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Basic Arrow Logic (BAL): Semantics

Arrow logic is “the basic modal logic of arrows” Venema (1997)

Arrow Frame:

F = (W,C,R,I), where
W domain

ccw?

RCW?

1w

Arrow models:
M = (F,v), where
F is an arrow frame, and v : For — P(W)

M,a,F A <= a€cv(A)

M,a,F A <= M,a,F A

M, a,F @A <= 3b s.t. Rab & M, b,F A

M,a,F AANB < M,a,F A & M, a,F B

M,a,F AV B <= M,a,F Aor M,a,F B

M, a,F Ao B <= 3b,c s.t. Cabc & M, b,F A & M, ¢c,F B
M,a,F [ < Ia

(A D B) =df (ﬁA V B)

(A=B) =4 (ADB)A(BDA))

T'kFyp < M,a,F A (for all A€ T), then M, a,F ¢
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The problem

Venema (1997) suggest that “As a concrete representation of an arrow the
mathematically inclined reader might think of a vector”

Basic Arrow Logic is able to represent this objects?

Vector Spaces Axioms:

a+b=b+a
a+(b+c)=(a+b)+c
a+0=a

a+(—a)=0

0-a=0

l-a=a

z-(y-a)=(x-y)-a



The problem

Possible problem: Scalars

7

/
/
/

Figura: Multiplication



The problem

Possible problem: Scalars

7

/
/
/

Figura: Multiplication

What does it mean “multiplication” in a modal sense?



The problem

Possible problem: Scalars

7

/
/
/

Figura: Multiplication

What does it mean “multiplication” in a modal sense?

Possible answer: van Benthem’s (1994) iteration operator:



The problem

Possible problem: Scalars

7
7
/
7

Figura: Multiplication

What does it mean “multiplication” in a modal sense?
Possible answer: van Benthem’s (1994) iteration operator:

M, a,F A* <= a can be C-decomposed into some finite sequence of
arrows, each satisfying A in M



The problem

Possible problem: Scalars
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Figura: Multiplication

What does it mean “multiplication” in a modal sense?
Possible answer: van Benthem’s (1994) iteration operator:

M, a,F A* <= a can be C-decomposed into some finite sequence of
arrows, each satisfying A in M

Limitations: C-decomposition works only with positive integers
Our approach extends this definition



The problem

Aim

1. To present a non-classical extension BAL



The problem

Aim

1. To present a non-classical extension BAL

Some problematic cases



The problem

Aim

1. To present a non-classical extension BAL
Some problematic cases

2. To define a modal scalar operation that satisfies the above conditions



The problem

Aim

1. To present a non-classical extension BAL
Some problematic cases

2. To define a modal scalar operation that satisfies the above conditions



MALS(Language)

Many-valued Arrow Logic with Scalar multiplication



MALS(Language)

Many-valued Arrow Logic with Scalar multiplication

Set of connectives C = {A,V,D,~,=,0,®, [,*n}
Set of propositional signs P = {4, B, ...}



MALS(Language)

Many-valued Arrow Logic with Scalar multiplication

Set of connectives C = {A,V,D,~,=,0,®, [,*n}
Set of propositional signs P = {4, B, ...}

Rule:

Ve, € C, and VA, B € P:
pu=Al-A|Q AJANB|AVB|AD BJA=B|AoB| [ |+, A
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Bilattice Belnap-Dunn (1966) (1977)

Figura: Bilattice

Lattice-valued extension of BAL
Many-valued modal logic Priest (2008)

v:ForxI—YV
v;(OA) = inf{v;(A) : Rij}
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vi(=4) = { v;(A) in any other case
vi(AA B) =inf(vi(A),v;(B))
AV B) = sup(vi(A),vi(B))

1 <= 3Jj,ke€ ACjki:j=k

v-(f): 0 < Jj,kec ACjki:j#k
‘ b« Jj,kec ACjki:j=korj#k
n <= we don’t have info

Vi (xnA) = sup{inf(vj, (A),...,vn(A4)) : Cxiji, ..., in}

Logical consequence: FC P(Form) — Form
I'Ep < VBeTl,v(B) € DT = vi(p) € DT
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Examples of problematic inferences

(AOB),ﬂ(AOB) ':BAL C

Proof:

Suppose (Ao B),= (Ao B)¥par C
vi(AoB)=(=(AoB))=1,and v;(C) =0

If vi(Ao B) =1 then 3j,k € A, Cijk :v;(A) =1 and vx(B) =1
If vi(~(A o B)) =1 then v;(A o B) = 0, therefore

Vjk € A, Cijk : v;(A) =0or vp(B) =0
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Examples of problematic inferences

A, ~AFEparL (AO®A) D) _\f
¥parL (AO(X)A) D) —‘f
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Axioms

Notation: (¢ || ¥) =ar (¢ F¥) & (Y F )

(AoB) | (Ao B)

(Ao (Bo()) || ((AoB)oC)
([oA) | A

(Ao@A) | [

We add

ki kn A || *kn *m A
A || (i A0 % A)
(A0 B) | (04 0+ B)



Two examples

*1 *%AHA
*_1 *4AH *3A
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