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Introduction

Unlike the propositional case, 1n first-order modal (and
intuitionistic) logic there 1s a gap between syntax and semantics.
It turns out that simply axiomatizable modal logics may have
complex semantic descriptions. The standard Kripke semantics
does not work properly in the predicate case - "most of" modal
predicate logics are Kripke-incomplete.

As the semantics of predicate logics 1s not clearly understandable,
natural questions about properties of logics may be quite difficult.

In this talk we consider only one 1ssue:
adding equality to a predicate logic.
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Formulas

Intuitionistic predicate formulas are built from the following

ingredients:

e the countable set of individual variables Var={v,v,,...}

e countable sets of n-ary predicate letters (for every n=0)

e« > . 1.V, A

e 4V

Modal predicate formulas can also contain

Formulas with equality can also contain =.
The connectives 1, < are derived.

No constants or function symbols

NOTATION for the sets of formulas: IF, IFS, MF, MF~



Variable and formula substitutions

[Vi,..er Vo /X1,..., Xn] Simultaneously replaces all free occurrences

of Xi,..., Xn With yi,..., y» (renaming bound variables if necessary)
To obtain [C(X,..., Xn,Y1,..., Ym)/P(Xi,..., Xn)]JA from A
(1) rename all bound variables of A that coincide with the

"new" parameters vyi,..., ym of C,

(2) replace every occurrence of every atom P(z;,..., z,) with
[Zl,..., Zn /Xl,..., Xn]C

Strictly speaking, all substitutions are defined up to
congruence: formulas are congruent if they can be
obtained by "legal" renaming of bound variables

[Q(x.y,2)/P(x)] @yP(y) AP(z)) =3xQ(x.y,z) AQ(z,y,z) or

HuQ(U. ,y,Z) N Q(Z,y,Z)



Modal logics

An modal predicate logic (mpl) is a set L of modal formulas

such that L contains

e the classical propositional tautologies

e the axiom of K: [ |(p—q) — ([Ip = [19)

e the standard predicate axioms
L is closed under the rules

e Modus Ponens: A,A—B /B

e Necessitation: A/ | |A

e Generalization: A/ VxA

e Substitution: A/SA (for any formula substitution S)



Superintuititionistic logics

A superintuitionistic predicate logic (spl) is a set L of
intuitionistic formulas such that
e L contains the axioms of intuitionistic first-order logic QH
e L is closed under Modus Ponens
e L is closed under Generalization
e L is closed under (intuitionistic) formula substitutions

Modal/superintuitionistic logics with equality
An modal/superintuitionistic predicate logic with equality
(mpl=/spl=) is a set of formulas with equality with the same
properties as mpl/spl
1. Substitutions [C/x=Yy] are not allowed.

2. L contains the standard equality axioms.



Propositional logics can be regarded as fragments of predicate
logics (with only 0-ary predicate letters, without quantifiers).

Some notation
L+l := the smallest logic containing (L and IN)
K := the minimal modal propositional logic
H : = intuitionistic propositional logic
QL := the minimal predicate logic containing the propositional
logic L
L= := the minimal logic with equality containing the predicate

logic L (without equality), the equality-expansion of L
LFA:=A€lL
Def A logic with equality L' is conservative over a logic without
equality L (of the same type) if L €L,
but for any A in the language of L, LFAiff L'+ A.



Kripke frame semantics for predicate logics

e A propositional Kripke frame F=(W, R) (W=, R C W?)

e A predicate Kripke frame: ®=(F,D), where

D=(Du)wew is an expanding family of non-empty sets:
ifuRv, then D, C D,

D. is the domain at the world u (consists of existing

individuals).

e In intuitionistic frames R is reflexive transitive (or even

a partial order)



A Kripke model over O is a collection of classical
models:

M=(®,0), where 8=(0.,)uew IS a valuation
Bu(P) is an n-ary relation on D, for each n-ary predicate

letter P



For every modal formula A(Xy,..., Xn) and di...., d,E D,

consider a D,-sentence A(di,..., d,).

Def Forcing (truth) relation M,uEB

between the worlds u and D,-sentences B is defined by

induction:

M, E P(d,,..., dy) iff (d4,..., d,) € Bu(P)

MuEa=b iff a equals b

MukEk[ |B iff for any v, uRv implies M,v EB

Mu EvxB iff forany d € Dy, M,u FE [d/x]B

etc. (the other cases are clear)



Intuitionistic Kripke models
M=(®,0), where © is intuitionistic, 6=(8y)uwew is a
stable valuation: uRv = 8y(P) C 8,(P)

Forcing relation M,u B
e M,ul-P(dy,..., d,) iff (d4,..., d,) € B,(P)
e Mula=b iff a equals b
e Mul- B—C |ff
for any v, uRv & M,v I~ B implies M,v I C
e Mu I 3IxB iff forsomed D, M,u I+ [d/x]B

e Myu I VX B iff
for any v& R(u) for any d €D, M,v I~ [d/x]B
etc.



Def (truth in a Kripke model; validity in a frame)

M E A(xi,..., X,) iff for any u € W M,u E Vx,.. VX, A(X1,..., Xa)
O EAiff forany M over ®, ME A

Similarly in the intuitionistic case.
Soundness theorem
(1) ML(®D):={AcMF | ® EA} is an mpl

(2) MLT(D):={AceMF~ | ® FA}is an mpl=
(3) IL(D):={Ac€IF| ® I+ A} is an spl
(4) IL(®):={AcIF | ® I+ A} is an spl=

Logics of this form are called Kripke-complete



Kripke frame semantics with equality
Kripke frames with equality (KFE)
®=(F,D,~), where
~ = (~)uew IS @ family of expanding equivalence
relations on the domains:
fuRv, then~ ,C~,

Kripke models with equality should respect the

equivalence relations:
if P is n-ary, a,..., an, by,..., by are individuals and

(ai,..., an)€B(P), ai~ by, ..., an~ybn, then

(b1,..., bn)EBL(P)



The definition of forcing changes only for the equality:
Mu E a=b iff a~,b

Soundness theorem MLZ(®):={A € MF 7| ® E A} is an mpl=

and similarly for the intuitionistic case.

The standard Kripke frames can be regarded as KFEs, where

all the ~, are the identity relations.

Kripke sheaves
Kripke sheaves are an equivalent version of KFEs. They
are obtained from KFEs by identifying equivalent
individuals at every world.
Def A Kripke sheaf over a propositional reflexive

transitive frame F=(W,R) is a triple &=(F,D,p), in which



(F,D) is a predicate Kripke frame, p=(puw)uwrv iS a
collection of transition maps (“cross-reference”)

pUV: Du — Dv SUCh that:

Pw IS the identity function on Dy

if uRvVRw, then puw is the composition pww puv

Def. For an arbitrary propositional frame F=(W,R),

consider the transitive reflexive closure F":=(W, R")

(uR’v iff there is an oriented path from u to v in F:
URW;...WkRV)

A Kripke sheaf over F is a triple &= (F,D,p), for which

(F*,D,p) is a Kripke sheaf over F.



Kripke sheaf models and forcing are defined in a
straightforward way:

MukEa=b iff a equals b

Mu E[]B(,.....d,) iff
for any v, uRv implies M,v=B(puw/(d)),....puv(dn))







Theorem (equivalence of KFEs and Kripke sheaves)

e Forany KFE ® there exists a Kripke sheaf F such that
ML™(®) = ML (F)

e For any Kripke sheaf F there exists a KFE & such that
ML™(®) = ML (F)

o Similarly for the intuitionistic case.



We need these generalizations of Kripke frame semantics,
because the basic logic with equality QK" is Kripke-

incomplete. In fact, take the formula

CE=VxVyX#y—[](X#Y))

It is true in every usual Kripke model, but does not belong

to QK= (see below).
The same happens in the intuitionistic case. The axiom of

decidable equality
DE:=VXVy(X=y Vv X#Y)
IS true in every intuitionistic Kripke model, but does not

belong to QH".



This Kripke sheaf refutes CE;

its transitive closure refutes DE.



Def The logic (of a certain type) of a class of frames € is
the intersection of the logics of frames from &.

A logic of a class of Kripke frames is called Kripke (%)-
complete.

A logic of a class of Kripke sheaves (or KFEs) is called

F E-complete.

So the logics QH™ (and QL™ for any nonclassical
intermediate L), QK™ (and QL= for any nontrivial modal L)
are & -incomplete.

Problem
How to restore completeness? Is it true that:
e Lisa x-complete mpl = L+CE is a &-complete mpl=
o Lisa Xx-complete spl = L+DE is a #-complete spl=



Examples of Kripke-completeness

1. Surprisingly, for logics of the form QL not so many
examples are known:
e for standard logics L (classical results by Kripke,
Gabbay, Cresswell et al.)

modal K, T, D, B, K4, S4, S5

T: reflexive frames

D: serial frames

K4: transitive frames

B: symmetric frames

intuitionistic logic H
e for other cases, with more sophisticated proofs

S42 =S4+ &L JA —= [ |GA  (Ghilardi) confluent frames




Kd43=Kd+ [J([JAAA —B) V[ ([JBAB —A)

non-branching transitive

S43=K43+[ [A— A

K4.3 + A — A density
LC=H+(A—B)V (B—=A) non-brachning

(Corsi, 1990s)
2. For other kinds of logics see our book, Ch.6.

Barcan formula
Ba:= O3IxA — IxOA

This formula 1s valid in a Kripke frame iff the domains remain constant:
if uRv then D,= D,
For he same basic cases, QL+Ba are also Kripke-complete
(but Ba 1s derivable in QB, QS5)



However, QS4.2 + Ba is K-incomplete (SS 1990)
Def A propositional modal logic is called universal if the

class of its frames is universal, i.e., the class of models of
a universal classical first-order theory.
A propositional logic of a single finite frame is called

tabular.

Theorem (Tanaka - Ono, 2001; book09) If a modal

propositional logic N\ is universal or tabular and K

-complete, then L = QAN +Ba is also K -complete.

Theorem (Shimura 1993) The same holds for the

intuitionistic case and L = QA +CD (the axiom of

constant domains).



Def A modal predicate logic L 1s strongly K (or KE) -complete it every
L-consistent theory I' is satisfied at some Kripke frame (resp. KFE).
This means that I 1s true at some world in some Kripke model.

The same for the intuitionistic case: a theory 1s a pair of sets of formulas.

Def An mpl L is conicallly expressive if the master modality [_]* is

expressible in L (eg if L 1s transitive).



Theorems (book 09) For any predicate logic L

(D)
2)

3)

4)

)

If L 1s strongly KE-complete, then L~ is strongly KE-complete.
If L 1s KE-complete, then L~ 1s KE-complete

for any spl and conically expressive mpl

L~ 1s conservative over L

for any spl and conically expressive mpl

L 1s [strongly] KE-complete iff L~ is [strongly] KE-complete.
for any spl and conically expressive mpl.

If L is K [KE]-complete then L+C 1s K [KE]-complete.

for any spl= and conically expressive mpl=

for any pure equality formula C (in particular for CE and DE).

We do not know about the converse to (5).

Note that L™+C may be not conservative over L.



Def L™ :=L7+CE foran mpl L
L=:= L~ +DE foranspl L
Theorem 1 (1) Suppose L is a K-complete mpl of one of the

following types
e L is complete w.r.t. frames over trees,
e L contains &L p —= LD,

e L contains Ba.
Then L™ is also K-complete.
(2) Suppose L is a K-complete spl of one of the following
types
e L is complete w.rt. frames over trees,
e L contains J:= TIpV 11p (the weak excluded middle),
e L contains the constant domains axiom
CD:= vx(P(x)Vqg)— VxP(x)Vaq.
Then L™ is also K-complete.




Note that conditions in theorem 1 are not necessary.

Counterexamples

—]"
NV

u21(:
u 1

Consider the class KF of Kripke frames over this

propositional frame F.

Theorem 2 Let L be an spl between

QH+J, and IL(KF). Then L™ is K-incomplete.
Joi=T(pAgAr)—=T1UpAQ)VT(gAr)VI(pATr)

(the weak De Morgan law)




The 1dea of proof. There 1s a Kripke sheaf ® over F and a formula A
such that

e @ validates DE
o O refutes A

e Every predicate Kripke frame over F validates A



Some open problems

1. Is L™ conservative over L for any mpl L?

2. Is the Kripke-completion of L~ always finitely
axiomatizable over L?
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