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In order to reinforce the link between linear algebra, modal logic and many-valued logic we
present an extension of Basic Arrow Logic (BAL) based on the introduction of a new modal
operator of scalar multiplication and on a redefinition of the basic arrow operators. As we know
since the work of Venema [11] and Marx [6], the novelty of BAL lies on the introduction of three
modal operators, namely, identity (

∫
), converse (−), and composition (◦). Along with other

important extensions, like presented in [2], [8], [10], what results in this case is Many-valued
Arrow Logic with Scalar multiplication (MALS).

The motivations of presenting MALS as an extension of BAL comes from two different sides.
The first is due to van Benthem’s infinitary operator “M, x |= ϕ∗”, presented in [3]. This modal
operator is defined as a finite composition of a formula ϕ (“x can be C-decomposed into some
finite sequence of arrows satisfying ϕ in M” [3, p. 18]), we may think of this operator as a
kind of scalar multiplication but, the definition do not specify nothing about how to interpret
them like that. MALS make explicit the definition of scalar multiplication validating all vector
spaces’ axioms (some intuitions of our work are presents in [4, p. 289]). The second aspect is
related with many valued logics, in specific with the evident similarities with the logic FDE
[5], and its informational interpretation [9]. In this case our proposal is to define a kind of non-
classical vector algebra, invalidating some intuitive properties like consistency, and showing
that a non-classical vector algebra is still significant. In MALS this approach can be realized
defining the operators in a more general way, following the work of Priest [7].

The plan of the talk is as follows. First we may introduce Arrow Logic with Scalar multipli-
cation (ALS), later we may define Many-valued Arrow Logic (MAL). This two logics are also
extensions of BAL and if we join the two we have MALS, this will be done in a third place. As a
result, we may obtain MALS as a union of ALS and MAL, that means that, we may interpret –
with a 4-valued semantics– composition as vector addition, converse as subtraction, and scalar
multiplication (following van Benthem) as n-composition of ϕ where n ranges over the scalar
magnitude.
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László Pólos, and Michael Masuch (Eds.). Center for the Study of Language and Information,
Stanford, CA, USA 3-34, (1997).

2


