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The standard inquisitive logic is a logic of questions based on the classical logic of
declarative sentences [5, 4, 7]. Inquisitive logic and inquisitive semantics were general-
ized in [13, 14, 8] where it was shown that one can similarly base a logic of questions
on intuitionistic logic of declaratives. A further step was made in [15] where inquisitive
semantics was formulated for a large class of substructural logics. It was shown that
any logic that is at least as strong as a particular weak substructructural logic (a ver-
sion of Full Lambek Logic) can be extended with questions in an analogous way, and
for these non-classical inquisitive logics a suitable semantic framework was developed.
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The aim of this paper is to show that this generalization of inquisitive semantics and
logic can be stretched a little more to be applicable also to the epistemic extension
of the standard inquisitive logic [3, 6]. As a result, we obtain a general semantic
framework for non-classical epistemic logics, which — in comparison to other semantic
frameworks for non-classical epistemic logics like those from [2] and [18] — has the extra
merit of allowing agents to be equipped not only with information states but also with
issues. This semantics determines a weakest logic for which we provide a sound and
complete axiomatization.

A crucial notion in the standard inquisitive semantics is the notion of an informa-
tion state defined as a set of possible worlds. Defined in this way, information states
form a concrete Boolean algebra. The generalization of inquisitive semantics formu-
lated in [15] is based on the observation that we can completely abstract away from
possible worlds and formulate the whole semantics on the basis of more abstract struc-
tures of information states without loss of the crucial features of inquisitive semantics.

The inquisitive epistemic logic (IEL) is an interesting extension of the standard in-
quisitive logic. A natural question arises whether it also can be generalized in the same
manner. However, this task is not straightforward. A peculiar feature of the semantics
of IEL is that it exploits a strong interaction between possible worlds and information
states so that the layer of possible worlds cannot be simply ignored in the generaliza-
tion. This makes our current task (which is to develop a suitable semantic framework
for non-classical inquisitive epistemic logics) rather challenging. We will show that the
obstacles can be overcome provided that the underlying logic of declarative sentences
is distributive.

We put forward a general semantic approach in which possible worlds are replaced
with situations in the sense of situation semantics [1]. In this framework, information
states are not represented simply as sets of possible worlds but rather as sets of situa-
tions. This shift allows us to avoid various disputable features of classical logic while
preserving the characteristic principles of inquisitive epistemic logic.

The paper is structured in the following way. First, Section 2 provides a brief
introduction to standard inquisitive epistemic logic and its semantics. Sections 3 and
4 present respectively a semantic and a syntactic generalization of IEL. In Section 4, a
general method is developed that allows one to prove completeness results for a large
class of inquisitive epistemic logics provided that they are distributive and constructive
(i.e. inquisitive disjunction has the disjunction property).

2 Inquisitive epistemic logic

Inquisitive semantics is a framework suitable for a uniform formal representation of
the semantic content of statements and questions. In its most basic form it is usually
formulated for a formal language consisting of formulas built up from atomic formulas
and the constant for contradiction L by the connectives — (implication), A (con-
junction) and \ (inquisitive disjunction). Negation, non-inquisitive disjunction, and
equivalence are defined in the standard way: —¢ =45 @ = L, @V =g ~(mp A1),
@ > Y =ger (0 = ) A (¥ — ¢). We can denote this language as Lp. In this paper,
our starting point is the language of Inquisitive Epistemic Logic (IEL) introduced in
3, 6], which adds to Lp two epistemic modalities (for each agent a): K, (knowledge



modality) and E, (entertaining modality). We will denote this language as Lpp.

Inquisitive disjunction is a question-forming operator. The formula p \v ¢ is in-
terpreted as the question whether p or q. Moreover, using this connective one can
define the following question mark operator that allows us to express yes-no questions:
79 =g4ef © V. For example, the formula ?p expresses the question whether p. In-
quisitive disjunction can be arbitrarily embedded under other operators, which allows
us to express, for example, conditional questions like p —7¢ (i.e. the question whether
q, if p), and hybrids of statements and questions, like pA?q (i.e. it is the case that p
but is it also the case that q?).

When applied to statements, K, is meant to be the standard knowledge operator
familiar from epistemic logic (see, e.g. [10]). For example, K, p is interpreted as the
agent a knows that p. It is one of the crucial insights of inquisitive epistemic logic
that it makes a perfect sense to apply this operator also to questions. For example,
K,7p is interpreted as the agent a knows whether p, which is a statement involving a
question as its part. In general, for any question ¢, the statement K,p means that
the agent a is equipped with a reliable piece of information that resolves the question.
The operator F, is supposed to behave just like K, when applied to statements but
in combination with questions, it behaves differently. It does not have an exact coun-
terpart in natural language but its meaning could be clarified in the following way:
For any question ¢, E,p is the statement that if the agent extends her knowledge to
a state in which she has enough information to resolve her issue, then she will also
have enough information to resolve the question ¢.! In other words, having resolved
@ is for the agent a necessary, though maybe not sufficient, condition for resolving her
issue. The entertaining modality is introduced mainly as a tool by means of which
one can define a complex wondering modality: Wop =4e5 Eap A ~Kyp. For example,
W, ?p represents the claim the agent a wonders whether p, since it says that having
resolved the question whether p is for the agent a necessary condition for resolving her
issue but she does not know yet whether p.

Note that even if ¢ is a question, both K, and E,¢ always represent statements.
The set of declarative £pg-formulas (i.e. formulas that represent statements) is defined
as the least set that contains all atomic formulas, the constant 1, is closed under A
and —, and contains K,¢ and E,p for any (not necessarily declarative) £gg-formula
. So, a declarative Lpgg-formula may contain the inquisitive disjunction only in the
scope of an epistemic modality.

To deal with questions inquisitive semantics replaces the notion of truth with the
notion of support. Unlike truth, which is a relation between possible worlds and
formulas, support is a relation between information states and formulas.

Possible worlds can be defined simply as functions assigning truth values to atomic
formulas. Information states are defined as sets of possible worlds. We will call in-
formation states defined in this way concrete states to distinguish them from abstract
states that will be introduced in the next section as primitive entities of our general
framework. Assume that s C ¢, for two concrete states s and ¢. This means that the
state s excludes every possibility excluded by ¢ and in this sense s is informationally
at least as strong as t. In that case we say that s is a refinement of .

In IEL, sets of possible worlds are not only the objects with respect to which formu-
las are evaluated, they also explicitly encode information states of agents. Moreover,

LA more detailed discussion of issues and their representation can be found below.



the peculiar feature of IEL is that besides information states, agents are also equipped
with issues. An issue is identified with the set of those information states that resolve
the issue. So, while an information state is represented as a set of possible worlds, an
issue is modelled as a non-empty downward closed set of information states, i.e. as a
set of states that contains the empty set and is closed under subsets.

More formally, given a set of agents A, a concrete inquisitive epistemic model is a
triple (W, X 4, V), where W is a non-empty set (of possible worlds), V' is a valuation
specifying which atoms are true in which worlds, more precisely, it is defined as a
function assigning to each atomic formula a subset of W, and ¥4 = {¥, | a € A}
is a set of inquisitive state maps. For each agent a € A there is a map >, that
assigns to each world from W an issue in the model, i.e. a non-empty downward
closed set of subsets of W. ¥,(w) represents the issue of the agent a in the world w.
The information state of the agent a in the world w is defined as o,(w) = |J Xa(w).
Inquisitive state maps are required to satisfy the following conditions:

Factivity: for any w € W, w € o,(w).
Introspection: for any w,v € W, if v € g,(w), then ¥,(v) = X,(w).

Intuitively, factivity requires that the actual world is regarded as possible by the state
of the agent, and introspection means that the agent is aware of her own inquisitive
state, so if the world v is regarded as possible by the agent’s state, then the agent’s
issue in v must be the same as her issue in the actual world.

Given a concrete inquisitive epistemic model, the support relation (F) between
subsets of W and Lpg-formulas of Lgr can be defined by the following recursive
semantic clauses:

e skpiff s CV(p),
o skE Liff s =1,

skE o —iff for any t € P(W), if t E p then sNtE 1,

sEpAYiff sE ¢ and s F 1,

sEeWVYiff sFpor sk .
o sk Ko iff for any w € s, 0,(w) E .
o sFE E,piff for any w € s and for any t € 3, (w), t E ¢.

Our formulation of the semantic clause for implication differs from the one that is
usually used in inquisitive semantics, e.g. in [3, 4]:

e sk ¢ — 1 iff for any u C s, if u F ¢ then u F .

Nevertheless, the alternative formulation is equivalent to the standard clause and we
prefer this particular formulation because, unlike the standard one, it can be smoothly
generalized to the substructural setting introduced in the next section. Let us show
that the clauses are indeed equivalent. First, assume that for any t € P(W), if t F ¢
then s Nt F ¢. Let u C s such that u F ¢. Then, according to our assumption,
sNuE Y, ie ukE Y (since sNu = wu). Second, assume that for any u C s, if u F ¢
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then u F 1. Take any t € P(W) such that t F ¢. Now we have to use the persistence
property (see Theorem 1-b below) to conclude that also sNt E ¢. Since sNt C s, our
assumption implies s Nt E 1.

An Lpg-formula is IEL-valid if it is supported by every state of every concrete
inquisitive epistemic model. Two Lgg-formulas, ¢ and 1, are |IEL-equivalent if ¢ <> 1
is IEL-valid, i.e. if in every concrete inquisitive epistemic model, ¢ and v are supported
by the same states.

It follows from the above clauses that the support condition for the defined symbol
of negation can be specified as follows:

o sFE —piff for any t € P(W), if t Ns # () then ¢t ¥ .

For a motivation of the semantic clauses for the operators of Lg, especially of the
clause for inquisitive disjunction, see [4] or [7]. As regards the epistemic operators,
consider the following examples. Intuitively, an information state s supports the infor-
mation that the agent a knows that p (i.e. s E K,p) iff the information in s excludes
every possible world in which a’s information state does not support p. The informa-
tion state s supports the information that the agent a knows whether p (i.e. s E K,7p)
iff from the perspective of s only such worlds are possible in which the information
state of a resolves the question whether p, i.e. it either supports p, or —=p. Moreover,
the information state s supports the information that the agent is wondering whether
p (i.e. s E E,?7p A —K,7p) iff from the perspective of s only such worlds are possible
in which the information state of a does not resolve the question whether p but the
question whether p is resolved by any refinement of a’s state in which a’s issue is
resolved.

The difference between the two modalities, K, and E,, is illustrated in Figure 1.
The picture represents a part of a concrete inquisitive epistemic model and depicts a
possible world w in which both p and ¢ are true and two information states, s and t.
Assume that the issue of the agent a in w, i.e. ¥,(w), consists of all subsets of the
states s and t.

) t
p,q p,—q
L w
-p,q| TP,q
S

Figure 1: The issue of an agent in a world w

Take the state u = {w}. According to this state, the agent a entertains the question
whether p or ¢ (u E E,(p\ q)) because every state from her issue supports p \V g.
However, she does not know whether p or ¢, i.e. uFE =K,(p\V q), for her information
state, that is the state s Ut, does not support p\V ¢, since it supports neither p, nor q.
As a consequence, the agent wonders whether p or ¢, i.e. uE W,(p\¢q). The following
theorem states the crucial features of the support relation (see [6]).

Theorem 1. In every concrete inquisitive epistemic model:



(a) Empty set property: for every Lpp-formula ¢, ) E ¢.

(b) Persistence property: for every Lpp-formula ¢ and all states s,t, if s F ¢ and
tCsthentFE p.

(¢) Union closure property: for every declarative Lgg-formula o and any set of states
X, if sk a, for each s € X, then |J X F «.

Note that for declarative formulas the persistence property and the union closure
property are together equivalent to the following characterisation of support for declar-
ative Lpg-formulas:

Truth-conditionality of declaratives: s F a iff {w} F « for all w € s.

For the basic propositional connectives —, A, V, — the support conditions at singleton
states boil down to the standard truth-conditions. For example, {w} E —p iff {w} ¥ .
Thus, truth-conditionality of declaratives ensures that the set of IEL-valid formulas
in the language restricted to these connectives is identical with the set of classical
tautologies.

Every Lpp-formula ¢ can be associated with a finite set of declarative formulas
R(y) called resolutions of ¢. The function R is defined by the following recursive
clauses:

e R(p) ={p}, R(L) ={L},
Ka@) = {Ka90}> R(Ea(p) = {Ea90}7

R(
R(
Rlp = ¢) = {Naerpy @ = f(@) [ [ R(#) = R(W)},
R(
R(

pAY)={aNB|aeR(p),B R},
PV ) =R(p) UR(Y).

It holds for any declarative a that R(a) = {a}. If R(¢) has more than one element
then ¢ represents a question and the elements of R(y) can be viewed as possible
direct answers to the question ¢. The connection between ¢ and R(yp) is stated in the
following theorem together with disjunction property and its strengthened variant, the
so-called splitting property (for more details see [3], [6] or [4]).

Theorem 2. For any Lpp-formulas p,:

(a) Disjunctive normal form: if R(¢) = {a1,...,a,} then ¢ is |[EL-equivalent to
a1 V... \Va,.

(b) Disjunction property: if ¢ \V ¥ is |EL-valid then ¢ is |EL-valid or 1) is |IEL-valid.

(c¢) Splitting property: for any declarative Lgg-formula o, if « — (p\W) is IEL-valid
then a — ¢ 1s |[EL-valid or o — 1 is |[EL-valid.



Table 1: Axiomatization of inquisitive epistemic logic IEL

Axioms of Basic Inquisitive Logic

INT  Axioms of intuitionistic logic, with \ in the role of disjunction
Split (v = (W) = ((a = )V (o = ¢)), for declarative «
DN  ——a — «, for declarative o

Modal axioms:

El  Eup = ¢) = (Eap = E) E2  E.p — E.E.p

E3 E,a — «, for declarative « E4 —-FE,o — E,~FE,p

Kl Ko =) = (Kup = K1) KD K,(oWv) <+ (K. V K.)
KE FE,a <+ K,«a, for declarative «

Rules:
MP o0 = 9/Y
NecE  ¢/E,p
NecK ¢/ K,p

The set of IEL-valid Lgg-formulas is axiomatized by the Hilbert system presented
in Table 1. For a completeness proof, see also [3]. The axioms INT, Split, DN plus
the rule MP, when formulated in the language L, axiomatize what is known as Basic
Inquisitive Logic (IngB). The most distinguishing feature of IngB is the Split axiom
that plays a key role in the proof of the syntactic counterpart of the disjunctive normal
form theorem. Notice that in the presence of the Split axiom disjunction property is
equivalent to splitting property. We will formulate this claim more precisely in Section
4 (Lemma 5).

The axioms E1-E4 plus K1, and the rules NecE, NecK are standard principles of
epistemic logic extrapolated to the language with questions. The axioms KD and KE
are specific principles of inquisitive epistemic logic. The axiom KD has a very intuitive
meaning. For example, the agent a knows whether p or q, i.e. K,(p\/q), iff either the
agent knows that p, or she knows that ¢, i.e. K,pV K,q. The axiom KE says that the
modalities F, and K, can differ only if they are applied to questions.

A peculiar feature of all versions of inquisitive logic proposed in the literature is
that they are closed under substitutions of declarative formulas but not under uniform
substitution. This holds also for IEL. The fact that IEL is closed under substitutions
of declarative Lpgg-formulas is evident from the formulation of the axiomatic system
since every axiom and every rule allows this type of substitution. All the restrictions
to declarative formulas are necessary. For example, we have illustrated above that
E.(p\ q) and K,(p\ q) are not |EL-equivalent which shows that the axiom schema
KE cannot be strengthen to the full language Lpg.



3 Non-Classical Inquisitive Epistemic Semantics

In this section, we generalize the semantics of IEL in a way that allows the background
logic of declaratives to be non-classical. The reasons for such a generalization are
mathematical as well as philosophical. The mathematical reasons are that we want
to isolate the general mathematical features of the semantics of IEL that are respon-
sible for the characteristic properties of inquisitive semantics such as those expressed
in Theorems 1 and 2. We will show that if we extract such features and define the
semantic structures through these features (see Definition 3 below) we will obtain a
class of semantic models that is much broader than the class of concrete inquisitive
epistemic models, and that nevertheless preserves all the essential mathematical prop-
erties of inquisitive semantics expressed in Theorems 1 and 2. On the syntactic side
we will see that this class of models corresponds to a logic of declaratives that is much
weaker than classical logic. This shows that only a fragment of classical logic is needed
for the inquisitive disjunction to behave properly and interact in a suitable way with
the other operators, including the epistemic modalities. Such a fragment of classical
logic is embodied in our basic logic InqgSE that will be introduced in the next section.

The philosophical reasons for this generalization concern the well-known problems
of classical logic that have been discussed over more than one hundred years, especially
since the work of C.I. Lewis (e.g. [12]). There is a widespread intuition that some
features of classical logic are problematic, as for example the validity of the following
formulas:

(pA=p)—=aq,p—=(q—=p),~(p—=q¢ —=p, P—=qV(—r).

It seems that, at least in a sense, these forms are invalid and the aim of non-classical
logics is to avoid them. If one admits that such forms are problematic, one can notice
that these problems project to the inquisitive and epistemic layer of IEL. For a simple
example, consider the formula —~(p — ¢) — p. In words: if p does not imply q then p is
true. This is classically valid, and thus K,—(p — ¢q) — K,p, i.e. if a knows that p does
not imply q, then a knows that p, is |IEL-valid. As a consequence, K,—(p — q) — K,7p,
i.e. if a knows that p does not imply q, then a knows whether p, is also |EL-valid.

The aim of this paper is neither to analyse the exact nature of such problems, nor
to find an optimal logic that avoids them. Instead, we just acknowledge that there
are some well-known questionable features of classical logic that affect also IEL and
that in general motivate the investigation of its non-classical variants. Our aim is to
propose a general semantic framework that is as flexible as possible, so that it is not
dependent on the questionable features of classical logic, but, at the same time, it still
preserves the essential properties of IEL, and thus it allows us to analyze questions
and their interaction with the epistemic operators in the style of inquisitive semantics.
Though we will discuss in the next section a concrete logic InqSE, which is the weakest
logic determined by our framework, we do not claim that this is the optimal inquisitive
epistemic logic. Our framework is designed for a very large class of logical systems,
including the system IEL itself, and InqSE is just a lower bound of these systems.

A similar project, but focused on the language of inquisitive logic without the
epistemic modalities, was pursued in [15]. However, it turns out that the seman-
tics proposed in [15] is not suitable for our present purpose. The reason is that the
mentioned semantics does not have the means to simulate, on a more general level,



the interaction between the layer of worlds and the layer of states that is crucially
exploited in |IEL in the semantic clauses for the modal operators. To be able to han-
dle the modalities we need to preserve this feature of the basic inquisitive semantics,
namely the presence of the two distinct layers. Instead of following the strategy of
[15], we will rather generalize the approach of [16], where a semantics for the inquisi-
tive extension of one particular logic, namely the relevant logic R, was developed, and
where the two-layered character of the basic framework was preserved. This approach
is also akin to Fine’s relational-operational semantics for relevant logic [11].

To allow the weakening of classical logic we will have to replace possible worlds
with something more general. For this purpose, we will use the key notion of situation
semantics [1], namely the notion of a situation. A crucial feature of situations is that
they are (typically) partial. A situation represents only a part of a bigger reality.
In this respect, situations contrast with possible worlds, which are complete in the
sense that every sentence of a given language is true or false in them. Unlike worlds,
situations may be related one to another in a variety of ways: they can overlap, one
situation can be a part of another situation and so on. Hence, a space of situations has
much more fine-grained and richer structure than a space of possible worlds. Barwise
and Perry demonstrated in [1] that this extra structure can be effectively exploited
when one wants to analyse the meaning of various kinds of utterances.

In the semantics of IEL, information states are represented as sets of possible worlds.
If w ¢ s, for a world w and state s, then the world w is not compatible with the
information represented by s and thus, in this sense, it is not an open possibility from
the perspective of s. The role of information states is to determine which possible
worlds are excluded and which are not. In our framework, information states will play
the same role with respect to situations. Hence, the role of an information state is to
determine, in an analogous way, which situations are excluded and which are not. For
technical reasons we will need to require a persistence property that can be vaguely
stated in the following way:

P If a situation ¢ is not excluded by the information state s, then no possible
extension of t is excluded by s.

This requirement can be accepted if we understand situations in a modal way: A
situation ¢ does not determine only what is true and what is false in it but it determines
also what are its possible extensions, that is, what are the situations that have t as one
of their parts. Then if an information state s is not compatible with a situation u which
is, from the perspective of ¢, a possible extension of ¢ then s is also not compatible
with ¢ itself. This is just an equivalent formulation of the persistence property P.

In the semantics of IEL singletons are special information states that characterize
completely a single possible world. Algebraically speaking singletons are completely
join-irreducible elements in the Boolean algebra of information states, i.e. exactly
those states that are different from the bottom element and cannot be expressed as
non-empty unions (joins) of other states. In our generalized framework we will allow
for algebras of information states that are not Boolean. In the abstract framework
we will identify a situation with the information state that characterizes the situation
completely. The specific algebraic feature of such a completely characterizing state
will be the same as in the semantics of IEL: it is a completely join-irreducible element
in the algebra of information states.



Definition 1. Let L = (S,C) be a complete lattice (of information states) where, for
any X C S, | |X denotes the join of X w.r.t. C. An element s € S is called a
situation in L iff it is completely join-irreducible, i.e., for any X C S, if s = | | X then
s =t, for somet e X.

Given a lattice of information states, s C ¢ can be understood in accordance with
the semantics of IEL as meaning that the state s is a refinement of the state t. Moreover,
if s is a situation, we regard s as a possibility that is not excluded by the state ¢t. In
the semantics that we will propose, it will be assumed that every state s is completely
determined by the set of situations that are not excluded by s, in particular, s is
determined as the join of this set. If s C ¢ for two situations, s and ¢, we may also say
that the situation ¢ is a part of the situation s.

We will also need the notion of an issue. Intuitively, an issue can be viewed as
a demand of an agent to possess knowledge concerning some matter, i.e. to reach a
sufficiently rich information state. Formally, an issue is represented by the set of those
information states that resolve the issue, i.e. those that satisfy the demand. As in the
semantics of IEL, we will assume that if a state resolves an issue then any refinement
of the state resolves the issue as well. In other words, the set of states resolving the
issue is downward closed. Moreover, we will assume that there is an inconsistent state
that trivially resolves every issue. This determines the defining conditions of an issue.

Definition 2. Let L = (S,C) be a complete lattice (of information states). An issue
i L is any non-empty subset of S that is downward closed w.r.t. C.

Now we can define the semantic structures of our general framework.

Definition 3. An abstract epistemic information model (AEI-model, for short) is a
structure M = (S,C,C,-, 1,54, V) such that

(a) (S,C) is a complete lattice (of information states),
(b) every state from S is identical to the join of a set of situations,
(¢) - is a binary operation on S with respect to which 1 is a left-identity: 1-s = s,

(d) M, i.e. the meet w.r.t. =, and - distribute over arbitrary joins from both direc-
tions, that is, for any s € S, and any X C S:

s X =|Hs-t|teX}and| | X -s=|Nt-s|teX},
sAX =|H{snt|teX}and | | XNs=|[{tMNs|te X},
(e) C is a symmetric relation among the states of S,
(f) sC(L1X) iff there ist € X such that sCt,

(9) ¥4 = {23, | a € A}, where each %, is a function assigning issues to situations
and satisfying for any situations s, t: if s Tt then Y,(s) C X,(1),

(h) V(p) € S.
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As in the semantics proposed in [15], C' represents a compatibility relation among
states. Intuitively, compatibility between two states means that the two states do not
support mutually incompatible pieces of information. The left-to-right implication of
the condition (f), when combined with the condition (b), boils down to the requirement
that if a state is compatible with another state, then the former has to be compatible
with a situation that is not excluded by the latter. The right-to-left implication of
(f) amounts to saying that if a state is compatible with another state then it must
be compatible with any weaker state. The operation - represents fusion of two states,
the state 1 represents the logical state with respect to which the “logic” of the model
will be defined. However, note that the state 1 does not have to be the top element
in the structure. A more detailed discussion of how the compatibility relation, fusion
and the logical state may be interpreted can be found in [16].

For each agent a, X, represents an inquisitive state map assigning to each situation
an issue interpreted as the issue of the agent in that situation. The monotonicity
condition expressed in (g) for the inquisitive state maps intuitively says that if a
situation s is a refinement of a situation ¢, that is, if ¢ is a part of s, then any state
that resolves the agent’s issue in the stronger situation s resolves the agent’s issue
also in the weaker situation ¢. A valuation is a function that assigns to every atomic
formula an informational content. It is assumed in (h) that this informational content
forms a single information state that is present in the lattice of information states.

Given an AEI-model M = (S,C,C,-,1,%X 4, V), the set of situations in M will be
denoted as Sit(M). For any s € S, Sit(s) denotes the set of situations that refine s,
i.e. Sit(s) = {t € Sit(M) | t C s}. One can easily verify that (b) from Definition 3 is
equivalent to s = | | Sit(s), for every state s.

Note also that since the lattice is complete, it has the least element that can be
denoted as 0. The state 0, which can be conceived of as representing the trivially
inconsistent state, is not a situation. Nevertheless, it can be expressed as a join of a
set of situations, namely the join of the empty set, for it is the case that 0 = | |0.
Since - distributes over arbitrary joins from both direction, it holds for any state that
s-|J0=1]0=[]0-s,ie s-0=0=s-0. Distributivity of fusion with respect to
joins also implies monotonicity of fusion, i.e.:

eifsCtanduC vthens-uCt-v

Moreover, since situations are completely join-irreducible, and the meet distributes

over arbitrary joins, the following holds for every situation s and every set of states
X:

o if s C | | X then for some t € X, s C t.

AEI-models can serve as semantic structures for a language of substructural logics
enriched with inquisitive disjunction and the epistemic modalities. We will denote it
as Lgp and define it as follows:?

p=plL]t|-ple=0|loAp|le@e|oeVe|peVe | K| Eyp

2For the sake of simplicity, we will have only one implication in the language, even though we
do not generally require that fusion is commutative. If needed the second implication may be easily
added into the language.
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In contrast to Lpg, negation — and the non-inquisitive disjunction V are not regarded
as defined symbols in Lgg. Equivalence <+ will be still regarded as defined by means
of conjunction A and implication —. The constant t is a constant for logical truth
and ® is intensional conjunction known from substructural logics. In general, it is
still not completely clear how exactly this connective relates to natural language but
it plays an important role for example in fuzzy logic, linear logic, or relevant logic. Its
significance for the analysis of reasoning in the context of relevant logic was discussed
in great detail, for example, in [17].

We intend to interpret the modal operators similarly to how they are interpreted
in IEL. However, in the basic general setting we do not impose such restrictions as
factivity and introspection that are assumed in IEL. As a consequence, K,a can be
hardly read as “the agent a knows that a” because on the syntactic side we will
not have the characteristic principle of knowledge K,a — «. For a declarative Lgg-
formula «a, the formula K,a should be rather read as “a holds according to the a’s
information” (without implying that the information is correct). Correspondingly, for
a question ¢, the formula K,a should be read as “p is resolved by a’s information”.

In accordance with the semantics of IEL we will denote the information state of the
agent a in the situation s as 0,(s) and we define:

0a(s) = [ Za(s).
Then the support conditions are defined as follows:
e slEpiff sC V(p),

e sk Liff s =0,

slFtiff sE 1,

sk = iff for any t € .5, if tC's then t I ¢,

sl —iff forany t € S, if tIF ¢, then s -t I 1),

sl Ay iff sl- @ and s -,

slF @ ®1iff for some t,u €S, sCt-u, tlkpandul-,

sV iff for some t,u e S, sCtUwu, tlFye and ulkF 1,

slFpwvyiff slF e or sk,
o sl K,piff for any t € Sit(s), o,(t) IF ¢,
o sl E,p iff for any t € Sit(s) and for any u € X,(t), u IF ¢.

We define Th(M) as the set of Lgg-formulas supported by the state 1 in M. If
p € Th(M), we say that ¢ is valid in M. We say that ¢ is InqSE-valid if it is valid in
every AEI-model. ¢ and 1 are InqgSE-equivalent if ¢ <> v is InqSE-valid. Moreover, we
say that a set of Lgp-formulas I' InqSE-entails an Lgg-formula ¢ if for any AEI-model
M and any state s in M, if s supports every formula from I'" then s supports ¢.

Lemma 1. For any AEI-model M and for any Lsg-formulas ¢, @1, ..., ¢0n, ¥:
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(a) @ — 1 is valid in M iff for any state s in M, if sk ¢ then s - 1,

(b) {1,...,0n} InaSE-entails 1 iff (o1 A ... A pn) — ¥ is InqSE-valid.

Proof. (a) 11 ¢ — ¢ iff for any state s, if s |- ¢ then 1- s I 9 iff (since 1-s = s) for
any state s, if s IF ¢ then s I .

(b) {¢1,...,¢n} IngSE-entails ¢ iff for any AEI-model M and any state s in M,
if s supports ¢1 A ... A ¢, then s supports ¢ iff (using (a)) for any AEI-model M,
(p1 Ao Ay) = ¢ is valid in M iff (o1 A ... Ag,) — 9 is IngSE-valid. O

Lemma 1-b cannot be extended to the standard semantic version of the deduction
theorem. For example {p, ¢} InqSE-entails p but {p} does not InqSE-entail ¢ — p.

It is useful to observe that at situations, the support conditions for the modalities
K, and E, may be significantly simplified.

Lemma 2. For any situation s of any AEI-model, and any Lsg-formula ¢:

(a) sk K, iff oq(s) IF o,
(b) sl E.p iff for any t € 3,(s), t I .

Any concrete inquisitive epistemic model can be viewed as a particular example
of an AEI-model where S is the powerset of the set of possible worlds W, C is the
subset relation, sCt is defined as s Nt # (), fusion - coincides with intersection, and
1 is identical to the set W. Situations in these models are singletons. To build
an intuition concerning our abstract framework it might be illuminating to view the
conditions defining AEI-models in Definition 3 as a collection of some abstract features
of concrete inquisitive epistemic models. The support conditions for atomic formulas,
and connectives of the language Lpg also directly generalize corresponding semantic
clauses of IEL. An important fact that we will now explain in more detail is that the
crucial semantic features of IEL are preserved in this generalization.

Definition 4. The set of declarative formulas of the language Lsg is defined as the
least set that contains every atomic formula, the constants L and t, is closed under —,
—, A\, ®, V, and contains K,p and E,p for every Lgg-formula ¢.

We will usually use «, 3,7 as variables for declarative Lgg-formulas and ¢, 9, x
as variables for arbitrary Lgg-formulas. As in Lpg, declarative Lgg-formulas may
involve inquisitive disjunction but only in the scope of the modalities K, and FE,.
The following result is a generalization of Theorem 1. Just instead of the empty set,
inclusion and union, we have now respectively the more general 0, C and | |.

Theorem 3. In every AEI-model:
(a) Zero state property: for every Lsp-formula ¢, 01F ¢.

(b) Persistence property: for every Lsp-formula ¢ and any states s, t, if s - ¢ and
tC s thent - .

(¢) Join closure property: for every declarative Lsg-formula oo and any set of states
X, if sl a, for each s € X, then | | X IF a.
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Proof. Each of these claims can be proved by induction. We will not go through all
the cases but we will illustrate every property with several selected examples of the
inductive steps.

(a) First, we consider the inductive step for ®. Our inductive assumption is that
0IF ¢ and 0 IF 9. Since 0 = 0 -0 we immediately obtain 0 I+ ¢ ® ¥. Second, we
consider the inductive step for —. For any t, it holds that ¢ - 0 = 0. So, by the
inductive assumption, if ¢ I- ¢, then ¢ - 0 IF ¢, i.e. 01F ¢ — 9. For K, and E,, (a) is
simply a consequence of the fact that Sit(0) is empty.

(b) First, we consider the inductive step for =. Assume that s IF = and ¢t C s.
Let uCt. Then, due to the right-to-left implication of (f) in Definition 3, uC's, and
so u W . Hence t IF —p. Second, we consider the inductive step for —. Assume
sl —1YandtCs. Let ulk@. Then s-ul- 1. Since t - u C s - u, the inductive
assumption implies ¢ - u I ¢, and thus ¢ IF ¢ — 9. The inductive step for modalities
follows from the fact that s C ¢t implies Sit(s) C Sit(t).

(c) First, we consider the inductive step for V. Assume that s - a Vv 3, for any
s € X. Then for any s € X, there are t, and u, such that ¢, IF «, us IF 8 and
s C ts Uu,. Then, by the induction hypothesis, | | ..y ts IF a, | |,cy us IF . Since also
L X E | yex ts U ],ex us, we obtain | | X IF aV 3. Second, we consider the inductive
step for implication. Assume that s IF o« — 3, for any s € X. Let t € S such that
tI-a. Then, s-tI- 3, for any s € X. By the inductive assumption | |, (s -t) IF /.
Then due to distributivity of fusion over join (Definition 3-d) | | X -t I 5. Hence
| ] X IF o« — . The case of K, can be proved as follows: Let X be a set of states
such that for any s € X, s IF K,p. Let t € Sit(| | X). Since t is completely join-
irreducible, it follows that ¢ € Sit(s), for some s € X. Hence o,(t) IF ¢. It follows
that | | X I K,p. The case of E, is analogous. O

Since we assume s = | | Sit(s), we obtain also a version of truth-conditionality for
declarative Lgg-formulas, as a consequence of the persistence property and the join
closure property.

Truth-conditionality of declaratives: s |- o iff t IF « for all t € Sit(s).

The generalization of Theorem 2 also holds but we will leave its proof to the next
section.

4 Non-Classical Inquisitive Epistemic Logics

In this section, we will provide a syntactic characterization of the weakest inquisi-
tive epistemic logic and its extensions. An axiomatic system for which we will prove
completeness with respect to the class of all AEI-models is presented in Table 2. If
@ is provable in this system we say that it is InqSE-provable. The non-inquisitive
and non-modal part of this system corresponds to distributive, non-associative, non-
commutative Full Lambek Logic with a paraconsistent negation, and with only one
implication. To be more precise, the underlying substructural logic corresponds to
Dosen’s basic system ET from [9] enriched with the axiom A2 for L, the distributive
axiom D1 and the rules R7, R8, R9 for t and —. The non-modal part also corre-
sponds to the basic substructural inquisitive logic introduced in [15] extended with
the distributive axiom D1. Note that the modal rules present a weak modal basis
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and the specific principles of inquisitive epistemic logic, i.e. the axioms KD and KE,
are preserved in our generalization. The formulation of the system makes it obvious
that the set of InqSE-provable formulas is closed under substitution of declarative Lgg-
formulas but, like IEL, it is not closed under uniform substitution. This is clear form
the fact that, for example, the formula K,p <> E,p is an axiom of the system (as an
admissible instance of the schema KE) but since the system is weaker than IEL not all
substitutional instances of this formula are provable in the system.

For the language Lsg we introduce the notion of resolution defined by the following
equations, which extend the definition of resolution for the language Lpp in a natural
way:

e R(p) = {p}, R(L) ={L}, R(t) = {t},

o R(Kup) = {Kap}, R(Eap) = {Eap},

* R(—¢) = {Aaeriy) ~a}

* R = ¥) ={Aueripy @ = fla) | [ : R(p) = R(¥)},

e R(poy) ={aof | acR(p),s € R}, for any o € {A\, ®,V},
* RlpWV1) =R(p) UR(Y).

A crucial feature of the logic InqSE is that it is sufficient for the disjunctive normal form
result, i.e. every Lgg-formula ¢ is provably equivalent to the inquisitive disjunction
of the declarative Lgg-formulas from R(y).

Lemma 3. Let ¢ be an Lgg-formula and R(p) = {ou,...,a,}. Then the formula
@ <> (1 V...V ay,) is InqSE-provable.

Proof. This can be proved by induction on the complexity of the formula ¢. The
distributive axioms D2-D6 are used in the proof. The most complex case is the in-
ductive step for implication which is handled by the axiom D6. The inductive steps
for =, —, A, ®,V,\ can be proved as in [15] where a parallel claim was formulated
for a language without the epistemic modalities and logic without the distributive
axiom D1. The inductive steps for modalities follow directly from the definition of
resolutions. O]

The following result expresses soundness of the system.

Lemma 4. FEvery aziom in Table 2 is valid in every AEI-model and every rule in
Table 2 preserves validity in every AEI-model.

Proof. We will not go through all the axioms and rules. Instead we will select only
several interesting cases as an illustration. Let us fix any AEI-model M with a set of
states S. We will often use Lemma 1 without reference. As examples of non-modal
axioms, we will prove validity of A5 and AS.

A5: Assume s IF ¢ in M. Due to the zero state property (Lemma 3-a) 0 I ¢, for
any Lgp-formula . Moreover, s C s 110 and thus s |- ¢ V 9.

AS8: Let s IF a V a, for a declarative a. So, there are t,u € S such that s C ¢ U u,
t IF o and u IF a. Due to the join closure property (Lemma 3-¢), t U u IF «, and
consequently, due to the persistence property (Lemma 3-b), s IF a.
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Table 2: Axiomatization of the weakest substructural inquisitive epistemic logic InqSE

Non-modal axioms:

Al p—op

A3 (pAY) =

A5 p = (pVY)

AT (pV) = (Y V)
A9 o — (W)

Modal axioms:

A2 1 —op

Al (pAY) =9

A6 Y — (o V)

A8 (aVa)— a (for declarative «)
A10 ¥ — (W)

KD Ko(p W) & (Kap V Ka)
KE K,o <+ E,« (for declarative «)

Distributive axioms:

DI (A (VX)) = ((pA
D2 (p® VX)) — (¢
D3 (oA (WWVx))— (¢
D4 (p®@ (VX)) — ((¢
D5 (eV(pWVx) = ((¢
D6 (a— (¥ W)

Non-modal rules:

RL w0 = ¢/y

R3 x—=o,x=¢/x = (0eAY) R4 o= x, ¢ = 9/(pVY) = (
R5 o=@ —=x)/(p@¢¥)—=x R6 (@)= x/p—= (¥ —x)

R7T t—p/p
RO ¢ = /¢ — —p

Modal rules:

Y) V(e Ax))

V)V (p® X))
AY)WV (P A X))
@ Y)WV (¢ @ x))
VY)WV (e VX))

) = (( = Y)WV (a0 — x)) (for declarative «)

R2 ¢—=v/(¥—=x)— (¢ —=x)
X V1)

R8 ¢/t — ¢
RI0 ¢ = x, ¥ = x/(¢WVY) —

MRl ¢ = ¢/E,p — E;ip MR2  E,p A Ep/E.(p A)
MR3 ¢ —=¢/K,p = K, MR4 K,p AN K 0/ K,(o A1)
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We will prove soundness of the modal axioms. Since o,(s) = | | X4(s), soundness of
KE holds due to the join closure property and the persistence property. Let us prove
KD.

KD(—): First, assume that s |- K,(p \V ®). That means that for any ¢t € Sit(s),
0.(t) supports ¢ or g,(t) supports ©. Let Sit?(s) = {t € Sit(s) | oa(t) IF ¢} and
Sit?¥(s) = {t € Sit(s) | o.(t) IF }. It holds that for every ¢t € Sit?(s), t IF K,p
and for every t € Sit¥(s), t IF K,1. Since support of declarative formulas is closed
under arbitrary joins, it holds that | | Sit?(s) I- K, and | | Sit¥(s) I+ K,1. Moreover,
(L] Site(s)) U (] Sit¥(s)) = | |(Sit?(s) USit¥(s)) = || Sit(s) = s. So, s I+ K,V K,1).

KD(<): Second, assume that s |- K,p V K,1. Then there are states sq, s such
that s C s1 U sy and s1 IF K, and sy IF K10, Take any t € Sit(s). Then t C sq L s9
and thus ¢ T sy or t T s9. So, t € Sit(sy) or t € Sit(sg). It follows that o,(t) IF ¢ or
0.(t) IF . Hence, o,(t) IF ¢ WV ¢ and consequently (since ¢ is an arbitrary element of
Sit(s)) sk Kq.(p W ).

As examples of distributive axioms, we prove D2 and D6. D2: Assume s IF ¢ ®
(¥ Vx). So, there are t,u € S such that t IF ¢, u I- ¥V y, and s C ¢-u. Then, there are
Uy, ug € S such that uy IF 1, ug IF x and u C uy Uwuy. It follows that ¢ - uy IF o ®1) and
t-uy IF o ® x. Moreover, due to monotonicity of fusion and its distributivity over join
(Definition 3-d) s Ct-u C ¢+ (ug Uug) = (t-up) U (t-ug). Thus, sk (¢ ®@1Y)V (0 X).

D6: Assume s ¥ a — 1 and s ¥ o — x, where « is declarative. Then there are
t,u € S such that t I a but s-t ¥ 1, and u IF a but s-u ¥ x. Due to the join closure
property, t Lu I o, and due to the persistence property (s-t) U (s-u) ¥ ¥\ x. Since
join distributes over fusion (Definition 3-d), it holds that s - (¢t U wu) = (s-t) U (s - u),
and we obtain s ¥ a — (Y WV x).

As an example of a non-modal rule, let us consider R6: Assume 1 IF (p ® ¥) — x.
We will prove 1 Ik ¢ — (¢ — x). Assume s |- . We need to show that s IF ¢ — .
Let t I 4. Then s-tIF ¢ ® 1Y, and hence s -t I y, which is what we needed to show.

As an example of a modal rule, we will prove that MR1 preserves validity. Let
LIF ¢ — . Assume that s IF E,p, i.e. for any t € Sit(s) and any u € 3,(¢), u IF .
Then for any ¢t € Sit(s) and any u € £,(t), u I ¢, and thus s I E,). We have shown
that 11F E,po — E,. O

Lemmas 3 and 4 together directly lead to a generalization of Theorem 2-a, that is,
to the semantic version of the disjunctive normal form. We will now describe a general
construction of canonical models that can be used to obtain completeness results. This
construction can be carried out for any axiomatic extension of InqgSE. Such extensions
will be called inquistive epistemic logics.

Definition 5. A set of Lsg-formulas A is called an inquisitive epistemic logic if it
satisfies the following three conditions: (a) A contains all the instances of the axioms
of InqSE (from Table 2); (b) A is closed under the rules of InqSE (from Table 2); (c) A
is closed under substitutions of declarative formulas (i.e. if o € A and 1) is obtained
from ¢ by the substitution of a declarative formula for every occurrence of some atomic
formaula, then vy € A). We say that A is a constructive inquisitive epistemic logic, if, in
addition, inquisitive disjunction has the disjunction property w.r.t. A, i.e. o\ € A
only if p € A ory € A. We say that A has the splitting property if for any declarative
Lsg-formula o, if a — (W) € A thena — @ € A or o — ¢ € A.

17



It turns out that in the presence of D6, disjunction property and splitting property
are equivalent.

Lemma 5. Let A be an inquisitive epistemic logic. A is constructive iff A has the
splitting property.

Proof. First, assume that A is constructive. Assume a — (pW1) € A. Then, applying
D6, we obtain (v — )WV (o — ©) € A, and disjunction property implies & — ¢ € A
or « — ¥ € A. Second, assume that A has the splitting property. Assume that
W € A. Using R8, we obtain t — (¢ WV ) € A. By splitting property, t — ¢ € A
ort — ¢ € A. Applying R7, we obtain ¢ € A or ¢ € A. O

For any inquisitive epistemic logic A we define the notion of a declarative prime
A-theory.

Definition 6. Let A be an inquisitive epistemic logic and A a set of declarative Lgg-
formulas. A is called a (declarative) A-theory if it is non-empty and the following
two conditions are satisfied for any declarative Lgg-formulas o, 5: (a) if « € A and
BeA thenaNBeA; (b)ifae Aanda— €A then f € A. A is prime if, in
addition, a vV B € A implies o« € A or € A.

It is worth mentioning that if A contains all the instances of the schema o — (f —
(aw A B)), as for example classical and intuitionistic logic do, the condition (a) in the
previous definition becomes redundant. However, this schema is not InqSE-provable
so we need to retain the condition in the definition.

Let A be an inquisitive epistemic logic and A a set of Lgg-formulas. We will write
A Fp @ if there are ¢, ..., 1, € A such that (Y1 A ... Ay,) — ¢ € A. In the special
case when A is a A-theory, and so is closed under A, the condition simplifies: Ak ¢
iff there is @ € A such that @« — ¢ € A. Note that A has the splitting property
iff the following condition hodls: For any A-theory A and any Lgg-formulas ¢, ), if
AFpr oW then Ay por Ay .

We have remarked in the previous section that the deduction theorem for InqSE-
entailment does not hold. Correspondingly, the syntactic version of the deduction
theorem for 5 does not generally hold: A U {p} Fx % is not generally equivalent to
A Fp o — 1), since (x A @) — 1 is not provably equivalent to x — (¢ — 1) in the
basic logic.

Unlike in [15], we assume in this paper that our basic logic InqSE contains the
distributive axiom D1. This assumption is crucial for our approach since it allows us
to prove the following lemmas that will be needed in the construction of the canonical
model.

Lemma 6. For any set of Lsg-formulas A, any Lsg-formulas ¢, and any declarative
Lsp-formula o:

AU{oVY}tFpyaiff AU{p} Fx a and AU{Y} Fp a.

Proof. We prove only the right-to-left implication. Assume A U {p} Fx o and A U
{t} Fa a. So, there are ny, ... n, € Asuch that (mA.. .An,Ap) — a € A and there are
Wiy € Asuch that (AL AppAY) = a € A Let & =m A A A A A .
Then (§ANy¢) - a € Aand (§ANY) — o € A. Due to A8, R4 and transitivity of
implication, ((§ A @)V (EAY)) — a € A. Due to D1 and transitivity of implication,
it follows that ({ A (¢ V¢)) — a € A, and thus AU {p V ¥} F, a. O
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Lemma 7. For any inquisitive epistemic logic A and any A-theory I, it holds that
I' = N{A prime A-theory | I' C A}, that is, every A-theory I' is identical to the
intersection of the prime A-theories that extend T'.

Proof. Let X = {A prime A-theory | I' C A}. It is obvious that I C () X. To prove
that also (X C I, we need to show that for any declarative Lgg-formula 5 ¢ I' there
is a prime A-theory A € X such that § ¢ A. This amounts to the usual Lindenbaum-
style lemma. The construction of A is standard. We will recapitulate how it is done
to illustrate how the construction depends on Lemma 6 and thus, in turn, on the
distributive axiom D1. First, we enumerate the declarative Lgg-formulas aq, ao, ...

Next, we define infinite sequence of sets of declarative Lgg-formulas Ag, Ay, ... where
Ao =T and
AnU{an} if Anu{an}%/\ 67
An—&—l - .
A, otherwise.

Finally, we define A = J;2, A;. It can be easily shown that A is a A-theory which does
not contain #. To show that A is prime, assume o; ¢ A and o; ¢ A, ie. AU{o;} A B
and AU{a;} Fa B. Now, Lemma 6 implies AU{a;Va;} Fa ,and so a; Va; ¢ A O

Every inquisitive epistemic logic will be associated with a canonical structure.
Prime A-theories will be used in the definition of the canonical structure but a specific
feature of this construction is that a point in the canonical structure is not a single
prime A-theory but rather a set of prime A-theories. In the definition of the canonical
structure, we will use the following notation: For any inquisitive epistemic logic A
let A% denote the set of all declarative Lgg-formulas in A. Moreover, for any sets of
Lsp-formulas A, Qlet A Q={p®v¢ | peApell}

Definition 7. Let A be an inquisitive epistemic logic. The canonical structure of A is
the structure M* = (S CA CA A TA S VY where

o X € SN iff X is a non-empty upward closed (under set inclusion) set of prime
A-theories, that is, X is a non-empty set of prime A-theories such that for any
prime A-theories AT, if ' € X and I' C A then A € X,

e XCAY if XCVY,

o XCMY iff there areT € X and A €Y such that for any declarative Lgg-formula
a, if ~a €T then a ¢ A,

o X - AY = {T prime A-theory | A®@Q CT, for some A€ X, Q€ Y},

o 12 = {T prime A-theory | A C T},

o X € XMNY) iff for any Lsp-formula ¢, if E,po € (Y then there is a € R(yp)

such that o € (X (assuming that Y is completely join-irreducible),
e N cVAp) iffpel.

Note that in every canonical structure there is the least element, namely the state
{Z}, where = is the set of all declarative Lgp-formulas, which is the strongest prime
A-theory. Let us prove a few lemmas concerning the canonical structure.
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Lemma 8. A = (1%, for any inquisitive epistemic logic A.

Proof. First, observe that A? is a A-theory. A? is closed under modus ponens due to
R1. To see that it is also closed under conjunction, assume that «, 3 € A?. Then, due
to R8, t — a,t — 3 € A% Using R3, we obtain t — (a A ) € A?, and hence, applying
R7, a A B € A%

Lemma 7 says that every A-theory is the intersection of the prime A-theories that
extend it. In particular, A = 14, O

Given any partially ordered set .S, it holds for its lattice of upward closed sets
ordered by inclusion that the completely join irreducible elements in the lattice are
exactly the so-called principal upward closed sets, i.e. sets that are generated by a
single point of S. As a consequence, situations in a canonical structure have a simple
form. They are exactly those upward closed sets of prime A-theories that are generated
by a single prime A-theory.

Lemma 9. Situations in a canonical structure M» are ezactly the sets of prime A-
theories of the form T'T = {A prime A-theory | I' C A}, where I is a prime A-theory.

Note that ()" = T'. So, in the light of the previous lemma, the definition of the
inquisitive state maps in the canonical structure can be simplified as follows:

X e XM iff E,o € T implies that there is a € R(y) such that o € () X.

We will verify that every canonical structure satisfies the conditions (a)-(h) from Def-
inition 3.

Lemma 10. For any inquisitive epistemic logic A, its canonical structure M is an
AFEI-model.

Proof. (a) (S*, C) forms a complete lattice. Since there is the largest prime A-theory,
namely the set of all Lgg-formulas Z, the intersection of any set M of non-empty
upward closed sets of prime A-theories is again a non-empty upward closed set, the
greatest lower bound of M in the canonical structure.

(b) Since X = Y{I'" | T € X}, for any X € S*, any state from the canonical
structure is identical to the join (i.e. union) of a set of situations.

(c) We need to show that 14 -4 X = X, for any X € S*. First, we will prove that
1A X C X. Assume that I' € 14 A X, So, there are A € 14 (i.e. A4 C A), and
Q2 € X such that A ® Q C T'. Let us observe that t € A% due to Al and R7. Thus,
t € A, and it follows that t ® a € T', for any o € Q. It holds, due to A1, R7, and R5,
that (t®¢) — ¢ € A, for any Lgp-formula . It follows that 2 C I, and thus I' € X.

We will prove that also X C 1% -4 X. Assume that I' € X. We need to show that
I' € 1A X Tt will be sufficient if we prove that there is A € 1* such that A®@T CT.
As in the proof of Lemma 7, we enumerate the declarative Lgg-formulas aq, ao, ...

Next, we define infinite sequence of sets of declarative Lgg-formulas Ag, Ay, ... where
Ay = A and
A, U{«a,} if there are no declarative Lgg-formulas v € T' and
A1 = 0 ¢ I" such that A, U{a,} Fo v — 6,
A, otherwise.
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Finally, we define A = |J;2,A;. There are no declarative Lgg-formulas v € I' and
9 ¢ I' such that A k5 v — 9, for this property holds for A and is preserved in the
steps from A, to A, and by the union. Moreover, A is a prime A-theory. For
instance, let us verify that o vV § € A implies @« € A or f € A. Assume o ¢ A
and 8 ¢ A. Then there are declarative Lgg-formulas ~;,7 € T' and ~;,7, ¢ T
such that AU {a} Fx v — v, and AU{B} Fx 75 — 5. Let v7 =~ A~y and
v~ =91 V75 . Then AU{a} by y" — v and AU{B} Fx v© — 7. Due to Lemma
6, AU{aV B} Fp vt — ~~. Since v+ € T and v~ ¢ T, it follows that a V § ¢ A.
Now, for any v € I' and § € A it holds that Ay v — (§ ® ), and hence 6 ® vy € T'.
Thus, we have shown that A ® I' C I as required.

(d) Since meet and join coincide respectively with intersection and union in the
canonical structure, meet distributes over arbitrary joins from both directions. We
will show that also fusion distributes over arbitrary joins. Let M be a set of states
and X a state in the canonical structure. We will only show the case X A [ JM =
U{X AY | Y € M}. The following equivalences hold: T' € X -» |J M iff there are
AeX,QelUM st. A Q CTiff there is Y € M and there are A € X, Q €Y s.t.
ARQCTiffTe Y{XAY | Y e M}.

(e) Symmetry of C* is a consequence of the following observation. Due to Al
and R9, ¢ — ——p € A, for any Lgg-formula ¢. Hence, for any A-theories I'; A the
following two conditions are equivalent:

e for any declarative Lgp-formula «a, if ma € ' then a ¢ A,
e for any declarative Lgp-formula a, if o € A then a ¢ T

The conditions (f) and (h) are straightforward. We will finish the proof with (g),
i.e. we will show that for all A-theories I',) A, if T C AT then X, (I'") C ¥,(A"). Let
' C AT, and hence A C T'. Assume X € %,(I'"). We will verify that X € 3,(AT).
Let E,po € A. Then E,p € I' and hence there is o € R(y) such that a € [ X. This
finishes the proof. O

The following lemma states a crucial feature of the inquisitive state maps in the
canonical structures.

Lemma 11. Let A be an inquisitive epistemic logic and I a prime A-theory. Assume

that E,¢p ¢ T. Then there is X € S2(T'T) such that for every a € R(¢), a ¢ N X.

Proof. Assume that E,ip ¢ T'. Let us define Q = {x | E,x € I'}. It holds that
Q Fp Y. (Assume the contrary: Q k5 @, i.e. there are xi,...,x, € Q such that
(X1 A ... Axn) = ¥ € A. Then due to the rules MR1 and MR2 and transitivity
of implication available already in InqSE, (Eux1 A ... A Euxn) — E.p € A. But
Euoxiy -y Eaxn € Iy and so I' by Egt), ie. Egip € T, which is a contradiction.)

Let x1, X2, X3, - - - be a list of all formulas from Q. Let Q=" = {Xy, Xnt1, Xnt2;---}-
Note that, due to A9, A10 and R10, for any Lgg-formulas 7, i, and any set of Lgp-
formulas ¥

MWV ul U Ey Ciff {n} UV, ¢and {u} U, C.

Thus, since {x1} U Q22 ¥ ¢, Lemma 3 implies that there is a; € R(x;) such that
{an} UQZ2F . We set f(x1) = a1. Now assume that f(x1),..., f(xn_1) are already
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defined and it holds {f(x1),.--,f(Xn-1), Xn} U Q=" ¥y . Then there must be

an € R(xn) such that {f(x1),--., f(Xn-1),an} U Q=" ¥y b, We set f(xn) = an.
In this stepwise manner we can define the value f(x) for every y € Q. Let Qf =

{f(x) | x € Q}. It must be the case that Q/ ¥, 1. Otherwise there would be n such
that {f(x1),---,f(xn)} Fa ¥ which would be a contradiction. Now let us define:

X7/ = {A prime A-theory | O/ C A},
Cl(9)) = {a declarative Lgg-formula | Qf 5 a}.

CI1(£2) is the smallest A-theory extending 2/ and X7 is the set of all prime A-theories
extending C1(Q/), so, due to Lemma 7, it holds that

NX7 = ClQf).

Now we will prove that (a) X/ € Z2(T'T) and (b) for every a € R(¢), a ¢ ( X/. To
prove the first part, assume E,x € (I'!, ie. E,x €. So, x € Q and f(x) € /. It
follows that there is a € R(x), namely a = f(x), such that a € () X7. Hence, indeed,
X/ e NI,

To prove the second part, assume, for the sake of contradiction, that for some
a € R(Y), a € X/, Then Q 4 a. It follows that Qf , 1, which is a contradiction.
This finishes the proof. O

We will also need the following facts about prime A-theories that can be proved
using standard Lindenbaum-style constructions similar to those used in the proofs of
Lemmas 7 and 10.

Lemma 12. For any prime A-theory I', and all declarative Lsg-formulas o, B:

(a) if ~a ¢ T then there is a prime A-theory A such that « € A and for any
declarative Lsp-formula ~y, if =y € T then v ¢ A,

(b) if « — 8 & T then there are prime A-theories A, such that T@ A CQ, o € A,
and B ¢ €,

(c) if a® B €T then there are prime A-theories A, Q) such that A@QC T, a €A,
and 8 € €.

To prove the following version of a truth lemma, we will have to use double in-
duction: on the complexity of formula and on modal depth. The modal depth of an
Lsp-formula ¢ is denoted as d(¢) and it is defined in the following way:

d(p) = d(L) = d(t) =0,
d(—p) = d(ep),
(
(

=

o) = max{d(p), d(¢)}, for any o € {—, A, ®,V,V},
d(Kap) = d(Eqp) = d(p) + 1.
One can observe that for any Lgg-formula ¢, if o € R(p) then d(a) < d(yp).

Lemma 13. Let A be an inquisitive epistemic logic, X an upward closed set of prime
A-theories, and o a declarative Lsg-formula. Then X IF a in M® iff a € N X.
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Proof. One can proceed by double induction: The primary induction is on modal
depth, the secondary induction is on the complexity of declarative Lgg-formulas of a
fixed modal depth. More specifically, in the first step, one can prove the lemma for
every declarative Lgp-formula with modal depth 0. The induction hypothesis is that
our claim holds for every declarative Lgp-formula with modal depth strictly smaller
than k (for a positive number k). In the inductive step, one proves that then the claim
also holds for any declarative Lgg-formula with modal depth k, which is proved by
induction on the complexity of formulas of modal depth k. The inductive steps for the
operators on the level k are the same as the corresponding steps on the lower levels
with the exception that the steps for K,, F, appear for the first time on the level 1 of
the primary induction. Let us go through the particular cases.

Atomic formulas: X IFpiff X CV{(p)iff p e T, for any I' € X iff p € [ X.

The contradiction constant: X I+ Liff X = {Z}, where Z is the set of all declarative
Lsp-formulas iff 1 € (X (due to A2).

The logical truth constant: X I-tiff X C 14 iff A C T, forany I' € X iff A4 C NX
iff t € X (due to Al, R7, R8).

The inductive steps for =, —, A, ®, and V can be proved by rather straightforward
arguments with the help of Lemma 12. In particular, (a) of Lemma 12 is used in the
left-to-right implication of the inductive step for —, (b) is needed in the left-to-right
implication of the inductive step for —, and (c) is used in the right-to-left implication
of the inductive step for ®. We will omit the details of these inductive steps and focus
instead on the modal cases. They generalize the corresponding inductive steps in [3].

Assume that our claim holds for every declarative £gg-formula of the modal depth
strictly smaller than k and v is an Lgg-formula (not necessarily declarative) such that
d(¢) = k — 1. We will show the inductive steps from v to F,1 and K.

(a) The inductive step for E,: First, assume that £, € () X. Let I'" € Sit(X) in
MA. This means that I' € X and thus E,i) € T'. Assume Y € SX(T'T). Since E,i € T,
it follows from the definition of X2 that there is 8 € R(¢) such that 8 € (Y. Since
d(f) is strictly smaller than k, we can use the inductive hypothesis and conclude that
Y IF 3 in M?. But then also Y IF 1 in M». It follows that X IF £, in M.

Second, assume that E,v ¢ (1 X. So, there is a prime A-theory I' € X such that
E,sp ¢ T. Since I' € X, I'" € Sit(X). Due to Lemma 11 there is Y € ZX(I'") such
that for each 8 € R(¢), 8 ¢ (Y. Using the inductive assumption, we can conclude
that for each 8 € R(v), Y ¥ 3, and thus Y ¥ . It follows that X ¥ E 1.

(b) The inductive step for K,: First, assume that K, € (1 X. Then K¢ € T,
for every T'T € Sit(X) (i.e. for every I' € X). Let R(¢)) = {fi,...,8.}. Due to the
axioms KD and KE, K, — (E,f1V ...V E.3,) € A. So, E,py V...V E,f3, € T.
Since T' is prime, for some i, E,3; € I'. Thus, for each Y € ¥,(I'"), 8 € Y. By
the induction hypothesis, Y I+ 3;, for every Y € X, (I'"). It follows that |JX,(I'"), i.e.
o4(I'") supports f3;, and hence also 1. Therefore, X |- K .

Second, assume K, ¢ (1 X. So, for some I'" € Sit(X) (i.e. for some I' € X),
K. ¢ T'. Due to the axioms KD and KE, (E,81 V...V E.f6,) = K, € A. Tt follows
that E,6, V...V E,B, ¢ I'. Then for all i, E,8; ¢ I' and it follows from Lemma 11
that for each i there is Y € ,(I'") such that 8; ¢ (Y. By the induction hypothesis,
Y W B;, and hence |J ¥, (I'"), i.e. 0,(T'"), does not support B;. Therefore, o,(I'") ¥ 9
and so X ¥ K. O

Theorem 4. Th(M™*) C A, for any inquisitive epistemic logic A.
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Proof. Assume ¢ € Th(M™), i.e. 14 IF ¢ in M®. Then 1% IF a, for some a € R(yp).
Due to Lemma 13, o € (1%, and hence it follows from Lemma 8 that o € A. But
then also ¢ € A. O

Theorem 5. For any inquisitive epistemic logic A, the following conditions are equiv-
alent:

(a) A C Th(M™M),
(b) A is constructive,

Proof. (a) implies (b): Assume A C Th(M™®). Let o\ € A. Then 1* IF oW1 in
M, and thus 1% IF ¢ or 14 IF 4 in M*. Hence, due to Theorem 4, ¢ € A or ¢ € A.
(b) implies (a): Assume that A is constructive. Take any ¢ € A. So, for some
a € R(p), @ € A, and thus o € (1*. Then, due to Lemma 13, 1* IF «, and thus
1M - in M2, So, ¢ € Th(M™).
]

Theorem 6. Let A be a constructive inquisitive epistemic logic. Then for any upward
closed set of prime A-theories X and any Lsp-formula o, X IF @ in M* iff | X 4 .

Proof. First, assume X I ¢ in M®. Then there is a € R(y) such that X I- a. So,
due to Lemma 13, o € (| X. It follows that [ X Fj ¢. Second, assume [ X Fj .
Since ()X is closed under A, there is 5 € () X such that 8 — ¢ € A. So, applying
Lemma 13 and Theorem 5, we obtain X I 8 and 1* I 8 — . Hence X IF ¢ in
M~ O

Definition 8. Let A be an inquisitive epistemic logic and C a class of AEI-models. We
say that A is sound w.r.t. C if every Lsg-formula from A is valid in every model from
C. We say that A is complete w.r.t. C if A contains every Lsg-formula that is valid
in every model from C. Let M be an AEI-model. We say that A is sound (complete)
w.r.t. M if it is sound (complete) w.r.t. {M}.

Theorem 4 says that any inquisitive epistemic logic is complete with respect to its
canonical model but Theorem 5 adds to that that only constructive logics are sound.
Soundness w.r.t. the canonical model and constructivity coincide.

Corollary 1. If an inquisitive epistemic logic A is sound w.r.t. a class of AEI-models
C and M™ € C then A is constructive and complete w.r.t. C.

We can immediately apply this Corollary to the special case of the logic InqSE.
Since it is sound with respect to the class of all AEI-models and its canonical model
is in this class, we obtain a completeness result for this logic.

Corollary 2. The set of InqSE-provable Lsg-formulas is sound and complete w.r.t.
the class of all AEI-models.

We also obtain analogues of (b) and (c) of Theorem 2 for the logic InqSE.

Corollary 3. The logic InqSE is constructive, i.e., it has disjunction property and
splitting property.
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The logic IngSE is very weak. For particular purposes, stronger inquisitive epistemic
logics might be more suitable. These logics can be obtained syntactically by adding
further axioms or rules, and semantically by imposing further semantic restrictions on
ATE-models. To show some examples of such extensions we introduce the following
terminology. An AEI-model without the valuation will be called an AEI-frame. An
Lsg-formula is valid in an AEI-frame if it is valid in every AEI-model on that frame.
We have been using two sorts of variables for formulas: ¢, 1, , ... as variables for
arbitrary Lgg-formulas and «;, 3,7, ... as variables for declarative Lgg-formulas. If we
take an Lgg-formula and replace all atomic formulas with such variables we obtain
a “schema’”. The concrete formulas of the given form will be called instances of the
schema. For example, K,a0 — « is a schema but since it involves the variable a only
declarative Lgg-formulas are allowed to be substituted for this variable. Hence, e.g.,
K.(p A\ q) — (pAq) is an instance of the schema but K,(pWV ¢) — (pWV q) is not. On
the other hand, K,(p\V q) — (p\ q) is an instance of the schema K,p — ¢. In the
same sense, we will talk about schematic inference rules.

Definition 9. Let C be a class of AEI-frames, S a schema and R a schematic inference
rule. We say that S strongly characterizes C if (1) for every AEI-frame F, F € C iff
every instance of S is valid in F; and (2) if A is an inquisitive epistemic logic that
contains every instance of S, then the frame of M» is in C. We say that R strongly
characterizes C if (1) for every AEI-frame F, F € C iff R preserves validity in every
model on F; and (2) if A is an inquisitive epistemic logic that is closed under the rule
R, then the frame of M* is in C.

Assume that an inquisitive epistemic logic A is determined by a system that consists
of the axioms and rules of InqSE plus a (possibly infinite) set of additional schematic ax-
ioms {A;, Ay, ...} and rules { Ry, R, ...}. Further assume that the schamata A;, As, . ..
respectively strongly characterize the classes of AEI-frames Cp,Cs,... and the rules
R1, R, ... respectively strongly characterize the classes of AEI-frames Dy, Ds, ... Then
it follows from Corollary 1 that A is constructive and it is sound and complete w.r.t.
the class of AEI-models based on frames from (C; N (D;. We will illustrate this
application of Corollary 1 with two simple examples.

Theorem 7. (a) For any agent a, the schematic rules p/E,p and ¢/K,p, where ¢
ranges over arbitrary Lsg-formulas, both strongly characterize the class of AEI-frames
satisfying the condition: for any state s € Sit(1), o,(s) C 1.

(b) For any agent a, the schemata E,a0 — o and K,a — «, where o ranges over
declarative Lgp-formulas, both strongly characterize the class of AEI-frames satisfying
the condition: for every situation s, s C o,(s).

Proof. (a) Let C; be the class of all AEI-frames satisfying the condition: for every
state s, if s € Sit(1) then o,(s) C 1. (1) First, assume that F € C;. Then, due to the
persistence property (Theorem 3-(b)), for any AEI-model on F and any Lgg-formula
v, 1 IF ¢ implies both 1 IF E,p and 1 IF K,p. Second, assume that F ¢ C;. Let us
define the valuation V' so that V(p) = 1. Then 1 Ik p but 1 ¥ E,p and 1 ¥ K,p. (2)
Assume that A is an inquisitive epistemic logic closed under the rule ¢/FE,p or under
the rule p/K,p. We show that the frame of the canonical model is in C;. Assume
[T e Sit(14),i.e. A2 CT. We have to show that | JX,(I'T) C 14, Take any X € %,(T'")
and A € X. We want to show that A € 14, i.e. A C A. Let a € A?. We assume that
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A is closed under ¢/E,p or ¢/K,p. Since E,a is provably equivalent to K,a (due
to KE) we obtain in both cases F,a € A%, Then also F,a € T'. Since X € %,(I'"),
a € X. It follows that a € A.

(b) First note that, due to KE, E,a — a and K,a — « are equivalent already in
IngSE, so it is sufficient to focus only on one of them. We will consider the case of
E,a — «a. The case of K,p — p is proved in the same way. Let Cy be the class of all
AEI-frames satisfying the condition: for every situation s, s C o,(s). (1) First, assume
that F € Cy. Take an arbitrary AEI-model on F. To show that E,a — « is valid in the
model we need to show that for any state s, if s |- E,c then s IF « (see Lemma 1). Let
s Ik E,a. Then, due to KE, also s IF K, and for any t € Sit(s), o,(t) IF o. Applying
the join closure property (Theorem 3-(c)), we obtain | [{o.(t) | t € Sit(s)} IF a. Since
for any t € Sit(s), t C 04(t) and s = | | Sit(s), we have s C | [{o.(t) | t € Sit(s)},
so, by persistence property, s |- «. Second, assume that F ¢ C;. Then there is a
situation s that is not below o,(s). Take a valuation V' such that V(p) = 0,(s). Then
s Ik E,p but s ¥ p. Hence, by Lemma 1, E,p — p is not valid in the frame. (2)
Assume that A is an inquisitive epistemic logic that contains the formula E,a — «,
for every declarative Lgp-formula a. We have to show that the frame of the canonical
model is in Co. Thus we are proving that for every prime A-theory I', TT C (JX,(T'"),
which is equivalent to I'" € X,(I'"). This, in turn, is equivalent to the following:

for any Lgp-formula ¢, if E,p € T" then for some o € R(p), a € T.

Assume E,p € I' and let R(¢) = {a1,...,a,}. Then E,(n V...V a,) € I'. The
system for InqSE allows this derivation:

a; = (aq V...V ay,), for each 1 <i <mn, by A5, A6
(V... WVa,) = (a1 V...Vay,), by R10
E (a1 WV...\WVa,) = E,(aq V...Va,), by MR1

Since E (a1 V...WVay,) € T, we have also E (a1 V...Vay,) € T. Since a; V...V ay, is
declarative, we obtain a; V...V a,, € I'. Since I' is prime, a € I, for some o € R(yp),

which is what we wanted to prove.
O

It follows from Corollary 1 and Theorem 7 that any combination of the rules and
axioms considered in the theorem gives us a constructive inquisitive epistemic logic
that is sound and complete with respect to the class of AEI-models obtained by adding
the respective restricting conditions to the definition of an AEI-model.

We will finish this section with some remarks regarding two possible concerns
related to our semantics. The first one is motivational while the second one is rather
technical.

The first concern can be formulated as follows. With respect to the interpretation
according to which situations are just fragments of bigger reality, it might seem un-
natural to require that every agent must have an information state and an issue in
every situation.
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This problem can be fixed by a slight technical adjustment. We can assume that
the inquisitive state maps are partial functions, so that agents have information states
and issues only in some situations.?

If the agent a has an information state and an issue in a situation s, it will mean that
the value of 3,(s) is defined and we will denote this as s | a. Then the condition (g)
from the definition of an AEI-model (Definition 3) has to be modified in the following
way:

(9)" if s,t are situations such that t | a and s Tt then s | a and X,(s) C 3, (t).
The semantic clauses for modalities also have to be adjusted:

o sk K, iff for any t € Sit(s), t | a and o,(t) IF ¢,

o sl E,piff for any t € Sit(s), t L a and for any u € X,(t): u Ik .

This modification leads to a broader class of models but one can verify that InqSE
is sound even with respect to this more general semantics. Since every AEI-model
of the original semantics is also a model of this modified semantics, completeness is
preserved. Thus, the adjustments do not have any impact on the resulting logic.

The second concern: In [15], a different framework for substructural inquisitive
logics (without the epistemic modalities) was proposed. In that framework the con-
struction of canonical models seems to be significantly simpler. The states in the
canonical models are just theories, not sets of prime theories. Would it be possible to
simplify the construction so that it would be similar to that of [15]7 Since we restrict
ourselves to distributive logics for which it holds that every theory is the intersection
of prime theories that extend it, it seems that prime theories could play the role of
situations. In that perspective, intersection would play the role of join in the canonical
model so that it would hold that every state in the model is join of a set of situations.

This strategy leads to the following problem: prime theories are not completely
join-irreducible elements in the lattice of theories. They are only finite join-irreducible.
So, we would have to modify the definition of a situation in the general formulation of
the semantics (Definition 1). Given a complete lattice, a situation in the lattice would
have to be defined as a finite join-irreducible element. But this modification has a
significant impact. Most importantly, if the defining conditions of an AEI-model are
left unaltered, the crucial modal axiom KE ceases to be sound.

It is possible to overcome this problem by several changes in the formulation of
the semantics so that it is possible to build the canonical structures directly out of
theories. However, while the completeness proof is simpler, the resulting framework is
significantly more complicated than the one we have presented, and we will not pursue
these modifications in this paper.

3Note that already in the semantics for IEL it can happen that the agent has, in some sense, no
issue in a given world. This happens if o,(w) € X4(w). Technically, the agent’s issue is defined in
such a case but it is trivial because it is already resolved by the agent’s knowledge. However, this is
different from what we are discussing here. We are considering the case when the agent’s knowledge
and issue are not defined at all for a given situation.

4An element s of a given lattice is finite join-irreducible if the following holds: s = t U u only if
s = tor s = u. If join is intersection, the prime theories are exactly the finite join-irreducible elements
in the lattice of theories.
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5 Conclusion

To sum up, in this paper we developed a semantic framework for substructural inquisi-
tive epistemic logics, which generalize the standard semantics for inquisitive epistemic
logic. A peculiar feature of the framework is that agents are equipped not only with
information states (which is common in epistemic logic) but also with issues. The
semantics allows us to evaluate not only statements but also questions and statements
with embedded questions like the agent knows whether A or the agent is wondering
whether A. Moreover, the general semantics allows us to base the inquisitive epistemic
logic on non-classical logics of declarative sentences so it is immune to many ques-
tionable features of classical logic. On the technical side, our main result is a general
construction of canonical models for inquisitive epistemic logics that can be used as
a crucial tool in completeness proofs. We applied this construction to the case of the
weakest inquisitive epistemic logic InqSE and showed with a few examples how it can
be used for its extensions. In future work we plan to extend the framework with further
group-epistemic and dynamic modalities. In particular, we intend to study distributed
and common knowledge, and a public announcement modality within this framework.
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