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Syntax and Semantics

Residuated lattices

An algebra A = (A, A, V,0,—,0,1) is a residuated lattice if, and
only if:

TACL 2017



Syntax and Semantics

Residuated lattices
An algebra A = (A, A, V,0,—,0,1) is a residuated lattice if, and
only if:
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residuated, with — being its right residual; that is, for all
a,b,ceA,

aob<c<+=a<b-—c

TACL 2017



Syntax and Semantics

Residuated lattices

An algebra A = (A, A, V,0,—,0,1) is a residuated lattice if, and
only if:

e the reduct (A, A, V,0,1) is a bounded lattice with top
element 1 and bottom element 0 (we will denote its order
by <),

e the reduct (A, o, 1) is a commutative monoid with identity 1,
and

¢ the fusion operation (also called strong conjunction) is
residuated, with — being its right residual; that is, for all
ab,cecA,

aob<c<+=a<b-—ec.

We will require completeness in the residuated lattices.
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Syntax and Semantics

The languages

Fix a residuated lattice A = (A, A, V,0,—,0,1) and a countably
infinite set of propositional variables .
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Syntax and Semantics

The languages

The set of formulas Fm(A) of the many-valued propositional
language over @ and A is given by the following recursive
definition:

=t p |1 A2 | b1 Vaho [y 0t [Py — to.

Here t € Aand p € ¢. We will refer to A as the truth-value
space and the elements t as truth-value constants.
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Syntax and Semantics

The languages

The set of formulas Fm(A) of the many-valued propositional
language over @ and A is given by the following recursive
definition:

o=t p[P1 Ao |1 Vpa | by o | 1Py — o

Here t € Aand p € ¢. We will refer to A as the truth-value
space and the elements t as truth-value constants.

We define the set Fm¢ o(A) of formulas of the basic
many-valued modal language over ¢ and A as follows:

e =t|p| 1 Vi | Ao |y — o | O | O
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Syntax and Semantics

The languages

The set of formulas Fm(A) of the many-valued propositional
language over @ and A is given by the following recursive
definition:

p=t|pl1 At |1 Vip2 | by ot |y — v

Here t € Aand p € . We will refer to A as the truth-value
space and the elements t as truth-value constants.

We define the set Fm¢ o(A) of formulas of the basic
many-valued modal language over ¢ and A as follows:

e =t|p| 1 V| Ao |y — o | Oy | O

The subsets of formulas Fm¢(A) and Fmg(A) are then
defined in the obvious way.
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Syntax and Semantics

Frames and models

Definition
A many-valued (Kripke) frame over A (A-frame) for the basic
many-valued modal language is a triple § = (W, D, B) with a

nonempty universe W and many-valued accessibility relations
suchthat D: Wx W —- Aand B: W x W — A.
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Definition

A many-valued (Kripke) frame over A (A-frame) for the basic
many-valued modal language is a triple § = (W, D, B) with a
nonempty universe W and many-valued accessibility relations
suchthatD: Wx W — Aand B: W x W — A.

Note that our two modalities will not be interdefinable, in
general.
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Syntax and Semantics Logic

Frames and models

Definition

A many-valued (Kripke) frame over A (A-frame) for the basic
many-valued modal language is a triple § = (W, D, B) with a
nonempty universe W and many-valued accessibility relations
suchthat D: Wx W — Aand B: W x W — A.

Note that our two modalities will not be interdefinable, in
general.

Definition

A many-valued (Kripke) model over A (A-model) for the basic
many-valued modal language is a pair Mt = (§, V), where § is
an A-frame and V is a map (called a valuation) such that V:
PROP x W — Aand V(t,w) =tforallwe Wand t € A.
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Syntax and Semantics

Semantics

The valuation can be extended to all formulas as follows:

V(i Ao, w) = V(g w) A V(e w),
V() Ve, w)=V(,w) Vv V(ie,w),
V(o w) = V(ih,w)o V(e w),
V(= o, w) = V(Y w) = V(p,w),
V(O w) = \/{D(w,v)o V(¢,v) | ve W} and
V(ow, w) = \{B(w,v) = V(i,v) | ve W}
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Syntax and Semantics

Semantics

The valuation can be extended to all formulas as follows:

(¥, w) A V(p, w),
Vv, w) =V, w)V V(e w),
V(o p,w) = V(,w)o V(p,w),

(¢, w) = V(p, w),

We know V(<y, w) and V(Ovy, w) will always exist in A
because it is complete.
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Syntax and Semantics

Degrees of truth and validiy

Letac A.
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Degrees of truth and validiy

We say that ¢ is a-true in an A-model 9t at w € W (denoted
M, w k2 ), if V(p,w) > a.
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Syntax and Semantics

Degrees of truth and validiy

We say that ¢ is a-true in an A-model 9t at w € W (denoted
M, w -2 @), if V(e,w) > a.

A formula ¢ is a-true in an A-model 91 (denoted M1 IF2 ), if
V(p,w) > aforallwe W.

A formula ¢ is a-valid in an A-frame § at w € W (denoted
S, w2 @), if V(p,w) > afor all valuations V on §.

Finally, we say ¢ is a-valid in an A-frame § (denoted § IF2 ), if
S,wiFdpforalwe W.
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Logics

The non-modal logic of a residuated lattice

The non-modal logic of the many-valued propositional language
over ¢ and A will be denoted by A(A) and is obtained by setting
forall T U {p} C Fm(A),

[ IFa ¢ iff ¥h € HOM(Fm(A), A), if h[I] C {1}, then h(p) = 1.
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Logics

The non-modal logic of a residuated lattice

The non-modal logic of the many-valued propositional language
over ¢ and A will be denoted by A(A) and is obtained by setting
forall T U {¢} C Fm(A),

[ IFa ¢ iff YA € HOM(Fm(A), A), if h[I] C {1}, then h(p) = 1.

If Ais finite, then A(A) is finitary.

Throughout this talk we will assume that we have a sound and
complete axiomatization for A(A).
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Logics

The basic many-valued modal logic

In what follows, we restrict our attention to A-frames (W, D, B)
where D =B = R.
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Logics

The basic many-valued modal logic

Moreover, we will assume that A is a finite residuated lattice.
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Logics

The basic many-valued modal logic

Let K(A) be a class of A-frames. We will denote the set
{v € Fmo o(A) | K(A) IF" 9} by Aka)-

TACL 2017



Logics

The basic many-valued modal logic

Let K(A) be a class of A-frames. We will denote the set
{¥ € Fmoo(A) | K(A) IF 9} by Aka)-

Let Fr(A) be the class of all A-frames (W, R). The (local)
many-valued modal logic A(¢, Fr(A)) associated with A and the
class of A-frames Fr(A) is obtained by setting for all

ru{e} € Fmeo(A),
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Logics

The basic many-valued modal logic

Let K(A) be a class of A-frames. We will denote the set
{1 € Fmo o(A) | K(A) IF! 4} by Ak(a)-

Let Fr(A) be the class of all A-frames (W, R). The (local)

many-valued modal logic A(¢, Fr(A)) associated with A and the

class of A-frames Fr(A) is obtained by setting for all

ru{e} € Fmeo(A),

r Ikﬁr(A) o iff for every A-model (W, R, V) over a frame (W, R)
in Fr(A) and for every w € W, it holds that if V(y, w) =1, for
every v €T, then V(p,w) = 1.
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Logics

Many-valued modal logic sets

Definition

A many-valued modal logic set over A is any set L(A) of
formulas that contains all axioms for A(A) and all axioms in the
table on the next slide, and which is closed under the inference
rules for A(A) and the inference rules in the table.

The smallest many-valued modal logic set over A will be
denoted by K(A).
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Logics

Many-valued modal logic sets (cont.)

Axioms:

FO(pArg) = (BpaDg) FHOT
FO@—p) < (@a—0p) +FOp-—a) < (Op—a)

Rules of inference:

F ¢’ when F ¢, where ¢’ is obtained from ¢ by substitution.
If = — 4, then - Op — Oy (called monotonicity).
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Logics

Completeness of the basic many-valued modal logic when A
is finite

Theorem
Let A be a finite residuated lattice. Then:
1. K(A) = AFr(A)-

2. The logic \(¢, Fr(A)) is axiomatized by K(A) as a set of
axioms and the rules for A(A).
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Completeness of the basic many-valued modal logic when A
is finite

Theorem
Let A be a finite residuated lattice. Then:
1. K(A) = AFr(A)-

2. The logic \(¢, Fr(A)) is axiomatized by K(A) as a set of
axioms and the rules for A(A).

Remark

Bou et. al. (2011) axiomatized the basic many-valued modal
logic of all A-frames for the many-valued modal language
containing only 0.
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Logics

Some extensions of K(A)

T(A) =K(A) & {p — ©p,0p — p}
D(A) = K(A) & {0p — ©p}
B(A) =K(A) & {p — DOp, C0Op — p}
K4(A) = K(A) & {OOp — Op,0p — OOp}
S4(A) =T(A) & {OOp — Op,0p — OOp}
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Filtrations on many-valued Kripke models

Equivalence classes

Fix a residuated lattice A = (A, A, V,0,—,0,1).
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Filtrations on many-valued Kripke models

Equivalence classes

Recall that X is called subformula closed if, whenever ¢ € ¥
and v is a subformula of ¢, then ¢ € ¥.
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Filtrations on many-valued Kripke models

Equivalence classes

Let Mt = (W, D, B, V) be an A-model and X a subformula
closed set of formulas. Let «~# be the relation on W defined
by:

for w,v € Wand ¢ € £, w «~~2 v if, and only if,
MwliFdp — MvIFdpforallae A.

TACL 2017



Filtrations on many-valued Kripke models

Equivalence classes

Let M = (W, D, B, V) be an A-model and X a subformula
closed set of formulas. Let «~~# be the relation on W defined
by:

forw,v € Wand ¢ € £, w «~~2 v if, and only if,
MwliFdp < MvIFdpforallac A.

The relation ~~2 is clearly an equivalence relation.
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Filtrations on many-valued Kripke models

Equivalence classes

Let 2 = (W, D, B, V) be an A-model and X a subformula
closed set of formulas. Let «~2 be the relation on W defined

by:

for w,v € Wand ¢ € £, w «~~2 v if, and only if,
MwlFdp — M vIF2pforallac A.

The relation ~4 is clearly an equivalence relation.

We denote the equivalence class of w € W by [w].
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Filtrations on many-valued Kripke models

Equivalence classes

Let M = (W, D, B, V) be an A-model and X a subformula
closed set of formulas. Let «~# be the relation on W defined

by:

for w,v € Wand ¢ € £, w «~~2 v if, and only if,
MwliFdp < M vIFdpforallac A.

The relation ~~2 is clearly an equivalence relation.
We denote the equivalence class of w € W by [w].

Set WA = {[w] | w € W}.
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Filtrations on many-valued Kripke models

Filtrations for many-valued Kripke models

Definition
Let a,b € A. Suppose M™A) — (W,A, DA g=A) Vé) is
any model such that:
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Filtrations on many-valued Kripke models

Filtrations for many-valued Kripke models

Definition

Let a, b € A. Suppose Sﬁgz’A) = (W,A, DEZ’A), B,EZ’A), VQ) is
any model such that:

(W) WA = WA,
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Filtrations on many-valued Kripke models

Filtrations for many-valued Kripke models

Definition
Let a,b € A. Suppose M™A) — (WfA, DA gE=A) VZA) is
any model such that:

(R1) If D(w,v) > a, then D™ (W], [V]) > a.

(R2) If D;Z’A)([W], [v]) > a, then, for every O € X, we have
M, w I-2°P & whenever 901, v IFP .
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Filtrations on many-valued Kripke models

Filtrations for many-valued Kripke models

Definition
Let a, b € A. Suppose ‘.)thz’A) = (WfA, Dﬁz’A), Bﬁz’A), VZA) is
any model such that:

(R3) If B(w,v) > a, then B™A((w],[v]) > a.

(R4) If B;Z’A)([W], [v]) > a, then, for every Op € ¥, we have
M, v IF2°P ,», whenever 9, w IF° Op.
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Filtrations on many-valued Kripke models

Filtrations for many-valued Kripke models

Definition

Let a,b € A. Suppose M™A) = (WfA, SN S VQ) is
any model such that:

(V) VA(Iw],p) = V(w,p) forallp e .
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Filtrations on many-valued Kripke models

Filtrations for many-valued Kripke models
Definition
Let a, b € A. Suppose zm(z A — (WA D(Z A) B(Z A) VA>
any model such that:
(W) WA = WA,
(R1) If D(w,v) > a, then D™ (W], [V]) > a.

(R2) If D™ A)([W] [v]) > a, then, for every Gy € ¥, we have
m, wwao O whenever M, v IFP ¢

(R3) If B(w,v) > a, then B&™ ([w], [v]) > a.

(R4) 1 B=A([w],[v]) > a, then, for every Op € ¥, we have
M, v IF2°0 », whenever 9, w IFP O,

(V) VA([w],p) = V(w,p) forallp € ¥.
Then S)th‘z’A) is called a filtration of 97t through X over A.



Filtrations on many-valued Kripke models

The many-valued filtration theorem

Theorem

Let ™A — (WA DA BEA) VA pe a filtration of M
through a subformula closed set’™ over A. Then, for all
formulas ¢ € ¥, all states w in 9t and any truth value a # 0 in
A, we have that

Mwli-? o — S)Jt?:’A), [w] IF2 .

Moreover, if A and X are both finite, then so is S)ﬁ,(cz’A).
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Filtrations on many-valued Kripke models

The smallest filtration

DN (wl, [v)) = \/ {D(w', V') | W € W],V € [V]}

BEA(w]. V) = \/ {BW V) | W' € [w].V' € [v]}
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Filtrations on many-valued Kripke models

The smallest filtration

DM ([w], [v]) \/{D w V) | w e [w], V' e [v]}

B( ([W [v]) \/{BW V)| w e w],V elv]}

Proposition
Let ¥ be a subformula closed set of formulas, and let sm(z A=
(WA DA BEM VA, where D™ and B&™) are obtained
as described above. Then zm(z N s a filtration of through ©
over A. Moreover, if ™" = (WA DA B>A) VA is any
filtration of M through ): over A, then for all [W] [v] c WA, we
have that D" ([w], [v]) < D™ ((w],[v]) and

BEN((wl, [v]) < BFV(w], [v)).
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Filtrations on many-valued Kripke models

The largest filtration

DA (W], [v]) = A\ (V(p.v) = V(0p,w) | Op € T}

BZM([w], [v]) = A\ {V(Dp,w) = V(p,v) | Op € T}
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Filtrations on many-valued Kripke models

The largest filtration

DEA([W], [v]) = A\ {V(g.v) = V(Op,w) | Op € T}

BEM((wl, V) = A {V(Dp,w) — V(p,v) | Dp € T}

Proposition

Let Y be a subformula closed set of formulas, and let S)JTE,Z’A) =
(WA, Déz’A), B§Z’A), V2) where D(Z A) and B(Z’A) are obtained
as described above. Then zm(z A) is a filtration of 9 through
over A. Moreover, if Em(z A = (WA, D(\Z A) B,(,Z A VA) is any
filtration of 9t through Z over A, then for all[w],[v] € WA, we

have that D" ([w], [v]) > D™ ((w],[v]) and
B ([w], V) > BR([w]. [v]).
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Filtrations on many-valued Kripke models

Many-valued frame conditions

An A-frame § = (W, D, B) is a-reflexive if D(w, w) > a and
B(w,w) > aforallwe W.
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Filtrations on many-valued Kripke models

Many-valued frame conditions

An A-frame § = (W, D, B) is a-serial if \/ ., D(u, v) > aand
Vyew B(u,v) > aforallue W.
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Filtrations on many-valued Kripke models

Many-valued frame conditions

An A-frame § = (W, D, B) is a-symmetric if, for all u,v € W,

a<D(u,v) — D(v,u)and a < B(u,v) — B(v, u).
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Filtrations on many-valued Kripke models

Many-valued frame conditions

An A-frame § = (W, D, B) is a-transitive if, for all u, v,w € W,
a<D(u,v)oD(v,w)— D(u,w)

and
a<B(u,v)oB(v,w) — B(u,w).
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Filtrations on many-valued Kripke models

Frame conditions preserved by filtrations

Proposition

Let ¥ be a subformula closed set of formulas, and let Emff
(WA, DA BA) VA be a filtration of 9 = (W, D, B, V)
through . over A. Then we have the following for R € {D, B} :
T,A)

Z7A) —

1. If R is a-reflexive, then so is R'
2. If R is a-serial, then so is R;z’A).

3. If R is a-symmetric, then so is R;Z’A).

However, a-transitivity is not in general preserved.
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Filtrations on many-valued Kripke models

Transitive filtration

DA, [V]) = A\ { V(e V 0, v) = V(O ) | Op € T}

BA(WI. [v]) = \ {V(Dp, w) = V(o A O, v) | Op € £}
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Filtrations on many-valued Kripke models

Transitive filtration
DA, V) = A\ {V(p v Op,v) = V(Op,w) | Op € T}
BA([wl, [V]) = A\ {V(oy V(e ADgp,v) | Op € 1}
Proposition

Let > be a subformula closed set, Mt = (W, D, B, V) an
a-transitive A-model, and im(z R WA, D(Z A Bgz’A), VA),
where D(Z A and B(z A are obtained as described above.

Then sm(z A is a filtration of M through ¥ over A. Moreover,
zm(z N s a-transitive.
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Applications: Many-valued modal logics with the FMP

Many-valued modal logics with the FMP

In what follows, we restrict our attention to A-frames (W, D, B)
where D =B =R.
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Applications: Many-valued modal logics with the FMP

Many-valued modal logics with the FMP

Moreover, we will assume that A is a finite Heyting algebra.
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Applications: Many-valued modal logics with the FMP

Many-valued modal logics with the FMP

Lemma
The canonical models of T(A),D(A),B(A), K4(A) are
1-reflexive, 1-serial, 1-symmetric and 1-transitive, respectively.
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Applications: Many-valued modal logics with the FMP

Many-valued modal logics with the FMP

Lemma
The canonical models of T(A),D(A),B(A), K4(A) are
1-reflexive, 1-serial, 1-symmetric and 1-transitive, respectively.

Theorem

T(A),D(A),B(A) and K4(A) are characterized by the classes of
all finite 1-reflexive, 1-serial, 1-symmetric and 1-transitive
A-frames, respectively. S4(A) is characterized by the class of
all finite 1-reflexive and 1-transitive A-frames.
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Applications: Many-valued modal logics with the FMP

A many-valued version of GL

Fix a Heyting chain A = (A, A, Vv, —,0, 1) and consider the
many valued modal language containing only O.

TACL 2017



Applications: Many-valued modal logics with the FMP

A many-valued version of GL

Transitivity axiom:
Op — 0O0Op (4)
Léb formula:

O(Op — p) — Op (ah)
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Applications: Many-valued modal logics with the FMP

A many-valued version of GL

Transitivity axiom:
Op — 0OOp (4)
Léb formula:

D(0p — p) — Op (g1)

Let GL(A) be the logic obtained by adding gl and 4 as axioms
to the axiomatization given by Bou et. al. (2011).
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Applications: Many-valued modal logics with the FMP

A many-valued version of GL

Transitivity axiom:
Op — 0Op 4)
Léb formula:

O(0p — p) — Op (gl)

Let GL(A) be the logic obtained by adding gl and 4 as axioms
to the axiomatization given by Bou et. al. (2011).

Possible interpretation: Provability in a lattice (or poset) of
logics, e.g. axiomatic extensions of Peano Arithmetic.
(Analogous to Fitting’s multiple expert semantics.)
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Applications: Many-valued modal logics with the FMP

Frames for GL(A)

A non-0 path in § = (W, R) is a sequence (wp, Wy, ...) such
that R(w;, w;.¢) > 0 forall i > 0.
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Applications: Many-valued modal logics with the FMP

Frames for GL(A)

A non-0 path in § = (W, R) is a sequence (wp, wy, . ..) such
that R(w;, w;.¢) > 0 forall i > 0.

-0 g0 Y,
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Applications: Many-valued modal logics with the FMP

Frames for GL(A)

A non-0 path in § = (W, R) is a sequence (wp, Wy, . ..) such
that R(w;, wj.1) > O forall i > 0.

>0 >0
./%y.\.%r.\.

Proposition

3. w -1 gl if, and only if:

1. § is 1-transitive, and

2. there are no infinite non-0 paths starting from w.
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Applications: Many-valued modal logics with the FMP

Frames for GL(A)

A non-0 path in § = (W, R) is a sequence (wp, Wy, . ..) such
that R(w;, wj,1) > O forall i > 0.

>0 >0
./%Y.\.%r.\.

Proposition

3. w -1 gl if, and only if:

1. § is 1-transitive, and

2. there are no infinite non-0 paths starting from w.

Lemma
Axiom 4 js canonical for 1-transitivity.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A)

Theorem
GL(A) is determined by the class of finite 1-transitive A-frames,
with no infinite non-0 paths.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A)

Theorem

GL(A) is determined by the class of finite 1-transitive A-frames,
with no infinite non-0 paths.

Proof sketch:

Soundness by lemmas above.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A)

Theorem

GL(A) is determined by the class of finite 1-transitive A-frames,
with no infinite non-0 paths.

Proof sketch:

Soundness by lemmas above.

Suppose gL(a) #-
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A)

Theorem

GL(A) is determined by the class of finite 1-transitive A-frames,
with no infinite non-0 paths.

Proof sketch:

Soundness by lemmas above.

Suppose agL(a) #-

Then VELA)(» w) < 1 for some w in the canonical model
9MECL(A) (Bou et. al.).
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A)

Theorem

GL(A) is determined by the class of finite 1-transitive A-frames,
with no infinite non-0 paths.

Proof sketch:

Soundness by lemmas above.

Suppose gL(a) #-

Then VEL(A)(» w) < 1 for some w in the canonical model
IMEL(A) (Bou et. al.).

Take transitive unravelling of 9¢L(A) around w:

H\%}A
w) A
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

We obtain a model 9t = (W, R, V), where:
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

We obtain a model 9t = (W, R, V), where:

e W is the set of all finite non-0 paths in MCL(A) starting at w;
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

We obtain a model 9t = (W, R, V), where:

e W is the set of all finite non-0 paths in MCL(A) starting at w;

o for all 01,02 € W, we have R(O‘1,0‘2) = RGL(A)(g(O'hg(O’Q)),
where ¢(o) denotes the last element of o, if 02 = (01, 03)
for some non-0 path o3, otherwise R(c4,02) = 0;
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

We obtain a model 9t = (W, R, V), where:

e W is the set of all finite non-0 paths in MCL(A) starting at w;

o for all 01,02 € W, we have R(O‘1,0‘2) = RGL(A)(g(O'hg(O’Q)),
where ¢(o) denotes the last element of o, if 02 = (01, 03)
for some non-0 path o3, otherwise R(c4,02) = 0;

o V(p,o) = VELA)(p, ¢(c))forallpc dand o € W.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

We obtain a model 9t = (W, R, V), where:

e W is the set of all finite non-0 paths in MCL(A) starting at w;
e forall 01,00 € W, we have R(oy,02) = RELA)(¢(04, ((07)),
where /(o) denotes the last element of o, if 02 = (01, 03)

for some non-0 path o3, otherwise R(c4,02) = 0;

e V(p,o)= VCELR)(p ((c))forallpe dand o € W.

Lemma
For all formulas +) and all o € W, we have
V(y, o) = VELR) (4, ((0)). Moreover, 9 is 1-transitive.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

We obtain a model 9t = (W, R, V), where:

e W is the set of all finite non-0 paths in MCL(A) starting at w;

e forall oy, 00 € W, we have R(oy,05) = RELA) (¢(aq, £(02)),
where /(o) denotes the last element of o, if 00 = (01, 03)
for some non-0 path o3, otherwise R(o1,02) = 0;

o V(p,o)= VELAR)(p ((c))forallpe dand o € W.

Lemma
For all formulas +) and all o € W, we have
V(¢,0) = VELAR) (4, ((0)). Moreover, 9 is 1-transitive.

L V(p, (w)) = VEHA) (o w) < 1and M- gl
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

Construct a sequence of models 9t4, Mo, . .. such that for all
i>1, 9% is a submodel of M.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

Construct a sequence of models 90t4, Mo, . .. such that for all
i>1, 9% is a submodel of M.
Set Wy = {(w)}.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

Construct a sequence of models M4, Mo, . .. such that for all
i>1, 90, is a submodel of 9.

Set Wy = {{w)}.

Defect of v € W;: formula Oy € SubFml(y) such that
V(Oy,v) = g < 1 and there is no u € W, such that

R(v,u) — V(y,u) = 8.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

Construct a sequence of models M4, Mo, . .. such that for all
i>1, 901, is a submodel of M.

Set Wy = {{(w)}.

Defect of v € W;: formula Oy € SubFml(y) such that
V(Oy,v) = g < 1 andthereis no u € W; such that

R(v,u) — V(y,u) = p.

Repair defects using:

Lemma

Let0M = (X, S, U) be an 2l-model, and supppose N IF' gl and
ve X. IfU(Oy,v) =B <1, then there is a state u € X such
that S(v,u) — U(v,u) = s and U(Ovy, u) > 3, and moreover,
uz#v.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)
Construct a sequence of models M4, My, ... such that for all
i>1,9; is a submodel of M.
Set Wy = {{w)}.
Defect of v € W;: formula Ovy € SubFml(y) such that
V(Oy,v) = g < 1 and there is no u € W; such that
R(v,u) — V(y,u) = p.
Repair defects using:
Lemma
Let = (X, S, U) be an 2A-model, and supppose N I-' gl and
ve X. IfU(Oy,v) =B <1, then there is a state u € X such
that S(v,u) — U(v,u) = s and U(Ovy, u) > 3, and moreover,
uz#v.

l@ 0y > B9 <f
V.GM:IB
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

Claim
The construction terminates, having produced a finite model
M, in which no point has a defect.
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Applications: Many-valued modal logics with the FMP

Finite model property for GL(A) (cont.)

Claim
The construction terminates, having produced a finite model
M, in which no point has a defect.

Claim

Via(y, v) = V(3 v), for each formula ) € SubFml(y) and point
veW,.
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Thank you!
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