ENTROPY HANDBOOK

Definitions, Theorems, M-files

1 SHANNON’S ENTROPY

Shannon stated the following result: ‘The entropy can be interpreted as a measure of uncertainty’.
It has properties that agree with the intuitive notion of what a measure of uncertainty should be.
The Shannon’s entropy is probably the best measure of the uncertainty.

’Notation 1: ‘ Let X be a finite discrete random variable with alphabet ¥x = {x1,22,...,2,} by
X. Let p(z) be an associated probability mass function (distribution) defined as p(x) = Pr{X =
x}, x € Xx. Then the probability mass function p may be substituted by an ordered set of
respective probabilities p = (py, pa, . .., pm) satisfying conditions

m

pi>0, dp=1 1i=12....m.
i=1
We shall also use the relation X ~ p(x).
| Notation 2:| We shall prefer to use the random variables rather than random outcomes. To

every random outcome can be assigned according to some rule a random variable by a value
x = X(a) for every outcome a belonging to the alphabet of outcomes.

| Definition 1:| The Shannon’s entropy H®)(X) (further only H (X)) of a discrete random
variable X is defined by the expression

H(X) = —c ) plz)np()

TEX x

= —c zm: p(z;) Inp(z;)

=1

m
= _Czpi In p;

=1

where ¢ denotes a positive constant which may be thought of as defining the measurement units.

We may also write H(p), H,,(p) or H(p1,pa, ..., pm) for the above quantity. The In is

logarithm to the base e and entropy is expressed in nats. We will use the convention that 0In 0 = 0.



The logarithm need not be only to the base e. If the base of the logarithm
is b, we will denote the entropy as H® (X). Often we use the logarithm of the base 2. In this case,

the entropy will be measured in bits (1 nat = In 2 bits).

]M—function:‘ Computes Shannon’s entropy of a discrete random variable X .

function H=etl_shn(p,c)
[m,n]=size(p);
Err=1e-6;

if abs(1-sum(p))>Err
error (’Input vector must be a probability mass function’);
end;

hi1=(-1)*ones(m,n) ;
h2=((sign(p)+h1) .xh1)+p;
H=h2*1log(h2) ’*(-c);

Note that MATLAB-based log means In .

’Visual imagination: ‘ By MATLAB command line etl_img(’shn’) Shannon’s entropy of
(p1,1 — p1) probability mass function with ¢ = 1 is visualized.

| Theorem 1:] We have H(X) > 0.

| Theorem 2: | H®)(X) = (log, a)H® (X).

This property of entropy enables us to change the base of the logarithm in the definition.
Entropy can be changed from one base to another by multiplying it the appropriate factor. We
shall naturally put ¢ = 1 and measure the entropy in nats. As to some conversions, see the
following table for b = e.

a 2 e 8 10 16
c | 0.6931 | 1 |2.0794 | 2.3025 | 2.7725

’Theorem 3:‘prk:1 and p; =0 (1 <i<m; i#k)then H(py,...,pm)=0.

The entropy is equal to zero, if one of the numbers pi,...,pm s unity and all the others
are zero. However it is the case of certainty but not uncertainty.

’Theorem 4: ‘ We have H(p1,...,pm,0) = H(p1,- -, Pm)-

’Theorem 5: ‘ For any probability mass function p given by (p1,pa, ..., pm) We have

1

1
H ) < Hp (=, =),
(plap2a » D )— (m m)



with equality if and only if X is uniformly distributed over Y x. At the same time we simply
maximize H(p) subject to >, p; = 1.

Corollary 1: ‘ Equivalently to the previous theorem

H(X) < In[Ex|

where |X x| denotes the number of elements of the alphabet YXx. Shannon’s entropy assumes its
largest value in the case of the uniform probability mass function.

’Theorem 6: ‘ The following equality holds

o p/ p//
H(pb' -3 Pm-1,D,D ) = H(pla <. apm) +pmH(7 7)’

P Pm

where p,, =p +p".

| Theorem 7:| H(p) is a concave function of p.

| Theorem 8:|Let X and Y be independent random variables. If Z = X +Y then H(Y) < H(Z)
and H(X) < H(Z).

’Theorem 9: ‘ Markov’s inequality. Let p(x) be a probability mass function. For all d > 0

Prip(s) < d} o () < H(X).

Example 1:| Let

with probability 1/2,
with probability 1/4,
with probability 1/8,
with probability 1/8.

QU O o2

The entropy H(X) of X is

>>H=et1_shn([1/2 1/4 1/8 1/8],1)
>>H =

1.2130
in nats or

>>H=et1_shn([1/2 1/4 1/8 1/8],1/1log(2))
>>H =

1.7500



in bits (7/4 bits).

Note that entropy is a functional of the probability mass function of X. It
does not depend on the actual values taken by the random variable X, but only on the probabili-

ties.

It is possible to define the entropy axiomatically by formulation certain prop-
erties that the entropy of a random variable must satisfy. There exist various axiomatic

formulations which result in the same, similar or different definitions of entropy according to
set of prior requirements. We shall also mention some further important definitions in next sections.

Definition 1 introduced for the case of random variable X, can be generalized
straightforwardly to probabilistic experiment A having m possible outcomes ¥4 = {aq, as, ..., an}
with the respective probabilities (p1,pe,...,pm). We use H(A) or H(p) with the same practical
meaning (we refer to p as (p1,p2, .-, Pm))

H(A) = —c > p(a)n p(a)

[ASIPN

= —c ip(ai) Inp(a;)

=1

m
= _Czpi In p;.

=1

’Deﬁnition 2:‘ Extension of Shannon’s entropy for an incomplete probability mass function.
Let us consider the incomplete probability mass function p defined by a finite sequence of non-
negative numbers p = {p1,ps, ..., pm} such that

OSZpi<1.

i=1
Shannon’s entropy of such an incomplete probability mass function p is defined as

m 1
iz piln i

m
i=1Di

H,,(p) =

]Deﬁnition 3: ‘ Extension of Shannon’s entropy for a denumerable infinite probability distribu-
tion. Let us consider the denumerable infinite probability mass function

p=A{po,pr,. -}, >0, > pi=1
=0
Shannon’s entropy of such an infinite probability mass function p is defined as

H(F) = _Zpi In p;
i=0

provided the series is convergent.




Example 2:| Let

—7Ei 1 =0,1,2
pi—(1+E)i+1 1=0,1,2,...

be an infinite probability mass function where E denotes a mathematical expectation. Then

i i Ei
P 1+EZ+1 (1+E)i+1

and after summation
HE)=1+FE)In(l+E)—ElnFE

may be obtained. In order to visualize this dependence, call etl_img(’eee’).



2 JOINT ENTROPY

Joint entropy introduces a means for determining a measure of uncertainty of a pair of discrete
random variables which are described by a joint distribution.

’Notation 1:‘ Let us consider two random variables X and Y with alphabets Yx =
{z1,29,..., 2} and Xy = {y1,¥2,...,yn} respectively. Let p(x,y) be an associated joint proba-
bility mass function p(z,y) = Pr{X =z & Y =y}, x € Xx, y € Xy. We shall also use the
relation (X,Y) ~ p(x,y). We may substitute the probability mass function p by an ordered set of
the respective probabilities pi1, p12, - - ., Pmn satisfying the conditions

pi; >0, > > py=1, i=12....m j=12,...,n
i=1j=1

| Definition 1:| The joint entropy H(X,Y) of a pair of discrete random variables (X,Y") with
a joint distribution p(z,y) is defined by the expression

H(X7Y> - - Z Zp(x,y)lnp(x,y)

TEX x YEXy

= — i ip(l’i, ?/j) lnp(xiv yj)

i=1j=1

= —=>_ > pilnpy.

i=1j=1

When we use the logarithm of the base 2, H®(X,Y) = (1/In2)H(X,Y).

’M-function:‘ Computes the joint entropy of a pair of discrete random variables with a joint
distribution p.

function H=et1_jnt(p)

[m,n]=size(p);
Err=1e-6;

if abs(1-sum(sum(p)))>Err
error (’ Input matrix must be a joint distribution’);
end;

hi=(-1)*ones(m,n);
h2=((sign(p)+h1) .xh1)+p;
h3=p.*log(h2);
H=-sum(sum(h3)) ;

Synopsi #eet_sne e

’Visual imagination: | By command line et1_img(’jnt’) the joint entropy of a distribution
given by respective probabilities p11 = pip2, p12 = pi(1 —p2), p21 = pa(1 —p1),p22 = (1 = p1)(1 —p2)




is visualized.

| Theorem 1:|In the case of independence of the random variables i.e. p(z,y) = p(z)p(y),

H(X,Y)=H(X)+ H(Y).

| Theorem 2:| Independence bound on entropy. H(Xy,Xs,...,X,) < Y, H(X;), with
the equality if and only if the random variables X; are independent.

’Example 1:‘ Let (X,Y) with alphabets Yx = {1,2,3,4} and ¥y = {1,2,3,4} have the
following joint probability mass function

X1 2 3 4
Y
1 1 1 T
§ 16 32 3
2 I e e
6 8 32 32
3 I e |
6 16 16 16
4 i 0 0 O

The joint entropy H(X,Y) is

>>p=[1/8 1/16 1/32 1/32;1/16 1/8 1/32 1/32;
1/16 1/16 1/16 1/16;1/4 0 0 0];
>>H=et1_jnt (p)

>>H =

2.3394 % nats
>>H=1/1og(2) *H
>>H =

3.375 % bits

or 27/8 bits.

Let us consider two probabilistic experiments A and B whose possible out-
comes are ai, ds, ..., 0, and by, by, ..., b, respectively. Let us introduce a compound probabilistic

experiment which consists of both of the experiments A and B. A possible outcome of this
experiment will be a pair (a;, ;). Let us denote by p;; or equivalently by p(a;, b;) the probability of
the outcome (a;,b;) of the compound probabilistic experiment. The corresponding joint entropy
will be

NE

H(A,B) = =Y plai,b;) Inpla;, b;)

j=1

.
Il
—

Dij lﬂpzj.

I
[M]=

-
I
—

j=1



3 CONDITIONAL ENTROPY

Conditional entropy allows one to measure the amount of information which is contributed by
one random variable about a second random variable.

|Notation 1:| Consider two random variables XY, (X,Y) ~ p(z,y) with alphabets
Yx = {x1,29,...,2p} and Xy = {y1,¥2,...,Yn}, which are not necessarily independent
from a probabilistic point of view. In other words, the relation p(z,y) = p(x)p(y) does not
necessarily hold, but rather, one uses a conditional probability mass function p(y|z) defined as
p(ylz) = Pr{Y = y|X =z}, 2 € ¥x, y € Ey. In this case p(x,y) = p(z)p(y|x) and p(x) means
a marginal distribution. For the marginal distribution we have used the same notation as for
the single probability mass function because a distinguishability single from marginal is always
understood from the context.

| Notation 2:| The marginal distribution p(z), z € Xx is the probability of z regardless of
the occurence of y. It is given as

= 2: p(xvy% T € Xy

YyEXy

or equivalently
Tk) = Zpkj = E :p(xk,yj), k=1,2,...,m.
Jj= j=1

Similarly the marginal distribution p(y) is probability of y regardless of the occurence of z. It is
given as

= j{: p<$,y), y e Dy

TEX x
We write (z.1) (1)
P,y pr,y
plryy) = » PIT) =
=y = )
for the conditional probabilities at p(y) > 0 or p(z) > 0 and x € Xy, y € Ey. Similarly
p(zk, 1) p(@e, 1)

plarly) = =g v e =0 57

fork=1,2,....mand [ =1,2,...,n

’Deﬁnition 1:‘ Entropy of Y calculated on the assumption that X occurred.
If (X,Y) ~ p(z,y), then the conditional entropy H(Y|X) is defined as

HY|X)= > p)HY|X =)

TEX x

where H(Y|X = z) is given by the expression

HY|X =x)=— ) pylz) np(y|z).

yESy

Corollary 1: ‘ Due to Definition 1 one may observe equivalent expressions

HY|X)== Y > plryhpylz)=—> > plzyl %
) Y )

TEX x YEXyYy TEX x YEXy



Similarly we can define H(X|Y).

Repeatedly use of H=et1_shn(p,c) following from Definition 1.

’Visual imagination:‘ By command line etl_img(’cnd’) we can display the conditional
entropy of a distribution given by respective probabilities p1; = pip2,p12 = p1(1 — pa), P21 =
pa(l = p1)spea = (1 — p1)(1 — p2) as piH(p2,1 — p2) + (1 — p1)H(p2,1 — p2) or similarly as
p2H(p1,1 —p1) + (1 —p2) H(p1, 1 — p1).

| Theorem 1:| We have H(Y|X) > 0

| Theorem 2:| Chain rule. H(X,Y) = H(X)+ H(Y|X). Thus H(X,Y|Z) = H(X|Z) +
H(Y|X,Z).

| Theorem 3:| The following relation holds:

0<HY|X)<H(Y)
with equality to H(Y") if and only if X and Y are independent (conditioning reduces entropy).

| Theorem 4: | The following inequality holds H(Y) — H(X) < H(Y|X).

| Theorem 5: | Information balance. H(X)+ H(Y|X) = H(Y) + H(X|Y). H(Y|X) # H(X|Y)
in general.

’Theorem 6:‘ Let Xi,Xs,...,X,, be drawn according to p(z1,22,...,%,). Then
H(XbXQ,...,Xm):Z£1H<Xi’Xi,1,...,X1).

’Example 1:‘ Let (X,Y) have the joint distribution from Example 1 of the joint entropy
section. The marginal distribution of X is (1/2,1/4,1/8,1/8) and the marginal distribution of
Y is (1/4,1/4,1/4,1/4). Hence H(X) = 1.2130 nats (7/4 bits) and H(Y) = 1.3863 nats (2 bits.)
Also,

4
HXY) = > p(Y =i)H(X|Y =)

=1
1 1111, 1 1
= oyt
Using MATLAB to compute H(X|Y') we have
h(1)=1/4%et1_shn([1/2 1/4 1/8 1/81,1);
h(2)=1/4xet1_shn([1/4 1/2 1/8 1/8],1);
h(3)=1/4*et1_shn([1/4 1/4 1/4 1/4]1,1);

h(4)=1/4%et1_shn([1 0 0 0],1);
H=sum(h) ;

and H(X|Y) = 0.9531 nats or

h(1)=1/4*et1_shn([1/2 1/4 1/8 1/8],1/1log(2));
h(2)=1/4*et1_shn([1/4 1/2 1/8 1/8],1/1log(2));



h(3)=1/4*et1_shn([1/4 1/4 1/4 1/4]1,1/1log(2));
h(4)=1/4%et1_shn([1 0 0 0],1/1log(2));
H2=sum(h) ;

H(X|Y) =1.375 (11/8) bits. Similarly H(Y—X)=13/8 bits.

Likewise, we can define the conditional entropy of probabilistic experiments by using

similar arguments. Consider two random experiments A, B with outcomes ¥4 = {ay,as,...,am,}
and Xp = {by,ba,...,b,} with the respective probabilities (p1,p2,...,pm) and (q1,q2,...,qn)
which are not necessarily statistically independent. The conditional entropy of random experiment
B given by the random experiment A is defined as

H(B|A) =) _p(a;)H(B|A = a;)

=1
where H(B|A = a;) is given by the expression

H(B|A =a;) = — Zp(bj’ai) lnp(bj|ai).

Jj=1

3.1 MUTUAL INFORMATION

]Deﬁnition 2: ‘ Consider two random variables X and Y with a joint probability mass function
p(z,y) and marginal distributions p(x) and p(y). The mutual information 1(X,Y") between X
and Y is defined by the expression

I[(X,Y)=H(X)— HX|Y).

‘Corollary 2:‘ Due to Definition 2 we distinguish the measure of uncertainty from measure
of information. In general the entropy is a quantity for a measure of uncertainty, while the
information is a difference in uncertainty that is a difference in entropies.

Mutual information characterizes the reduction in the uncertainty of X due
to the knowledge of Y. Equivalently by symmetry (using Theorem 5) it also follows that

I(X,Y)=H(Y) = H(Y|X)

and mutual information is symmetric, that is I(X,Y) = I(Y, X).

| Theorem 7:| We have I(X,Y) > 0 and the equality holds if and only if H(Y|X) = H(Y) or if
and only if X and Y are independent.

|Theorem 8:| We have I(X|Y) = H(X) + HY) — HX,Y). I(X,Y) > 0 with
equality if and only if the random variables X,Y are independent. We also have
I(X,X)=H(X)—-HX|X)=H(X) (self—information property).

10



’Corollary 3:‘ The amount of information which is contributed by X about Y is always
positive. There is never a loss of information. However, in real applications may sometimes be a
loss of information. For example if the received information may lead to confusion.

Motivation for the introduction of I(X,Y). In all cases one has according to
Theorem 3, 0 < H(Y|X) < H(Y). As a result, the difference H(Y) — H(Y|X) measures the

decrease in uncertainty that the observer has about Y knowing X. This decrease in uncertainty
may be considered as an amount of information about Y.

I(X,Y) can be interpreted as the amount of information about X given by the perfor-
mance of the Y that is, the amount of information contained in Y about X. It is clear that it can
also be viewed as the amount of information contained in X about Y.

| Theorem 9: | The mutual information I(X,Y) is a concave function of p(x) for fixed p(y|z) and
a convex function of p(y|x) for fixed p(x).

The mutual information (or transinformation) between two probability exper-
iments A and B is I[(B,A) = H(B) — H(B|A) and all the results apply without change.

| Definition 3:| Normalized mutual information. The normalized mutual information U(X,Y)
is defined by the expression

I(X,Y)
UXY) = H(X)+ H(Y)
_ L [HOY) + H(X) — H(X,Y)
B H(X)+H(Y)

| Theorem 10:|0 < U(X,Y) < 1.

’Theorem 11:‘ U(X,Y) is a description of the symmetry. If two variables are completely
independent, then H(X,Y) = H(X) + H(Y), and U(X,Y) vanishes. If the two variables are
completely dependent, then H(X) = H(Y) = H(X,Y), and U(X,Y) equals unity.

3.2 CONDITIONAL MUTUAL INFORMATION

’Deﬁnition 3:\ Consider three random variables X, Y, Z. The conditional mutual information
of random variables X and Y given by Z is defined by the expression

I[(X,Y|Z) = H(X|Z) — H(X|Y, Z).

This quantity indicates the reduction in the uncertainty of X due to the knowledge
of Y when Z is given.

11



Theorem 12: ‘ The following relation holds:

0< I(X,Y|2) < H(X|Z)

with equality to 0 if and only if X and Y are conditionally independent when Z is given.

| Theorem 13:| The conditional mutual information is symmetric, I(X,Y|Z) = I(Y, X|2).

| Theorem 14:| (Chain rule for conditional mutual information.) Mutual information also
satisfies a chain rule

I(Xy, X, ..., X, Y) = Z](Xi,Y|Xi_1,Xi_2, oo X))

=1

12



4 RELATIVE ENTROPY

’ The relative entropy introduces a measure of the distance between two distributions.

’Notation 1: ‘ Consider two single probability mass functions p(x) and ¢(z), with respective prob-
abilities (p1,p2,...,pm) and (q1,q2, - - -, qm). These probability mass functions can represent two
different distributions of one random variable X with |Xx| = m (a priori and a posteriori for
example) or distributions of two different random variables X, Y with |Xx| = |2y | = m.

’Deﬁnition 1:‘ The relative entropy (or cross-entropy, Kullback-Leibler distance between two
probability mass functions p(x) and q(x)) of the probability mass function p with respect to the
probability mass function ¢ is defined by the expression

Dillg) = 3 playm 2

TEX x q(x)

= Zpi In &.
i=1 4

In Definition 1 we use the convention that Olng =0 and pln % = oo. Often we use
logarithm of the base 2. In this case D@ (p||q) = (1/1n2)D(p||q).

’M-function: ‘ Computes the relative entropy of a pair of probability mass functions.

function D=etl_rel(p,q)
[m1,n1]=size(p);
[m2,n2]=size(q);
Err=1e-6;

if abs(1-sum(p))>Err

error(’1st input must be probability mass function’);
end;
if abs((1-sum(q)))>Err

error(’2nd input must be probability mass function’);
end;
if ((m17=m2) | (n1"=n2))

error (’Two inputs must have the same dimension’);
end;

hi=ones(mi,nl);
h2=log((p.+Err)./(q.+Err));
D=((p.*h2)*h1’);

D-eti_rel(p,q)

’Visual imagination:‘ By command line etl_img(’rel’) the relative entropy of distribu-

tions p, q given by (p1,1 — p1), (1,1 — q1) is visualized.

’Theorem 1:‘ Information inequality. The relative entropy D(p|lq) > 0, with equality if

13



and only if p(z) = g(z) for all x € X x or equivalently p; = ¢;, i = 1,...,m.

| Theorem 2: | The relative entropy can be written as

D(pllq) = sz Ing; — H(p).

D(pl||q) can be thought of as a deviation from H(p). Thus H(p) = In|Xx| — D(p||u) where u is
the uniform distribution on |Xx|.

In general D(pllq) # D(qllp).

| Theorem 3:| D(p||q) is convex in the pair (p,q), i.e. if (pa,qa) and (pb,gb) are two pairs
of probability mass functions, then

D(Apa + (1 = A)pbl[Aga + (1 — A)gb) < AD(pal|ga) + (1 — A)D(pb|qb)

forall0 < A\ < 1.

’Corollary 1:‘ Quantity D is not a true distance between distributions since it is not symmetric
and does not satisfy the triangle inequality. Nonetheless, it is often useful to think of relative
entropy as a ‘distance’ between distributions.

’Theorem 4:‘ The mutual information I(X,Y’) is the relative entropy between the joint
distribution p(x,y) and the product distribution p(z)p(y)

I(X,Y) = D(p(z,y)llp(z)p(y))
_ L Pey) p(z,y)
= 2 XMy

TEX x yGZy

| Definition 2:| Conditional relative entropy D(p(y|z)||q(y|z)) is defined as the average of the
relative entropies between the conditional probability mass functions p(y|z) and ¢(y|x) averaged
over the probability mass function p(z), i.e.

Doty latolo)) = 3 p(w) 3 plle) 1 5T

Q(yjlwz‘)

’Theorem 5:‘ Chain rule for relative entropy. We have

D(p(z,y)llg(x,y)) = D(p(x)|lq(z)) + D(p(ylz)llq(y]z)).

’Theorem 6:‘ We have D(p(y|z)||lq(y|x)) > 0 with equality if and only if p(y|z) = q(y|x)
for all y and = with p(z) > 0.

14



5 WEIGHTED ENTROPY

In order to distinguish the values x1,xs, ..., T, of random variable X according to their impor-
tance with respect to a given qualitative characteristic, we can ascribe to each value xy a weight
wy > 0 directly proportional to its importance.

’Deﬁnition 1: ‘ The weighted entropy is defined by the expression

Hw(X) = Hw(wh <oy Wmi Py - 7pm) = —szpz lnpz

i=1

’M—function:‘ Computes the weighted entropy of a discrete random variable X.

function HW=etl_wen(w,p)

[m,n]=size(p);
[mw,nw]=size(w) ;

Err=1e-6;

if n"=nw
error (’Two inputs must have the same length’);
end;

if abs(1-sum(p))>Err
error (’2nd input must be a probability mass function’);
end;

h1=(-1)*ones(m,n);
h2=((sign(p)+h1) .*h1)+p;
h3=p.*w;

HW=h3x*log(h2) ’*(-1);

HW=et1_wen(w,p)

’Visual imagination:| By MATLAB command line etl_img(’wen’) weighted entropy of
(p1,1 — p1) probability mass function is visualized. The weight w; attains values 0, 0.3, 0.7, 1 at
Wy = 1.

| Theorem 1:| We have H,,(wy, ..., Wnip1,- ... pm) = 0.

’Theorem 2: ‘ Ifw, =...=w, =w, then

Hy(Wi, oy Wi D1y o) = —w Y pilnp; = H (py, ... p)
=1

with ¢ = w.

15



’Theorem 3: ‘ The following equality holds:

/

! ! ! 1
Hw(wla-“awmfhw y W 5Py -y Pm—1,P, P ) =

:Hu}(wlw--:wm;ply"'apm)+pme(w7w ;777)
Pm Pm
Where ’ ! " 17
pw +pw / "
= Pm=Dp +D
p+p

Example 1:| Let

a with probability 1/2 and weight 0.7,
b with probability 1/4 and weight 0.1,
¢ with probability 1/8 and weight 0.1,
d with probability 1/8 and weight 0.1.

The weighted entropy H,,(X) of X is

>>HW=et1_wen([0.7 0.1 0.1 0.1]1,[1/2 1/4 1/8 1/8])
>>HW =

0.3292

i nats.

Example 2:| Let us consider the weighted entropy and put

wp = -5 k=12 .m.

_hlpk

In this case, we obtain the following expression for the weighted entropy
m
Hy(wy, .. Wi P1y - - D) = Zpi
k=1

This quantity is denoted by the term uncertainty energy. It relates to Renyi’s entropy of the order
2 (a logarithmic relation).

16



6 FURTHER ENTROPIES

Since Shannon designed a measure of uncertainty by the entropy, an explosion of further mea-
sures (futher entropies) has bequn. It is given by a lot of prior requirements of what a measure
of uncertainty should satisfy.

Renyi’s Entropy

Renyi’s entropy brings an extension of Shannon’s entropy to the finite discrete random variable
X with an incomplete probability mass function

i=1

Definition 1: ‘ The Renyi’s entropy of order ¢ (¢ > 0, ¢ # 1) is defined by the expression

H(T) (X) _ 1 In Zi:l b;

l—c i Di

with the convention 0¢ = 0 for all c.

’M-function:‘ Computes the Renyi’s entropy of order ¢ of a discrete random variable X.

function HRc=etl_ren(p,c)
[m,n]=size(p);

if c==

error (’Input constant must be different from one’);
end;

hi=sum(p.~c);

h2=sum(p) ;
HRc=log(h1/h2)/(1-c);

HRc=etl_ren(p,c)

’Visual imagination:‘ By MATLAB command line etl_img(’ren’) Renyi’s entropy of

(p1,1 — p1) probability mass function is visualized for some selected values of c.

| Theorem 1:| Consider a complete probability mass function associated with the finite
random variable X. If the order ¢ is such that 0 < ¢ < 1 then H!(X) > H(X). If the order ¢ is
such that ¢ > 1 then H("(X) < H(X). As ¢ tends to unity, H("(X) reduces to H(X).
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Example 1:| Let

with probability 1/2,
with probability 1/4,
with probability 1/8,
with probability 1/8.

The Renyi’s entropy H{(X) of order ¢ = 0.7 of X is

QU O o

>>HRc=etl_ren([1/2 1/4 1/8 1/8],0.7)
>>HRc =

1.2638
or forc=1.7

>>HRc=etl_ren([1/2 1/4 1/8 1/8],1.7)
>>HRc =

1.1067.

Shannon’s entropy H is 1.2130.

Several extensions of Renyi’s entropy have been proposed (J.N. Kapur, R.S.
Varma, M. Behara and P. Nath). For example Kapur (the best known extension obviously)

generalised Renyi’s entropy to give an entropy of order a and type 3

1 mopi o
I -« PO

foraa # 1,6 >0, a+ G —1 > 0. This reduces to Renyi’s measure when § = 1, to Shannon’s

measure when 3 = 1, « tends to unity and to Inm (so called Hartley’s measure) when 8 = 1 and

a=0.

Havrda and Charvat’s Entropy

Havrda and Charvat’s entropy brings an additional measure of entropy of the finite discrete
random variable X with a complete probability mass function

m

pi>0 (i=1,...m), > p=1L1

i=1

’Deﬁnition 1:| The Havrda and Charvat entropy of order ¢ (¢ > 0, ¢ # 1) is defined by the
expression

_ dimipi—1

H(ghCh) (X) e -

’ M-function: ‘ Computes the Havrda and Charvat’s entropy of order ¢ of a discrete random variable

X.
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function HHChc=etl_hch(p,c)
[m,n]=size(p);
Err=1e-6;

if abs(1-sum(p))>Err
error (’Input vector must be a probability mass function’);
end;

if c==
error (’Input constant must be different from one’);
end;

hi=sum(p.~c)-1;
h2=2"(1-c)-1;
HHChc=h1/h2;

HHChc=et1_hch(p,c)

’Visual imagination: ‘ By MATLAB command line etil_img(’hch’) Havrda and Char-
vat’s entropy of (p1, 1 — p;) probability mass function is visualized for some selected values of c.

’Theorem 1:‘ Consider the random variable X associated with a complete probability
mass function. We have

HO(X) = (2~ DHD (0] 41
Example 1:| Let
a with probability 1/2,
X - b with probability 1/4,
~ | ¢ with probability 1/8,
d with probability 1/8.

The Havrda and Charvat’s entropy H{""(X) of order ¢ = 0.7 of X is

>>HHChc=et1_hch([1/2 1/4 1/8 1/8],0.7)
>>HHChc =

1.9945
or forc=1.7

>>HHChc=et1_hch([1/2 1/4 1/8 1/8],1.7)
>>HHChc =

1.4025.
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Shannon’s entropy H is 1.2130.

A number of other similar entropies have been proposed (M. Belis and S.
Guiasu, J.N. Kapur gave about 12). For example M. Belis and S. Guiasu introduced a "utility

distribution” w = (wy, ws, ..., w,,) where each w; > 0 is the utility of a value with probability p;.
Then entropy with preference is given by

S wipi(p§ — 1)

H’l(fg) (X) = 21—0 1

Quadratic Entropy

Quadratic entropy was first used in theoretical physics, by Fermi for example. The term
‘quadratic entropy’ was introduced by I. Vajda. Consider the finite discrete random variable
X with a complete probability mass function

pi>0 (i=1,...,m), > p=1L1
i=1

’Deﬁnition 1:| The quadratic entropy is defined by the expression

H,(X) = S ni(1 - 7).

’M-function:‘ Computes the quadratic entropy of a discrete random variable X.

function HQ=et1_qdt(p)
[m,n]=size(p);
Err=1e-6;

if abs((1-sum(p)))>Err
error (’ Input vector must be a probability mass function’);
end;

hil=ones(m,n);
HQ=(p.*(h1-p))*h1’;

Synopsis: Ho-ect_ad

‘Visual imagination:| By MATLAB command line etl_img(’qdt’) quadratic entropy of
(p1,1 — p1) probability mass function is visualized.
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Example 1:| Let

with probability 1/2,
with probability 1/4,
with probability 1/8,
with probability 1/8.

QU O o

The quadratic entropy H,(X) of X is

>>HQ=et1_qdt([1/2 1/4 1/8 1/8])
>>HQ =

0.6563

Shannon’s entropy H is 1.2130.

Bayesian Entropy

Shannon’s measure of uncertainty is mazimum when all the members of a probability mass
function are equally likely. However; on the basis of intuition or experience, one may have
reasons to believe that the a prior probability mass function is given by

m
P1=0Q1, P2=Q2, ..., Pm = Q] =1
i=1

then we define another measure of entropy which we call Bayesian entropy.

’Deﬁnition 1: ‘ The Bayesian entropy is defined by the expression

HOX) = =3 piin L
( ) ;p naiamin

where i, = min(ag, ag, ..., a,,) and none of the a’s is zero.

| Theorem 1:| We have

H"(X) = D(plla) — In(

),

where D(p||a) is Kullback Leibler distance of the probability mass function p = (p1,p2, ..., pm)
from the a priori probability mass function o = («ay, ag, ..., a,;, ) of the associated random variable X.

min

’Corollary 1: ‘ Due to the Information inequality (Theorem 1 in Section 4) the Bayesian
entropy is maximum when p; = «; for all 7 and is minimum when the X-value with the minimum
a priory probability mass is certain to occur. Thus maximizing (minimizing) Bayesian entropy is
equivalent to minimizing (maximizing) the Kullback Leibler distance between p and a.

’Corollary 2:‘ We may have a computational recipe for Bayesian entropy as (we use a = «)
>>HB=-et1_rel(p,a)-log(1l/min(a)).

’Corollary 3:‘ Shannon’s measure is a special case of this when the a priori probability
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mass function is the uniform distribution.
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