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That's the talk about
A Real-Valued Modal Logic

That's the talk about

\VISHIVENAldM Many-valued logics and modal logics are well-established
topics

But the connection is still not a very well-studied field of
research
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IRIEIEEN (=truth values): R
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About

That's the talk about
A Real-Valued Modal Logic

A Real-Valued Modal Logic

IRIEIEEN (=truth values): R
(ESEQEM (=true truth values): Ry

IO\ interpreted as arithmetic group operations +, —,0
plus modality [J

Laura Janina Schniiriger Axiomatizing a Reflexive Real-Valued Modal Logic



About

That's the talk about
A Real-Valued Modal Logic

Language

{&,-,0,0} = {—,0}
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Kripke Semantics

Frames and models

Kripke frames

§= <W>R>
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Kripke Semantics

Frames and models

Kripke frames

non-empty set of elements called worlds

Al C W x W a binary relation on W
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Kripke Semantics

Frames and models

Kripke frames

non-empty set of elements called worlds
C W x W a binary relation on W

a frame § is called serial if for all x €¢ W
there is y € W such that Rxy

Laura Janina Schniiriger Axiomatizing a Reflexive Real-Valued Modal Logic



Kripke Semantics

Frames and models

Kripke frames

non-empty set of elements called worlds
C W x W a binary relation on W

SS4EIN a frame § is called serial if for all x € W
there is y € W such that Rxy

RO if for all x € W : Rxx
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Kripke Semantics

Frames and models

Models

AW Talk about abelian groups at each world of the frames
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Kripke Semantics

Frames and models

Models

M= (W,R,V)
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Kripke Semantics

Frames and models

Models

M= (W, R, V)
(W,R) is a frame

ZIDE N V' Var x W — [—r, r] for some r € R
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Kripke Semantics

Frames and models

Models

M= (W, R, V)
(W,R) is a frame

ZIDE N V' Var x W — [—r, r] for some r € R
extends to V: Fm xW — R via

V(p = ¥;x) = V(b x) = V(p;x)
V(Op; x) = AH{V(eiy) | Rxy}
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Kripke Semantics

Frames and models
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Laura Janina Schniiriger Axiomatizing a Reflexive Real-Valued Modal Logic



Kripke Semantics

Frames and models

Models

IN@RLLER if R is serial
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Kripke Semantics

Frames and models

Models

if R is serial

if R is reflexive
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Kripke Semantics

Frames and models

Validity

¢ € Fm is K(A)/KT(A)-valid if
V(pix) >0

for all x e W
in all K(A)/KT(A)-models M = (W,R, V)
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Kripke Semantics

Frames and models

Validity

¢ € Fm is K(A)/KT(A)-valid if
V(pix) >0

for all x e W
in all K(A)/KT(A)-models M = (W,R, V)

QIEIINN = 4) o respectively Frp(a) @
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Kripke Semantics

Frames and models

Remarks

seriality is not necessary if A0 =\/0:=0
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Kripke Semantics

Frames and models

Remarks

seriality is not necessary if A0 =\/0:=0

Fr(a) ¢ iff ¢ is valid in all models without restricting R
to be serial

Laura Janina Schniiriger Axiomatizing a Reflexive Real-Valued Modal Logic



Kripke Semantics

Frames and models

Remarks

seriality is not necessary if A0 =\/0:=0

Fr(a) ¢ iff ¢ is valid in all models without restricting R
to be serial

reflexive = serial
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Axiom systems
Main Theorem 1

semantical definition of K(.A) and KT(.A)
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Axiom systems
Main Theorem 1

semantical definition of K(.A) and KT(.A)

syntactical description
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Axiom systems

Main Theorem 1

semantical definition of K(.4) and KT(A)
syntactical description

axiomatizations £ and K% such that
¢ is derivable in 8 & Fyga) ¢
¢ is derivable in 8T < Fgpu) ¢
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Axiom systems

Main Theorem 1

Axiom system K

Axiomatization for multiplicative fragment of Abelian
logic (logic of abelian groups) A plus
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Axiom systems

Main Theorem 1

Axiom system K

Axiomatization for multiplicative fragment of Abelian
logic (logic of abelian groups) A plus

ENIIUIREON (0 — o) — (Op — O)
MR Ci(np) = nDe  (n>2)
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Axiom systems

Main Theorem 1

Axiom system K

Axiomatization for multiplicative fragment of Abelian
logic (logic of abelian groups) A plus

O(e = ) = (e — Oy)
O(ne) = nOep  (n>2)
¢/O¢

np/e

axioms (K
(D

rules (nec

)
n)
)
)

(cony, (n>2)
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Axiom systems
Main Theorem 1

Axiom system KT
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Axiom systems

Main Theorem 1

Main Theorem 1

AN For any p € Fm :
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Main Theorem 1

Main Theorem 1

ALEIEMN For any o € Fm Fae & Fru e
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Main Theorem 1
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Axiom systems

Main Theorem 1

Main Theorem 1

ALEIEMN For any o € Fm Fae & Fru e

MY casy: check that
axioms are K(.A)-valid

rules preserve validity
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Axiom systems

Main Theorem 1

Main Theorem 1

ALEIEMN For any o € Fm Fae & Fru e

MY casy: check that
axioms are K(.A)-valid

rules preserve validity

not easy:
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Axiom systems

Main Theorem 1

Main Theorem 1

ALEIEMN For any o € Fm Fae & Fru e

MY casy: check that
axioms are K(.A)-valid

rules preserve validity

not easy: via systems LK(.A) and GK(.A)
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Theorem

Proof =

Axiom systems

Main Theorem 1

Main Theorem 1

For any ¢ € Fm : Fae & Fkue

easy: check that
axioms are K(.A)-valid

rules preserve validity
not easy: via systems LK(.A) and GK(.A)

FLK(A4) labelled calculus

Fak)= ¢ sequent calculus
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Theorem

Proof =

Axiom systems

Main Theorem 1

Main Theorem 1

For any ¢ € Fm : Fae & Fkue

easy: check that
axioms are K(.A)-valid

rules preserve validity
not easy: via systems LK(.A) and GK(.A)

Fr) ¢ < Frkw ¢ labelled calculus

Fap & Faka)= ¢ sequent calculus
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Axiom systems

Main Theorem 1

Main Theorem 1

ALEIEMN For any o € Fm Fae & Fru e

MY casy: check that
axioms are K(.A)-valid

rules preserve validity

not easy: via systems LK(.A) and GK(.A)

Fr) ¢ < Frkw ¢ labelled calculus
4
Fap & Faka)= ¢ sequent calculus
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Notation

tableau nodes
| |

A Semantical Calculus
A Syntactical Calculus

Calculi

The labelled tableau system LK(.A)

multisets I = [p1, ..., 0], A = [U1, ..., Um]
and for ki, ..., ko, l,....In €N, let

(D% = (e, (2n)], (A) = [(1)h, ... (0m)"]
are of the forms
(Nk > (A)

rij

for >€ {>,>}
fori,j e N
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Notation

tableau nodes

Calculi A Semantical Calculus

A Syntactical Calculus

The labelled tableau system LK(.A)

multisets I = [p1, ..., 0], A = [U1, ..., Um]
and for ki, ..., ko, l,....In €N, let

(M =[(en) o (0n) ], (A) = [(¥n)" s ()]
are of the forms

(Nk> (A for >€ {>,>}

rij fori,jeN

for a formula ¢ is a finite sequence of nodes with root

0> [(¢)']
r12
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Calculi A Semantical Calculus
A Syntactical Calculus

The rules
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Calculi A Semantical Calculus
A Syntactical Calculus

The rules

(N (9) > (), (A)

oo oyeay 7 Fewoonay &7
; ; rij '(j € N new)
:’9) = (I.D“O) — (Op) (O¢) = (¢Y (> 0)
(r) 7(D99) > (A) (r)k > (Dip)i, (A)I

(J € N new)
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Calculi A Semantical Calculus
A Syntactical Calculus

Tableaux

NEGPEMOIER The system of inequations associated to a tableau
consists of all inequations over labelled variables and

boxed formulas for each branch, where “" is “+".
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Calculi A Semantical Calculus
A Syntactical Calculus

Tableaux

NEGPEMOIER The system of inequations associated to a tableau
consists of all inequations over labelled variables and

boxed formulas for each branch, where “" is “+".

a tableau is closed if its associated systems of
inequations are all inconsistent over R
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Calculi A Semantical Calculus
A Syntactical Calculus

Tableaux

ECPEMGIEN The system of inequations associated to a tableau
consists of all inequations over labelled variables and

boxed formulas for each branch, where “" is “+".

dle5eM a tableau is closed if its associated systems of
inequations are all inconsistent over R

CEAELIEE in LK(A), Fria) ¢, if there is a closed tableau for ¢
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Calculi A Semantical Calculus
A Syntactical Calculus

Theorem

LISl For any ¢ € Fm
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Calculi A Semantical Calculus
A Syntactical Calculus

Theorem

LISl For any ¢ € Fm

ILECEl K (A)-validity is in EXPTIME
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Calculi A Semantical Calculus

A Syntactical Calculus

The sequent calculus GK(R)

\[SI=NdeliM multiset union I, A

nl=0,...,T
——

n times

Or:=[de|perl]
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Calculi A Semantical Calculus

A Syntactical Calculus

The sequent calculus GK(R)

\[SI=NdeliM multiset union I, A

nl=0,...,T
——

n times
Or:=[de|perl]

SISl [ = A
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Calculi A Semantical Calculus
A Syntactical Calculus

The rules

Me=A MN=¢X
rN=xXA

(/D) (cur)

A=A

= A I‘I:>Z(MIX) nl = nA

=1z A r=a ) (n>2)

M= ¢ A Ne=19y A

rosooa () =oooa )
I = n[p]

Or = n[dy) (G) (n>0)
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Calculi A Semantical Calculus
A Syntactical Calculus

Theorems

WENSENIIN sequent ~~ formula: Z(I = A)
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Calculi A Semantical Calculus
A Syntactical Calculus

Theorems

WENSENIIN sequent ~~ formula: Z(I = A)

BLECIEN For any sequent [ = A

Fe Z(I = A)
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Calculi A Semantical Calculus
A Syntactical Calculus

Theorems

WENSENIIN sequent ~~ formula: Z(I = A)

BLECIEN For any sequent [ = A

FaZ(I = A) & ok M= A

ILECEl GK(.A) admits cut elimination
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To show

QIS For any 0 € Fm : Fap & Fru e
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To show

QIS For any 0 € Fm : Fap & Fru e

known ESNFNKCEEEC NN

Fay < Fakuw=>¢
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To show

ALEIENE For any p € Fm : Fae & Fru) e
known I U NP
Fay < bFakw=¢
ST WM For any ¢ € Fm : FLk) ¢ = Fak@)= ¢

or l_LK(.A) I(F = A) = l_GK(.A) M= A
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Proof intuitive idea

Nle[MedleiM on sum complexities of [ = A
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Proof intuitive idea

Nle[MedleiM on sum complexities of [ = A
base case [ = A immediate

P —x €lory— xy €A easy
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Proof intuitive idea

Nle[MedleiM on sum complexities of [ = A
base case [ = A immediate
P —x €lory— xy €A easy

interesting case: Ol = A’
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Proof intuitive idea

Frr(a) Z(OF = OA")

Laura Janina Schniiriger Axiomatizing a Reflexive Real-Valued Modal Logic



Proof intuitive idea

Frr(a) Z(OF = OA")

there is a tableau with inconsistent set of inequations

Laura Janina Schniiriger Axiomatizing a Reflexive Real-Valued Modal Logic



Proof intuitive idea

FLK(A) Z(or = 0a’)
there is a tableau with inconsistent set of inequations

linear programming problem over R
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Proof intuitive idea

Frr(a) Z(OF = OA")
there is a tableau with inconsistent set of inequations
linear programming problem over R

gives formulas Z(X; = ;) derivable in LK(.A) for some
i=1,...,m
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Proof intuitive idea

Frr(a) Z(OF = OA")
there is a tableau with inconsistent set of inequations
linear programming problem over R

gives formulas Z(X; = ;) derivable in LK(.A) for some
i=1,...,m

apply induction hypothesis
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Proof intuitive idea

Frr(a) Z(OF = OA")
there is a tableau with inconsistent set of inequations
linear programming problem over R

gives formulas Z(X; = ;) derivable in LK(.A) for some
i=1,...,m

apply induction hypothesis Fqg4) Xi = T1;
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Proof intuitive idea

Frr(a) Z(OF = OA")
there is a tableau with inconsistent set of inequations
linear programming problem over R

gives formulas Z(X; = ;) derivable in LK(.A) for some
i=1,...,m

apply induction hypothesis Fqg4) Xi = T1;

apply (sck), (MIX) and (O,) to get Fakry O = DA
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Main Theorem 2
Calculi

Reflexive Case

Main Theorem 2

KT is R plus Uy — ¢
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Main Theorem 2
Calculi

Reflexive Case

Main Theorem 2

KT is R plus Uy — ¢

QLN For any p € Fm : Fasp & Frr) @
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Main Theorem 2
Calculi

Reflexive Case

Main Theorem 2

KT is R plus Uy — ¢
QLN For any p € Fm : Fasp & Frr) @

same idea as for K(A)
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Main Theorem 2
Calculi
Reflexive Case

The two calculi

replace (ex) by
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Main Theorem 2
Calculi
Reflexive Case

The two calculi

replace (ex) by
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Main Theorem 2
Calculi
Reflexive Case

Theorems

ALEEON For any o € Fm
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Main Theorem 2
Calculi

Reflexive Case

Theorems

ALEEON For any o € Fm

FrT(A4) ¢ < FLKT(A) ©

LISl For any ¢ € Fm
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What's different to before?

PIS{e/¢-M [1's were removed simultaneously on the left and the
right hand side of a sequent
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What's different to before?

PIS{e/¢-M [1's were removed simultaneously on the left and the
right hand side of a sequent

(I [ can be removed just on left hand side by (OJ =)
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What's different to before?

PIS{e/¢-M [1's were removed simultaneously on the left and the
right hand side of a sequent

[J can be removed just on left hand side by (O =)

it is more complicated to apply induction hypothesis
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Appendix

Further Work

Further Work

Find axiomatizations for transitive (and symmetric) case
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Appendix

Further Work

Further Work

Find axiomatizations for transitive (and symmetric) case

add lattice operators A and V
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Appendix

Further Work

Further Work

Find axiomatizations for transitive (and symmetric) case
add lattice operators A and V

Find complexitiy class of decidability for K(.A) (is it
EXPTIME-complete?)
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Appendix

Further Work
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Axiom system K(.A)

axioms (=) = (¥ —=x) = (¢ —x))
(g = (W —=x) = (W= (p—X)
=@

((p =) =)=

O(e — ¢) = (B¢ — Oy)

O(np) = nCe  (n>2)

{0 = b}/
©/Op

np/e  (n>2)
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