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Fl-al gebras

An algebra A = (A, A, V,-,\,/,[,1) is called a full Lambek algebra or
an FL-algebra, if

e (A, A\,V) is a lattice (i.e., A, V are commutative, associative and mu-
tually absorptive),

e (A, - 1) is a monoid (i.e., - is associative, with unit element © ),

e r-y<ziffy<z\ziff x < z/y, for all x,y,z € A,

e  is an arbitrary element of A.

Residuated lattices are exactly the +-free reducts of FL-algebras. So, for
an FL-algebra A = (A, A,V,-,\,/,t,}), the algebra A, = (A, A, V,-,\,/,T)
is a residuated lattice and | is an arbitrary element of A. The maps \ and
/ are called the left and right division.

* commutative: x > 4



e An

:Le~a|gebra Is a commutative ""L—-—algebra.

e An

e An

~|_~chainis a tota”g ordered ';L€~algebra.

;Le—-algebra is called involutive if x=

where x’=x—f (note that £=t)

e An |

:Le~a|gebra is called groul:)~li|<e ititis

involutive and f=t
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5. Hahn’s embedding theorem

This section is devoted to the deepest result in the theory
of f. 0. Abelian groups. This asserts the embeddability of f. o.
Abelian groups in the lexicographic product of real groups.

Theorem 16. (HAuN’s Embedding Theorem, Haux [1].)
Fvery f. o. vector space G over the rational number field is o-iso-
morphic to a subspace of the lexicographically ordered function
space?® W (Q).

Haun, H.[1] Uper die nichtarchimedischen Grossensysteme, S.-B.
Akad. Wiss. Wien. Ila, 116 (1907), 601 —655.



The original proof of HaAaN was extremely long and complicated.
Recently, several authors have obtained simpler proofs and generali-
zations. The proof above is based on an idea of HAUSNER— WENDEL [1]:
they proved Harmn’s theorem for vector spaces over the real field and
CLIrroRD [4] observed that their method works in the general case as
well. For other proofs see BANASCHEWSKI [1], GRAVETT [2], RIBEN-
BOIM [2], ConraD [1], [7]. The last author has extended the theorem
to certain p.o. Abelian groups and to even more general systems;

he uses decompositions of the given group.
Recently, P. ConraDp, J. HARVEY and CaH. HoLrAND proved

HABN’s embedding theorem for commutative 1. o. groups.

HAUSNER, M.— WENDEL, J. G. [1] Ordered vector spaces, Proc. Amer.
Math. Soc., 3 (19562), 977—982.

CrLirrorD, A. H.500 770
— [4] Note on Hahn’s theorem on ordered Abelian groups. Proc.

Amer. Math. Soc., 5 (1954), 860—863. -

BaNAscHEWSKI, B. [1 1 Totalgeordnete Moduln, Archiv Math., 7 (1956),
430—440. — [2] Uber die Vervollstindigung geordueter Gruppen,
Math. Nachrichten, 16 (1957), 61 —171.

e

GraverT, K. A. H. | ~ — [2] Ordered Abelian groups, Quart.
Journ. Math. Oxford, 7 (19566), h7—63.
RIBENBOIM, P. W [2] Suar

les groupes totalement ordonncs et ’arithmétique des anneaux de
valuation, Summa Brasil. Math., 4 (1958), 1—64. —[3] Sur quelques

CoNrAD, P. [1] Embedding theorems for Abelian groups with valu-
ations, Amer. Journ. Math., 75 (19563), 1—29. o

_ | — [7] A note on wvalued

linear spaces, Proc. Amer. Math. Soc., 9 (1958), 646—647. — [8]



o Hahn’'s theorem: o Our embedding theorem:

o Every totally ordered o Every densely-ordered
Abelian group embeds in group-like FLe-chain,
a lexicographic product which has finitely many
of real groups. idempotents embedsina
finite partial-

lexicographic product of
totally ordered Abelian
groups.






e Every naturally totally ordered, commutative
semigroup is uniquely expressible as the
ordinal sum of a totally ordered set of
ordinally irreducible such semigroups

|A. H. Clifford, Naturally totally ordered commutative
semigroups, Amer. J. Math., 76 vol. 3 (1954), 631-646. |



The Theorg of Co

P R S N '--w“"}‘;' A PR, e ";:Jﬁ]' "".:.‘,"."--'l- !z‘T'!} %

mPact Semigroups '

B A S . e ROT e o

e 1

» Topological semigroups over compact manifolds
with connected, regular boundary B such that B is a
subsemigroup: a subclass of compact connected Lie
groups and via classifying (I)-semigroups, that is,
semigroups on arcs such that one endpoint
functions as an identity for the semigroup, and the
other functions as a zero.

[P.S. Mostert, A.L. Shields, On the structure of semigroups
on a compact manifold with boundary, Ann. Math., 65

(1957), 117-143.]



The Theorg of ComPad: Semlgroups
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(I)-semigroups are ordinal sums of three basic
multiplications which an arc may possess.

The word “topological’ refers to the continuity
of the semigroup operation with respect to the

topology.

[P.S. Mostert, A.L. Shields, On the structure of
semigroups on a compact manifold with boundary,

Ann. Math., 65 (1957), 117-143.]



Structure of GBL~a|gebras
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BL-algebra = naturally ordered + semilinear
integral residuated lattice

BL-algebras are subdirect poset products of
MV-chains and product chains.

[P Jipsen, F. Montagna, Embedding theorems for
normal GBL-algebras, Journal of Pure and Applied
Algebra, 214 (2010), 1559-1575.]

(A generalization of the Conrad-Harvey-Holland
representation)



Weakening the Natura”9 Ordered Propertg
Entering the Non»——integral Case

[P Jipsen, F. Montagna,
Embedding theorems
for normal GBL-
algebras, Journal of
Pure and Applied
Algebra, Vol. 214.
1559-1575. (2010)]

|S], E. Montagna,
Strongly Involutive
Uninorm Algebras
Journal of Logic and

Computation \Vol. 23
(3), 707-726. (2013)]

|S], E. Montagna,

A classification of
certain group-like FL. -
chains, Synthese \Vol.
192 (7), 2095-2121.
(2015)]




Absorbent Continuous Group»-like Commutative
Residuated Monoids on Com[:)lete and Order-dense Chains

[S], FE. Montagna,

A classification of
certain group-like FL. -
chains, Synthese Vol.
192 (7), 2095-2121.
(2015)]




= [5],
Group Representation
and Hahn-type
Embedding for a Class
of Residuated
Monoids, (submitted)

 [S], E. Montagna,
A classification of
certain group-like FL. -
chains, Synthese Vol.
192 (7), 2095-2121.
(2015)]
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and Hahn-type
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o Conic representation: For any conic, IRL

TPy itz e Xt
QY ifx,ye X~

e (x—>@y’3’ ifzre Xt, ye X ,andz <9’
(y—g ') ifzeXt,ye X ,andz £y’

(y—gpz') ifreX ,yeXT,andz <y’
(x —gy') ifreX ,yeXt,andz £y’

o [S. Jenei, Structural description of a class of involutive

uninorms via skew symmetrization, Journal of Logic
and Computation, 21 vol. 5, 729-737 (2011)



7 Group~|i|<e F‘Le~algebras VS.
lattice-ordered groups

SJ

Theorem 2.5. For a group-like FL.-algebra (X, \,V,®,—e,t, f) the following state-
ments are equivalent:
(1) Each element of X has inverse given by x~! = ', and hence (X, A\, V, , t)
s a lattice-ordered Abelian group,
(2) e is cancellative,
3) 7(x) =t forallz € X. T(X)=x—>Xx
(4) The only idempotent element in the positive cone of X is t.



® Coming soon...






Definition 1. (Partial-lexicographic products)

Let X = (X, Ax, Vx,*, =4 tx, fx) be a group-like FL.-algebra and
Y = (Y, Ay, Vy,*, =, ty, fy) be an involutive FL.-algebra, with
residual complement ” and ", respectively.

Add a top element T to Y, and extend x by Txy=yxT =T
for y € Y U{T}, then add a bottom element 1 to Y U{T}, and
extend x by Lxy=yx L =1 foryeYU{L, T}

Let X; = (X1, Ax,Vx,*, = tx, fx) be any cancellative subal-
gebra of X (by Theorem 1, X; is a lattice ordered group). We
define

XF(Xl,YiT) — (XI‘(Xl,Y-LT)7 <, 8, e, (tX7 tY)) (fX> fy)) 9

where
Xroayrmy = (Xa x (YU{L, T}H)) U (X \ X1) x {L}),

< is the restriction of the lexicographic order of <x and <yyg, 1)
to Xp(x, y17), ® is defined coordinatewise, and the operation —, is

given by (z1,y1) —e (Z2,¥2) = ((z1,91) ® (22, y2)")" where
, [ (@",y) ifze X,
(z,y) = { (z", 1) ifzgX;

Call Xpx, v.7) the (type-I) partial-lezicographic product of X, Xi,
and Y, respectively.
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Definition 1. (Partial-lexicographic products)

Let X = (X, Ax, Vx, %, = tx, fx) be a group-like FL.-algebra and
Y = (Y, Ay, Vy,*, = ty, fy) be an involutive FL.-algebra, with
residual complement " and ", respectively.

Add a top element T to Y, and extend x by Txy=yx T =T
for y € Y U{T}, then add a bottom element L to Y U {T}, and
extend x by Lxy=yxlL=1foryeYU{L T}

Let Xy = (X1, Ax, Vx,*, — tx, fx) be any cancellative subal-
gebra of X (by Theorem 1, X; is a lattice ordered group). We
define

XI‘(Xl,YJ-T) — (XF(Xl,YJ-T)a S) 8, _)37 (tX7 tY): (fX7 fY)) ’

where

Xroyrmy = (X x (YU{L, T}H)U X\ X1) x{L}),

< is the restriction of the lexicographic order of <x and <y 1
to Xr(x,,y17),  is defined coordinatewise, and the operation —, is

given by (xla yl) e (x2ay2) — ((mlayl) ® ($27 y2)’), where
Ilk ,‘k .
(x,y)’:{(x y') ifx e Xy

(", 1) ifzgX;
Call Xpx, vir) the (type-I) partial-lexicographic product of X, X,
and Y, respectively.

Let X = (X, <x,*, =« tx, fx) be a group-like FL.-chain, Y =
(Y, <y, *, = ty, fr) be an involutive FL.-algebra, with residual
complement ” and ", respectively.

Add a top element T to Y, and extend x by Txy=y*xT =T
fory e YU{T}.

Further, let X; = (X1, A, V, %, >, tx, fx) be a cancellative, dis-
crete, prime' subalgebra of X (by Theorem 1, X; is a discrete lattice
ordered group). We define

XF(Xl,YT) — (XF(XI,YT)a <, 8, s, (tX7 tY)) (.fX7 fY)) )

where
Xroyn)y = (X x (YU{T}H)U((X\ X1) x{T}),

< is the restriction of the lexicographic order of <x and <yu{m} to
Xr(x,,Y), @ is defined coordinatewise, and the operation —, is given

by (z1,51) —e (22,92) = ((z1,51) © (22,%2)")" where
("), T) ifzgXiandy=T
(z",y") fzrzeX,andyeY .
("), T) fze X;andy=T

(SE, y)l —

u if there exists u < z such that there is no element in X
between u and =,
x if for any u < x there exists v € X such that u < v < x.

5131—

Call Xp(x, y) the (type-1I) partial-lexicographic product of X, X;,
and Y, respectively.
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Theorem 2. Xpx, yi7) and Xrx, y1) are involutive FL.-algebras.
If Y 1is group-like then also Xpx, y17) and Xp(x, yT) are group-like.
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chresentation 139 tota”g ordered

Abelian Groups

Theorem 2.20. (Structural description) If X is a densely ordered, group-like
FL.-chain, which has only n € N idempotents in its positive cone then there exist
linearly ordered Abelian groups G; (¢ € {1,2,...,n}), H1 < G, H; <T'(H;_1,G;)
(i € {2,...,n—1}), and a binary sequence ¢ € {T L, T 2"} such that X ~ X,
where X1 := G1 and X, := Xi—lI‘(Hi_l,Gi"i) ie€{2,...,n}). %

2410 the spirit of Theorem 2.5 we identify linearly ordered Abelian groups by cancella-

tive, group-like FL¢-chains here; the isomorphism is meant between FLe-algebras. Read < as
‘subgroup’.
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SurPrising?

Every commutative integral monoid on a finite chain is an FL_, -
chain.

[t has been shown in [S], F Montagna, A Proof of Standard
Completeness for Esteva and Godo's Logic MTL, STUDIA

LOGICA 70:(2) pp. 183-192. (2002)] that any FL_,-chain embeds
into a densely-ordered FL_  -chain.

By the rotation construction [18, Theorem 3], any densely-
ordered FL_ -chain embeds into a densely-ordered, involutive

FL. -chain.

FL_-chains, with the additionally postulated t = f condition and
with the assumption on the number of idempotent elements
results in a such a strong structural representation, which uses
only linearly ordered Abelian groups.



Embedding

Corollary 2.22. (Hahn-type embedding) Densely ordered, group-like FL-
chains with a finite number of idempotents embed in the partial-lexicographic product
of real groups.

Corollary 2.23. (Lexicographical embedding of the monoid reduct) The

monoid reduct of a densely ordered, group-like FL.-chain with a finite number of

idempotents embed in the lexicographic product of extended real lines®®.



Standard completeness of 1UL?

(Plus t <>}
Den5e|9~orclered grou[:%hke Fl .~
chains (with ﬁnitelg many
idempotents)



A

- o LWL - B 2 v — .
T ASS s i et

O St




T(T) =2 —e x

Theorem 2.5. For a group-like FL.-algebra (X, \,V, &, —,t, f) the following state-
ments are equivalent:

(1) Each element of X has inverse given by x—! = ', and hence (X, A\, V, e, 1)
s a lattice-ordered Abelian group,

(2) & is cancellative,

(3) 7(x) =t for all z € X.

(4) The only idempotent element in the positive cone of X is t.



Definition 2.12. For a group-like FL.-chain (X, A, V, e, —,,t, f), for u > ¢t and
c {<,=,>} denote

X:0uw = {zxe€e X :7(x)0u}l.

(1) Xpcw U{t}, Xomu U{t}, Xi>y U{t} are nonempty subuniverses.

Definition 2.14. Let (X, <,8,—,,t, f) be a group-like FL.-chain, u > ¢ idempo-
tent, and O € {<,=,>}. For z,y € X,,, define z ~g y if z € X, g, holds for any
z€ X, x < z<uy. It is an equivalence relation on X, since the order is linear.
Denote the component of x by [x],0, and call it the convex component of z with
respect to 70u. If v and OO are clear from the context we shall simply write [x].

Define

X['rl:]u] — {['/B]'r[]u RS X'rl:]u}'



Definition 2.16. Let X = (X, <, 8, —,,t, f) be a group-like FL.-chain. Let u >t

be idempotent. For z € X, let Ty =/ 1z and L) = A | 2

zZ€[x z€[x

Zl e = [#lr<w U{Llp)s Tz}

N

Z)cw = [Tlr<u U{T[21}



Lemma 2.20. (Decomposition - Type I and II) Let X = (X, <, 8, —,t, f) be
a densely-ordered, group-like FL.-chain. Let u >t be idempotent.

(1) Assume that u' is idempotent.
(a) X[T<u] = (X r<u]s Sx, %, [t]) s a linearly ordered Abelian group with
inverse operation

(b) Xa = (Xjr<u] UXT>u, <4, %, =4, [t], [f]) is a group-like FL,-chain with
involution ' and X[T<u] (qua group-like FL.-chain) is a cancellative
subalgebra of Xg. Xg s densely-ordered and the set of positive idem-

potents of Xg 1s order-isomorphic to the set of positive idempotents of
X deprived of u.

(¢) If u is the smallest idempotent above t then

X ~ (Xﬁ)r()—([7-<u]a[t] r <l T_L).

(2) Assume that u' is not idempotent.
(a) 5([7<u] = (X r<u]y oy %, [tN]) is a linearly ordered Abelian group with
INVerse opemtz'on 4
(b) Xg (X[T<u] UXT>u, <oy ¥, =, [tN] fv]) is a group-like FL.-chain with

involution’ , and X[T<u] (qua group-like FLc-chain) is a cancellative,
discrete, prime subalgebra of Xg. Xg is densely-ordered, and the set
of positive idempotents of Xg is order-isomorphic to the set of positive
idempotents of X deprived of u.

(c¢) If u is the smallest idempotent above t then
A (XG)F(X[Ku]’[t][«u]T)'



Theorem 2.21. (Structural representation) If X is a densely-ordered, group-
like FL.-chain, which has only n € N idempotents in its positive cone then there
exist linearly ordered Abelian groups G; (i € {1,2,...,n}), H1 < G, H; <
I'H;_1,G;) (i € {2,...,n—1}), and a binary sequence v € {TL, TH2Z "} such
that X ~ X,,, where X1 := G; and X; := Xi1r(H,_1,G:4) (i €{2,...,n}). **

32In the spirit of Theorem 2.5 we identify linearly ordered Abelian groups by cancellative,
group-like F'Le-chains here; the isomorphism is meant between FLc-algebras.
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