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@ Inquisitive logic
e A multi-type inquisitive logic
e Intermezzo on proof theory

° A multi-type sequent calculus for inquisitive logic
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Team Semantics (Hodges 1997)

An information state (or team):

a set of valuations

Applied to Dependence logic (Vaananen 2007)
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Let S be ateam (i.e., a set of valuations).
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Inquisitive logic (IngL)

$=p|LI¢NG[ V| b (mdi=¢— L)

Let S be ateam (i.e., a set of valuations).
Sk piffforallv e S, v(p) =1

e SELiffS=0 = @'
@ SEoAYiffSEgand SE v

@ SEoVyiffSEgorSEY

@ SkE¢—yiffforany TC S: i 00

TEo=TEY

(Downward Closure) For every formula ¢ of IngL,

TCSEo=TkE9¢
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inquisitive logic (InglL)
¢u=p|LoNG|oV|d—¢ (mp=¢— L)

Let S be ateam (i.e., a set of valuations).
@ SkEpiffforallve S, v(p) =1
oS):LiffS.:(Z) ”
@ SEoNYIfSE¢pand SEY
@ SEoVYIiff SEpor SEY
@ SkE¢—yiffforany TC S: i 00
Teo=TEv.

Def. A formula ¢ is said to be flat iff for all teams S,
SE¢ < VveS v(o)=1.

5/18



inquisitive logic (InglL)
¢u=p|LoNG|oV|d—¢ (mp=¢— L)

Let S be ateam (i.e., a set of valuations).
@ SkEpiffforallve S, v(p) =1
e SE1iffS=10
oSEngbifbeqbandS):w
@ SEoVYIiff SEpor SEY
@ SkE¢—yiffforany TC S: i 00
Teo=TEv.

Def. A formula ¢ is said to be flat iff for all teams S,
SE¢ < VveS v(o)=1.

Fact: A formula « is flat iff it is equivalent to some V-free formula.
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Theorem (Ciardelli, Roelofsen, 2009)
The following Hilbert-style system of InqL is sound and complete:

Axioms:
@ IPC axiom schemata
@ Kreisel-Putnam axiom schemata:

(=0 = (¥ VX)) = (=¢ = Y) V(=9 — X)
@ —p—p

Rule:
Modus Ponens

@IngL=KPp—-——p—p

A/18



Theorem (Ciardelli, Roelofsen, 2009)
The following Hilbert-style system of InqL is sound and complete:

Axioms:
@ IPC axiom schemata
@ Kreisel-Putnam axiom schemata:

(=0 = (¥ VX)) = (=¢ = Y) V(=9 — X)
@ —p—p

Rule:
Modus Ponens

@IngL=KPp—-——p—p
@ IngL is NOT closed under uniform substitution.

A/18



Theorem (Ciardelli, Roelofsen, 2009)
The following Hilbert-style system of InqL is sound and complete:

Axioms:
© IPC axiom schemata
© Kreisel-Putnam axiom: For any flat formula c,

(0= (¥ VX)) = (a—=9)V(a—x)
© ——«o — « forany flat formula o

Rule:
Modus Ponens

@IngL=KPp—-—p—p
@ IngL is NOT closed under uniform substitution.
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A multi-type inquisitive logic
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Fix a set V of propositional variables.

Flat Type General Type
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Multi-type inquisitive logic:
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General 5 A::= la | ANA|AVAIA—=A
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Intermezzo on proof theory
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Canonical cut elimination, 1/2

Definition
A sequent x I y is type-uniform if x and y are of the same type.

A (cut) rule is strongly type-uniform if its premises and conclusion
are of the same type.

Theorem (Canonical cut elimination)

If a calculus satisfies the properties below, then it enjoys cut
elimination.
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Canonical cut elimination, 2/2

@ structures can disappear, formulas are forever;

© tree-traceable formula-occurrences, via suitably defined
congruence:

e same shape, same position, same type, non-proliferation;
© principal = displayed
© rules are closed under uniform substitution of congruent
parameters within each type;

© reduction strategy exists when cut formulas are both principal.
Specific to multi-type setting:

© type-uniformity of derivable sequents;

@ strongly uniform cuts in each/some type(s).
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A multi-type sequent calculus for inquisitive logic
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Structural and operational languages

Flat General
ax=p|0|laNa|a—a A= la|ANA|AVAIA=A
M=a|®|F,I|IFralr|EX X:=A||[FTr|X;X|X>X
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Structural and operational languages

Flat General
ax=p|0|laNa|a—a A= la|ANA|AVAIA=A
M=a|®|F,I|IFralr|EX X:=A||[FTr|X;X|X>X

Interpretation of structural connectives

Flat connectives:

Structural symbols 0] , |
Operational symbols | (1) ‘ 0 | M ‘ W) | (=) ‘ —

General connectives:

Structural symbols ; >
Operational symbols | A ‘ V| (=) ‘ —

Multi-type connectives: (F—4fH1)

Structural symbols F* F [}
Operational symbols | (f*) ‘ () ‘ () ‘ i}
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Cut rules

A Cut XY Cut

Structural rules

Flat tvpe- o NET3(A,XY) N-(a4a),x G
ype: pFp Nr(Ta4).x NEro(a,5)
Interaction between the two types:
_FA o _XEY ¢ oon
FTF A FXFFy '™M°
F'T A . EXFT . X F UFY
rera oo XF{r : xry dfelm
XFWraa) EX,FY+Z
———————ddis ———— f dis
XFFT> A F(X;Y)-Z
XFFT>(Y;2) XFFT>(Y;2) Kp

XEFT>Y),(FT>2)
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Completeness 1/2

aimbal &bal
Frat la BEB crC Frat la BrB crcC
Fral la BvCkB;C Fral la BvCkB;C
la— (BVC)FFa>(B;C) la— (BVC)FFa>(B;C)
Ja— (BV C)F (F*a > B); (F*a > C) KP

Ta S (BVO)F(Ja o B)v(lasc) adhdfelim
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Completeness 2/2

atbt«a

atk0,a

OFO0,a

a,

ok (a30),a

dFa(0,q)
CG

Pk a,(a30)

[ ]

a0 bal

RO 0
ddis, f adj, df elim & (22 FHaT0) 0r®

Ha o) F —la 10F o

def

—la— 0F (a3 0) > o

——la - ll(a | ¢) > o .
ot W((a ooy gey dds
d adj
F-—lak(aJ®)J®
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Future work: intuitionistic inquisitive logic

(Ciardelli, lemhoff and Yang 2017)

Fix an set V of propositional variables.

Flat Type General Type
B = (p*(2"),n,u,=,0,2") A = (pH(B'),N,U,=,0,0(2"))
1
S
us " 1S={T|TcCS}
{T|TeJe°TCSH
f f*

f 4l
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