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1 Introduction
Region Connection Calculus is a formalism for reasoning about the relation of contact between regions
in topological spaces [5]. Its role in artificial intelligence and computer science stems from the impor-
tance of spatial informations in systems for natural language understanding, robotic navigation, etc [2].
After the introduction of Region Connection Calculus, Contact Logic and its different variants have
been proposed [1, 4, 6]. Most of them are based on the binary predicate of ordinary contact which holds
between regular closed subsets A and B iff A ∩ B 6= ∅ (“regions A and B are in contact”). Recently,
a ternary predicate of extended contact has been introduced which holds between regular closed subsets
A, B and C iff A ∩ B ⊆ C (“regions A and B are jointly bounded by region C”). Remark that two
regions are in ordinary contact iff they are not jointly bounded by the empty region. Moreover, the in-
terest to consider the new ternary relation of extended contact lies in the possibility it gives to define the
unary predicate of internal connectedness. See [3, Chapter 2] for details. In this note, we introduce the
syntax and the semantics of Extended Contact Logic. Then, we give an axiomatization of the set of all
valid formulas this semantics gives rise to. Finally, we prove the decidability of the set of all theorems
this axiomatization gives rise to.

2 Syntax and semantics
Let V AR be a countable set of variables (p, q, etc). The set TER of all terms (α, β, etc) is defined by

• α ::= p | 0 | α? | (α+ β).

Reading terms as regions, the constructs 0, ? and + should be regarded as the empty region, the com-
plement operation and the union operation. The set FOR of all formulas (ϕ, ψ, etc) is defined by

• ϕ ::= α ≤ β | (α, β) . γ | ⊥ | ¬ϕ | (ϕ ∨ ψ).

For ≤ and ., we propose the following readings: α ≤ β can be read “region α is contained in region
β”, (α, β) . γ can be read “regions α and β are jointly bounded by region γ”. We will write α ≡ β for
(α ≤ β ∧ β ≤ α). Terms and formulas are interpreted in topological models, i.e. structures of the form
(X, τ, V ) where (X, τ) is a topological space and V is a valuation on (X, τ), i.e. a map associating
with every term α a regular closed subset V (α) of (X, τ) such that

• V (0) = ∅,

• V (α?) = Clτ (X \ V (α)) where Clτ denotes the closure operator in (X, τ),

• V (α+ β) = V (α) ∪ V (β).

The connectives ⊥, ¬ and ∨ being classically interpreted, the satisfiability of a formula ϕ in (X, τ, V )
(in symbols (X, τ, V ) |= ϕ) is defined as follows:

• (X, τ, V ) |= α ≤ β iff V (α) ⊆ V (β),



• (X, τ, V ) |= (α, β) . γ iff V (α) ∩ V (β) ⊆ V (γ).

We will say that the formula ϕ is valid (in symbols |= ϕ) iff for all topological models (X, τ, V ),
(X, τ, V ) |= ϕ.

3 Axiomatization and decidability
Let Lmin be the Hilbert-style axiomatic system consisting of the inference rule of modus ponens and
the following axioms:

sentential axioms: instances of tautologies of propositional classical logic,

identity axioms: α ≡ α, α ≡ β → β ≡ α, α ≡ β ∧ β ≡ γ → α ≡ γ,

congruence axioms: α ≡ β → α? ≡ β?, α ≡ β ∧ γ ≡ δ → α+ γ ≡ β + δ,

Boolean axioms: (α+ β) + γ ≡ α+ (β + γ), α+ β = β + α, etc,

nondegenerate axiom: 0 6≡ 1,

extended contact axioms: (i) (α, β).γ → (β, α).γ, (ii) α ≤ γ → (α, β).γ, (iii) (α, β).γ∧(α, β).
δ∧ (γ, δ). ε→ (α, β). ε, (iv) (α, β).γ → α ·β ≤ γ, (v) (α, γ).δ∧ (β, γ).δ → (α+β, γ).δ.

The notion of proof in Lmin is the standard one. All provable formulas will be called theorems of Lmin.

Proposition 1. For all formulas ϕ, |= ϕ iff ϕ is a theorem of Lmin.

Proof. For the soundness, it suffices to check that the inference rule of modus ponens preserve validity
and that all axioms of Lmin are valid. For the completeness, a detour through a semantical interpretation
of terms and formulas in extended contact algebras as the ones studied in [3, Chapter 2] can be done.

Proposition 2. The set of all theorems of Lmin is decidable.

Proof. A detour through a semantical interpretation of terms and formulas in relational structures as the
ones studied in [1] and an associated finite model property can be done.

Nevertheless, the exact complexity of the set of all theorems of Lmin is not known.
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