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Multi-type methodology



Syntax meets semantics: the wider picture

Multi-type (algebraic) proof theory
» constructive canonical extensions  algebra, formal topology
» unified correspondence theory duality
» proper display calculi structural proof theory
Proof calculi with a uniform metatheory:
» supporting an inferential theory of meaning
» canonical cut elimination and subformula property
» soundness, completeness, conservativity
Range
» DEL, PDL, Logic of resources and capabilities...
» (D)LEs and their analytic inductive axiomatic extensions
» Inquisitive logic, first order logic
» Linear logic
» Lattice logic ! / Modular lattice logic !?



Intermezzo on proof theory



Hilbert Calculi

» Axioms (E. Mendelson):
(A1) p—(g—p)
(A2) (p—>(g—1)—=>((P—>q) = (p—T))
(A3) (=p — —q) = ((=p — q) = p)

» Rules: US, MP



Hilbert Calculi

» Axioms (E. Mendelson):
(A1) p—(g—p)
(A2) (p—=>(q—=1)—>((p—q)—>(p—T))
(A3) (=p— —=q) = ((=P — q) = p)

» Rules: US, MP

1 (A—)((A—>A)—>A))—>((A—>(A—>A))—>(A—>A))
2 A->((A-A)—A)
3 (A—>(A—>A))—>(A—>A)
4 A->(A->A)
5 A-A
(A2) US[A/p,A — A/q,A/r] (A1) US[A/p,A — A/q,A/r]
1 ” i MP i ! (A1) US[A/p,A/dq]

3

5 MP



Starting point: Display Calculi

» Natural generalization of Gentzen’s sequent calculi;
» sequents X + Y, where X and Y are structures:

- formulas are atomic structures

- built-up: structural connectives (generalizing meta-linguistic
comma in sequents ¢1,...,¢n F ¥1,...,¥m)

- generation trees (generalizing sets, multisets, sequences)

» Display property:
YEX>Z
X, Y+ Z
Y. X+ Z
X+rY>Z
display rules semantically justified by adjunction/residuation

» Canonical proof of cut elimination (via metatheorem)



Structural and operational languages

A = plAANAIAVAIASA|I(A>—A)|-A
X == A|IIX; X|X>X

Structural connectives are interpreted positionally
(like Gentzen’s comma) :

1 ; > *
T[L[A[V]I() -]~




Three groups of rules

Display Postulates

X:Y+Z ZrY: X
YrX>Z Y>Zr X

Operational Rules

A:B+rX XFA Y+ B
AABFEX X:YrAAB

X+A BrY X+rA>B
A—-BrX>Y X+rA—>B

Structural Rules

(X>Y\ZvW  Wr(X>Y).Z
GI’iL GriR
X>(Y,2)FW  WrX>(Y;2)




The excluded middle is derivable using Grishin’s rule:

AFA
A I-A
A I+ LA
IFA>(L;A)
I+(A>1);A
IHA;(A>1)
A>IFA> L
A>IFA > L

A>Ir-A
II—A;—|A
IFAV-A

Gri




Cut rules in Gentzen’s Calculi

reC,A I,CrA reC,A rCrA reC rCrA
r,reA,A r-A NreA
r-C " CcrA r-C,A Cr A r«C CrA
rreA reAA reA
Theorem

IfT v A is derivable, then it is derivable without Cut.

A Cut is an intermediate step in a deduction.

‘Eliminating the cut’ generates a new and lemma-free proof,
which employs syntactic material coming from the
end-sequent.

x Typically, syntactic proofs of Cut-elimination are
non-modular,
i.e. if a new rule is added, it must be proved from scratch.



Multi-type proper display calculi

Definition
A proper display calculus verifies each of the following
conditions:

1.
2.

6.
7.

structures can disappear, formulas are forever;

tree-traceable formula-occurrences, via suitably defined
congruence relation (same shape, position, non-proliferation)

principal = displayed

rules are closed under uniform substitution of congruent
parameters within each type (Properness!);

reduction strategy exists when cut formulas are principal.
type-uniformity of derivable sequents;
strongly uniform cuts in each/some type(s).

Theorem (Canonical!)

Cut elimination and subformula property hold for any proper
display calculus.



Which logics are properly displayable?
Complete characterization (Ciabattoni et al. 15, Greco et al. 16):
1. the logics of any basic normal (D)LE;

2. axiomatic extensions of these with analytic inductive
inequalities: ~ unified correspondence

<
A,V
+f,—g
A,V
+9,—f
+p -p +p +p

Analytic inductive = Inductive = Canonical

Fact: cut-elim., subfm. prop., sound-&-completeness,
conservativity guaranteed by metatheoem + ALBA-technology.



For many... but not for all.

» The characterization theorem sets hard boundaries to the
scope of proper display calculi.

» Interesting logics are left out.
Can we extend the scope of proper display calculi?

Yes: proper display calculi »» proper multi-type calculi



Lattice logic



Is Lattice Logic properly displayable?

Ar X Br X XEFA X+ B
AABEX AANBEX X+rAAB
Ar X Br X X+A X+A
AVBFrX X+AVB X+AVB

In general lattices, A and Vv are adjoints but not residuals.
[Belnap 92, Sambin et al 00]: no structural counterparts.

Remark: rules Ag and Vg encode VvV 4 A 4 A.



What is wrong with this solution?

Nothing: as a "Gentzen" calculus, it is perfectly fine.
However: an imbalance

» too much information encoded in logical rules
» introduction rules as adjunction rules
» too little information encoded in structural rules

» no structural counterparts of A and Vv, hence
— no structural rules capturing the behaviour of A and v
— no interaction between A and Vv and other connectives

Exception to a completely modular and uniform theory.



Algebraic analysis: double representation

2 [ ]
N
P(X) ———L— P(Y)%

Representation theorem
Any complete lattice L can be identified with:
» complete sub (-semilattice of some P(X);
» complete sub | J-semilattice of some P(Y)%.

Upshot: natural semantics for the following multi-type language:
Leftsa:=0A |p|d|lanalaVa

Lattice > A :=p| T | L| ®a|mé
Right & :=CA | pP | 2P | ENP g EUP £



Translation

2 [ ]
ST LN, o N
P(X) ——L— P(Y)P

[...] this time it vanished quite slowly,
beginning with the end of the tail,
ArB ~ A"+B;

and ending with the grin, which remained

some time after the rest of it had gone.

TT:=eOT T, :=mPO%P T

1T:—eOL 1, =mPO%P |

pT:=e0p pr :=mPO%P p
(AAB) :=@¢(OA"NOB") | (AAB), :=mP(OCP A NP OP B
(AvB) :=&(0ATUOBY) | (AV B), :=m%P(O% AL UP O% B)



Proper multi-type calculus for lattice logic - Part 1

Display Postulates

. TroX oX 1 .
o X X+ ol
Fr.ArA Mr-A.A
res res
ArTDOA ADIEA
N.T+Q MrT.Q
res res
TrM2Q ToMN+Q



Proper multi-type calculus for lattice logic - Part 2

Lattice rules

I XFA AFY o4
prp XrY
I-X Xr1

Wyix xrvy W
I-X

TFX  IrT |

N Xr1
1rI XEL




ldentity Lemma

Lemma: The sequent A” + A; is derivable for every A € L.

ind. hyp.

ind. hyp. C"+ C;

B"+ B, aC™ + oC,

Id W OB + oB; VE OCT™.aB™ + oC;

pPFp OBT.0OC™ + 0B, OB*.0OC™ + oC;

adj.gzit;p OB NOC + 0B, OB NOC™ + oC,
i i eB"NOC"+ B, 1B "NOC™ + C;
oigﬁiﬁip | *(0B NOC)+ B, *(0B NOC)+ G,

“e0preTp dj c¢(OB"NOCY) + ©B, c¢(OB" NOCT) + OC;
“e0prmOp c c#(O0B N OCT).o#(OB NOC") F OB, N OC,

c¢(OB"NOCY) OB, NOC,

)
a
¢(OB"NOCY) 6B NG,
¢(OB" NOC") +m(OB, N OC,)



Commutativity derived

B +B

AFA

'_

An Br A

An B+ B

(An B)r Bn A

(An B).

r BN A

AN B




Translation of commutativity derived

B"+ B,

OB™ + oB; AT+ A,
OB™.0A" + oB; w OAT + oA,
OA".0OB" + oB; OA" . OB + 0A;

OATN OB + oB; OATN OB + oA,
eOA"NOB™+ B, eOATNOB™+ A,
¢(O0A"NOB") + B, S(OATNOB") + A,

c#(OATNOB") + OB, o#(OATNOB™) + CA;
c o#(OATNOBT).ce(OA"NOB™) F OB, N CA;
o#(O0A"NOB") OB, N CA;

)
¢(OA"NOB") + eOB, N CA;
¢(OA"NOB") +m(OB, N CA;)



Translation of Identity derived (A := p)

I+T
w SOpFrHT
Id Lemma W
D:Bp - :fg Id Lemma 0P oOT
w Do D‘D_ﬁko.op oOp +-mSp ¢oOp +-mOT
P- p ce0p F RSP ce0pF OROT

OeOpNCeOT FomOp  +C ---—-- -YF V- YR
eClOOp NOISOT + MOP coOp MmO NOMOT

c#dp + «mMOP NOMOT
o(CecpnOenT) - mOp SLp + emOP NOMOT

¢pHE(CmMOp NOmMOT)




Translation of Absorption derived (case A := p)

Id Lemma
e0p+-udp
“oe0pr OROp.
Id Lemma cedpt OmOp. OB w
__$0prmOp o¢0p - OmOp U OB
Oeop + om$p

Id Lemma e0p+ .<>l<>p u<oB
eOp+uOP o0p +m(OmOp U OB)
o¢Op + <Omdp cedp+ <m(CmOp U OB)
oc¢Op.oedp+ omOp N ORM(COMOp U OB)

OeOp.Oe(CeOp U OB) Fomdp
OeOp NOe(OeOp U OB) Fomdp

)
e16p NO&(CeOpUOB) +HmCp
)

o(O0eOpnoe(0eopunB))rmop C e0p+ OmOp N Om(CMOP U CE)

¢0p+ emOp N OM(OmOp U OB)

¢Tp FE(OROp N OM(OmOp U OB))



Proof for a distributive lattice

Sts trt SkS uru
s.trsnt S.ursnNu
= res 22T Y res
trs osnt Uurso>snu

tuur(sosnt).(sd>snu)
tuurso(snt.(s>snu))
s.tUursnt.(sd>snu)
s.tUur(sd>snu).snt
s.tUurs>(snu.snt)
s.(s.tuu)rsnu.snt
s.(s.tuu)r(snt)u(snu)
(s.8).tuur(snt)u(snu)
tuu.(s.s)r(snt)u(snu)
s.srtuud(snt)u(snu)
SFtuuDd (sNt)u(snu)
tuu.sk(snt)u(snu)
s.tuur(snt)u(snu)
sn(tuu)r(snt)u(snu)

int-Gri

res

int-Gri

res




Distributivity fails

SFS trt
os+ s ot Ot St+S uru
0s.0tFOsNOL ost+ Os outr u
ot os DOsN Ot oS.oUFOSNOU
ot os D OsN Ot otk osDOsNOU
tre(os D Osn Ot Ut e(os D> CsnNu)
Ot+oe (05D OsNOL) Outoe(osDOsNOU)

Otudutroe(osD0OsNOt).oe(0sDOsNOU)

277



Modularity

Every distributive lattice is modular.
Modular lattice: ¢ < b impliesc Vv (aAb) = (cV a)Ab.
In every lattice: ¢ < b impliescVv (aAb)<(cVva)Ab.

crcC brb

c,brcAb ara
c,brcAb,a arcAb,a
c,br(cAb)va brb brb ar(cAb)va
c,br((cab)va)ab a,br((cab)va)ab
cAbr((canb)va)ab anbr((cab)va)ab

(cAb)v(aAab)r((cab)va)ab,((cab)va)ab
(CAb)V(anb)r((cAb)va)Ab ¢



In between “visibility” and “display” property

CkC brb
c,brcAb ara brb

CAbrcAb a,branb
(cab)va,br(cAb),(anb)
(cab)va,br(cAb)v(aAb)
((cAb)va)Abr(cAab)v(aab)




Beyond analiticity: towards a general theory

» Several examples of logics which are single-type not analytic
but multi-type analytic:
» DEL
» inquisitive logic
» (intuitionistic modal) dependence logic
> linear logic
» lattice logic
» PDL
> logic of resources and capabilities
» first order logic

» Patterns are emerging. Main guideline: discovering and
exploiting hidden adjunctions.

» Can we make this practice into a uniform theory?
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