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Language equivalence of deterministic pushdown automata

Example of a (formal) language L over a finite alphabet Σ, so L ⊆ Σ∗:

Σ = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, +,−, ∗, (, ) } ∪ {⊣ }

L . . . language of arithmetic expressions

e.g., the word (sequence)
u = 5+ 28 ∗ (318− 5 ∗ 24) + 562⊣ is in L,

v = 5+ 28 ∗ (318− (5 ∗ 24) + 562⊣ is not in L

We can view a deterministic pushdown automaton M as a program
with fixed finite memory; program+memory. . .finite control unit,
with a potentially unbounded stack (LIFO, access to the top),
reading the input word from left-to-right,
accepting when reading the endmarker ⊣ and having the stack empty.

Decidability of L(M1)
?
= L(M2) was open since 1960s (stated in a paper by

Ginsburg, Greibach). Another formulation: L(pα)
?
= L(qβ) for

configurations of the same M (p . . . control state, α . . . stack content).
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Solution

Sénizergues G.:
L(A)=L(B)? Decidability results from complete formal systems.
Theoretical Computer Science 251(1-2): 1-166 (2001)
(a preliminary version appeared at ICALP’97; Gödel prize 2002)

Stirling C.: Decidability of DPDA equivalence.
Theoretical Computer Science 255, 1-31, 2001

Sénizergues G.: L(A)=L(B)? A simplified decidability proof.
Theoretical Computer Science 281(1-2): 555-608 (2002)

Stirling C.: Deciding DPDA equivalence is primitive recursive.
ICALP 2002, Lecture Notes in Computer Science 2380, 821-832,
Springer 2002 (longer draft paper on the author’s web page)

Sénizergues G.: The Bisimulation Problem for Equational Graphs of
Finite Out-Degree.
SIAM J.Comput., 34(5), 1025–1106 (2005)
(a preliminary version appeared at FOCS’98)
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Outline (a short self-contained proof via first-order terms)

First-order terms, substitutions; regular terms

(Deterministic) labelled transition systems (LTSs); trace equivalence

(D)pda configurations as terms; rules as root-rewriting

LTSs generated by (det-)first-order grammars;
semidecidability of nonequivalence

Simple properties of ∼ and its “strata” ∼0, ∼1, ∼2, . . . .

Algorithm for the positive case based on a Prover-Refuter game

Soundness of P-R game (obvious)
Two steps for completeness

(n, g)-strategies for Prover are sufficient
A balancing strategy is an (n, g)-strategy

Remarks
Bisimulation equivalence in the nondeterministic case
A complexity bound in the deterministic case
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First-order regular terms; partial mapping E : N
∗ → F ∪V
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Substitutions σ : V → TermsF ; terms Eσ, Eσ1σ2, . . .

Finite-support restriction: supp(σ) = {xi | σ(xi ) 6= xi} is finite
Composing substitutions: (σ1σ2)(xi ) = (σ1(xi ))σ2
Associativity: (Eσ1)σ2 = E (σ1σ2); note that xiσ = σ(xi )
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(Det-)labelled transition systems (LTSs); trace equivalence

L = (S,Act, (
a

−→)a∈Act)

EqLv(s1, s2) = 0
EqLv(s1, s5) = 2
EqLv(s1, s4) = ω

s ∼ t if ∀w ∈ Act∗ : s
w

−→⇔ t
w

−→ ; s ∼k t if

∀w ∈ Act≤k : s
w

−→⇔ t
w

−→

S × S =∼0⊇∼1⊇∼2⊇ · · · . ∩k∈N ∼k=∼.
If EqLv(s, t)=k and EqLv(s, s ′)≥k+1 then EqLv(s ′, t) = k
(replacing a pair-element with a “more equivalent state” does not
affect the eq-level of the pair)
In any deterministic LTS eq-level drops by at most 1 in one step:

If s
a

−→ s ′, t
a

−→ t ′ then EqLv(s ′, t ′) ≥ EqLv(s, t) − 1.
If EqLv(s, t) = k < ω then there is a such that
s
a

−→ s ′, t
a
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(D)pda from a first-order term perspective

Q = {q1, q2, q3} (pushing) rule q2A
a

−→ q1BC
configuration q2ABA

(popping) rule q2A
b

−→ q2
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Applying the rules (to gpF , for a regular F )

Yx1x2x3
a

−→ x1

Yx1x2x3
b

−→ E
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A path in LaG
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k-distance regions Reg(T ,U , k)

G: Ax1
a

−→ ABx1, Ax1
b

−→ x1, Bx1
a

−→ BAx1, Bx1
b

−→ x1

The 2-distance region Reg(T ,U, 2) for (T ,U) = (AB⊥,BA⊥)

If T 6∼ U, T ∼k U then any least eq-level pair in Reg(T ,U, k) is
at the bottom, i.e. in Reg(T ,U, k) rReg(T ,U, k−1).
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Case 1 of left-balancing

(T ′,U ′) is a least eq-level pair =⇒ EqLv(V ,U ′) = EqLv(T ′,U ′).
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Case 2 of left-balancing

V1 ∼ℓ+1 V
′
1,

V2 ∼ℓ+1 V
′
2,

σ(x1) = V1,
σ(x2) = V2,

σ′(x1) = V ′
1,

σ′(x2) = V ′
2,

σ ∼ℓ+1 σ′

Gσ ∼ℓ+1 Gσ′

EqLv(T ′,U ′) = ℓ

(T ′,U ′) = (Gσ,U ′)

EqLv(Gσ′,U ′) = ℓ
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A left balancing phase i followed by a no-change phase i+1

(T0,U0)

(T1,U1)

(T2,U2)

(T3,U3)

. . .

eq-level decreasing
if Refuter’s claims
are true
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An (n, g)-strategy for G implies a sufficient basis

Basis = {(E ,F ) | E ∼ F ,PresSize(E ,F ) ≤ B} for large B ∈ N
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(Y , j)-sink-words; shortest sink-words ssw(Y , j)

w ∈ Act∗ is a (Y , j)-sink-word, 1 ≤ j ≤ m = arity(Y ), if Yx1 . . . xm
w

−→ xj

M0 = 1+max{ |ssw(Y , j)| | Y∈N , 1≤j≤arity(Y )}
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Case 1 of left-balancing

Petr Jančar (TU Ostrava) VERIF na FEI VŠB-TUO SoSIReČr, 12. 6. 2012 20 / 25



Case 2 of left-balancing

Petr Jančar (TU Ostrava) VERIF na FEI VŠB-TUO SoSIReČr, 12. 6. 2012 21 / 25



A left balancing phase i followed by a no-change phase i+1

Ui

↓ u

V ′
2

↓ u′

Ti+2

Ui

↓ wi

Ui+1

↓ wi+2

Ui+2
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Balancing pivots are on a special path in LaG

W1
v1−→W2

v2−→W3
v3−→ · · ·

Recall M1 = M0 · (2+ (2M0−1) · StepDepthInc)
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Presenting V as V = (TopVd )σ

supp(σ) ⊆ {x1, x2, . . . , xcd} where c = max { arity(Y ) | Y ∈ N }

d = 3 in the example
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Balancing strategy is an (n, g)-strategy (for the given G)

If the pivot path W1
v1−→W2

v2−→W3
v3−→ · · · is finite or visits some V ′

infinitely often then we have a repeat ((Tj ,Uj) = (Ti ,Ui ) for j > i).
Otherwise we have a “stair-base”:

W1
u

−→ V = (Yx1 . . . xm)σ′ u
′

−→ H1σ
′ vk+1−→ H2σ

′ vk+2−→ · · ·

where (Yx1 . . . xm)
u′

−→ H1
vk+1
−→ H2

vk+2
−→ · · · ,

and Hjσ′ =Wk+j (j = 1, 2, . . . ) are the pivots after V = (Yx1 . . . xm)σ′.
Putting V = (TopVM1)σ = ((Yx1 . . . xm)σ′′)σ, we have Wk+j = Hjσ′′σ,
and the bal-result with Wk+j is (Ejσ,Fjσ), where Ej ,Fj are finite terms;
we can easily find function g : N → N such that PresSize(Ej ,Fj) ≤ g(j).
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01001101101001011111
10101101110100111010
01001111001011010001
10000110101101000011
01001011001010011100
10110111001011100110
01011111111101101101
01011110101101100111
10001111100101001111
10010101110010001101
01101000101010011101
00011110001010001011

+
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- Visual simulations & debugging



- Visual simulations & debugging
- Running on parallel computers

user@bigcomputer  ~/project$ mpirun -np 64 ./project



- Visual simulations & debugging
- Running on parallel computers
- Modules for high level tools


