all j < i , h(j) = 1.

(2) The monoid operation and the lattice operations are defined
pointwise.

(3) The residual is defined as follows:

(h→ g)(i) =

 h(i)→i g(i), if for all j < i , h(j) ≤j g(j)

0i otherwise

where de subindex i denotes the application of operations and of
order in Mi .
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Forest Products are Sheaves

In every poset F the collection D(F) of downsets of F defines a
topology over F called the Alexandrov topology on F.

Let
S ,T ∈ D(F) such that S ⊆ T and {Mi}i∈F be a collection of
MTL-chains. Observe that if h ∈

⊗
i∈TMi then the restriction h|S

is an element of
⊗

i∈SMi ,so the assigment that sends T ∈ D(F)
to
⊗

i∈TMi defines a presheaf P : D(F)op →MT L. Let S be a
proper downset of F and consider

XS := {h ∈
⊗
i∈F

Mi | h|S = 1}

Lemma
Let F be a forest and {Mi}i∈F a collection of MTL-chains. Then,
for every S ∈ D(F)

P(S) ∼= P(F )/XS .
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Forest Products are Sheaves

Let Shv(P) be the category of sheaves over the Alexandrov space
(P,D(P)).

Lemma
Let F be a forest and {Mi}i∈F a collection of MTL-chains. Then,
the presheaf P : D(P)op →MT L, P(T ) =

⊗
i∈TMi is a

MTL-algebra in Shv(P).

Lemma
Let F be a forest and {Mi}i∈F a collection of MTL-chains. For
every i ∈ F , Pi ∼= P(↓ i) ∼=

⊕
j≤i Mj in MT L.

Corollary

Let F be a forest and {Mi}i∈F a collection of MTL-chains. Then
P is a sheaf of MTL-chains.
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From finite Forest Products to MTL-algebras
Let l : F→ S, m : G→ S be finite labeled forests and
(ϕ,F) : l → m be a morphism of finite labeled forests.

• γ :
⊗

k∈ϕ(F ) m(k)→
⊗

i∈F(m ◦ ϕ)(i) defined as

F
ϕ //

γ(h)

22
ϕ(F )

h //
⋃

i∈F(m ◦ ϕ)(i)

• The family F induces a map α :
⊗

i∈F(m ◦ ϕ)(i)→
⊗

i∈F l(i)
defined as α(g)(i) = fi (g(i)) for every i ∈ F.

•

Pm(G)
β //

⊗
k∈ϕ(F ) m(k)

αγ // Pl(F)

where Pm(G ) =
⊗

k∈G m(k), Pl(F) =
⊗

i∈F l(i) and
β : Pm(G )→

⊗
k∈ϕ(F ) m(k) is the restriction of Pm(G ) to

ϕ(F).
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From finite Forest Products to MTL-algebras

Theorem
The assignments l 7→ Pl(F ) and (ϕ,F) 7→ αγβ define a
contravariant functor

H : f LF → fMT L.
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From finite MTL-algebras to Forest Products

Let us consider the poset of idempotent elements of a
MTL-algebra M,

I(M) := {x ∈ M | x2 = x}.

If FM denotes the subposet of join irreducible elements of I(M),
then

Proposition

The posets Spec(M)op and FM are isomorphic.

Corollary

For every finite MTL-algebra M, the poset FM is a finite forest.
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From finite MTL-algebras to Forest Products

Lemma
Let M be a finite MTL-algebra and e ∈ FM . Then M/ ↑ e is
archimedean if and only if e ∈ m(M).

Lemma
Let M be a MTL-algebra and e ∈ FM . Then, there exists a unique
ae ∈ FM ∪ {0} such that ae ≺ e.

Lemma
Let M be a finite MTL-algebra, then for every e ∈ FM , ↑ ae/ ↑ e is
an archimedean MTL chain.
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From finite MTL-algebras to Forest Products

Let f : M → N be a morphism of finite MTL-algebras.

Lemma
Let M and N be finite MTL-algebras and f : M → N a MTL-algebra

morphism. There exists a unique p-morphism f ∗ : FN → FM such that

the diagram

FN
f ∗ //

ϕN

��

FM

ϕM

��
Spec(N)

spec(f )
// Spec(M)

commutes.
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From finite MTL-algebras to Forest Products

Lemma
Let M and N be finite MTL-algebras and f : M → N be a MTL-algebra

morphism. Then, for every e ∈ FN , f determines a morphism

ḟe :↑ af ∗(e) →↑ ae such that exists a unique MTL-algebra morphism

fe :↑ af ∗(e)/ ↑ f ∗(e)→↑ ae/ ↑ e which makes the diagram

↑ af ∗(e)
ḟe //

��

↑ ae

��
↑ af ∗(e)/ ↑ f ∗(e)

fe
// ↑ ae/ ↑ e

commutes.
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From finite MTL-algebras to Forest Products

• Let M be a finite MTL-algebra and consider the function

lM : FM → S

defined as lM(e) =↑ ae/ ↑ e.

• Let f : M → N be a MTL-morphism between finite
MTL-algebras and Ff = {fe}e∈FN

.

Corollary

Let M and N be finite MTL-algebras and f : M → N a
MTL-algebra morphism. Then the pair (f ∗,Ff ) is a morphism
between the labeled forests lN and lM .

Theorem
The assignments M 7→ lM and f 7→ (f ∗,Ff ) define a contravariant
functor

G : fMT L → f LF .
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The duality Theorem

Proposition

The functor G is left adjoint to the functor H. Moreover, G is full
and faithful.

Definition
Let M be a finite MTL-algebra. An element e ∈ I(M)∗ is a
local unit if ex = x for every x ≤ e.

Lemma
Let M be a finite MTL-algebra and e ∈ I(M)∗. The following are
equivalent:

1. e is a local unit.

2. ey = e ∧ y, for every y ∈ M.
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1. e is a local unit.

2. ey = e ∧ y, for every y ∈ M.
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The duality Theorem

Definition
A finite MTL-algebra M is id − representable if every non zero
idempotent satisfies any of the equivalent conditions of the latter
Lemma.

Remark
Let M be an id − representable finite MTL-algebra. For every
e ∈ FM , ↑ ae/ ↑ e ∼= [ae , e].

Lemma
For every id − representable finite MTL-algebra M and
m ∈ Max(FM) it has that M/ ↑ m ∼=

⊕
e≤m[ae , e].
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The duality Theorem

Observe that FM =
⋃

m∈FM
↓ m so the family R = {↓ m}m∈M is a

covering for FM .

Let fm : M → PlM (↓ m), defined as
fm(x) = hx∧m.

Lemma
Let M be an id − representable MTL-algebra. For every x ∈ M, the
family {fm(x)}m∈Max(FM) is a matching family for the covering R.

Lemma
For every id − representable MTL-algebra M, the assignment
fM : M → PlM (FM) defined as f (x) = hx , where hx is the
amalgamation of the family {fm(x)}m∈Max(FM) is an isomorphism.
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The duality Theorem

• Let rMT L be the category of id − representable finite
MTL-algebras.

• Let rLF the subcategory of f LF whose objects are the finite
labeled forest such that their poset product is a
id − representable MTL-algebra.

• Let us write G∗ for the restriction of the functor G to the
category rMT L and H∗ for the restriction of the functor H
to rLF .

Theorem
The categories rMT L and rLF are dual.
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