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Effect algebras [1] are positive, cancellative, unital partial abelian monoids. The category
of effect algebras is denoted by EA.

Let us denote the initial segment of natural numbers {1, . . . , n} by [n]. Note that [0] = ∅.
Let FinBool be the full subcategory of the category FinBool of Boolean algebras spanned by
the set of objects {2[n] : n ∈ N}. FinBool is a small, full subcategory of the category of effect
algebras.

It was proved by Staton and Uijlen in [6] that every effect algebra A can be faithfully
represented by a presheaf P (A) on the category FinBool. Explicitely, for an effect algebra
A the presheaf P (A) : FinBool → Set maps every object 2[n] to the homset EA(2[n], A)
and every arrow f : 2[n] → 2[m] the mapping P (A)(f) : P (2[m]) → P (2[n]) defined as the
precomposition by f . This determines a functor P : EA→ [FinBoolop,Set].

The category of tests of an effect algebra A is the category of elements of the presheaf
P (A), in symbols el(P (A)). We note that every object of el(P (A)) is just a morphism of effect
algebras g : 2[n] → A (a finite observable) and these are in a one-to-one correspondence with
finite sequences (ai)i∈[n] ⊆ A with Σi∈[n]ai = 1, that are called tests [2, 3]. The morphisms
then correspond to refinements of tests.

It is clear that for every effect algebra A, there is a functor DA : el(P (A))→ EA that maps
every g : 2[n] → A to its domain 2[n]. As proved in [6], FinBool is a dense subcategory of
EA. This implies that every effect algebra A is a colimit of its DA. Moreover, since EA is
cocomplete [4], we may apply a general argument [5, Theorem I.5.2] to prove that there is a
reflection [FinBoolop,Set]→ EA left adjoint to P .

Recall, that an effect algebra satisfies the Riesz decomposition property (abbreviated by
RDP) if and only if, for all u, v1, v2 such that u ≤ v1 +v2 there are u1, u2 such that u = u1 +u2,
u1 ≤ v1, u2 ≤ v2. Every Boolean algebra and every effect algebra arising from an MV-algebra
satisfies the RDP.

Theorem 1. An effect algebra A satisfies the RDP if and only if every span in el(P (A)) can
be extended to a commutative square.

Recall, that an effect algebra is an orthoalgebra if and only if, for every element a, the
existence of a + a implies that a = 0.

Theorem 2. An effect algebra is an orthoalgebra if and only if for every parallel pair of mor-
phisms in f1, f2 : g → g′ in el(P (A)) there is a coequalizing morphism q : g′ → h such that
q ◦ f1 = q ◦ f2.

Theorem 3. An effect algebra A is a Boolean algebra if and only if el(P (A)) is filtered.

Let A be an effect algebra. For every Boolean algebra B, a morphism f : B → A gives rise
to a morphism el(P (f)) : el(P (B)) → el(P (A)) in Cat. Since el(P (B)) is filtered, every such
f gives rise to an ind-object of the category el(P (A)).
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