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Abstract. In this paper we study numerical behavior of several iterative Krylov subspace
solvers applied to the solution of large-scale saddle point problems. Two main representatives of
segregated solution approach are analyzed: the Schur complement reduction method based on the
elimination of primary unknowns and the null-space projection method which relies on a basis for
the subspace described by the constraints. We show that the choice of the back-substitution formula
may considerably influence the maximum attainable accuracy of approximate solutions computed in
finite precision arithmetic.
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1. Introduction. We want to solve a saddle point system which is in fact the
symmetric indefinite system with 2 × 2 block structure

(

A B
BT 0

)(

x
y

)

=

(

f
0

)

, (1.1)

where the diagonal n × n block A is symmetric positive definite and the n × m off-
diagonal block B has full column rank. Saddle point problems have recently attracted
a lot of attention and appear to be a time-critical component in the solution of large-
scale problems in many applications of computational science and engineering. A
large amount of work has been devoted to a wide selection of solution techniques
varying from the fully direct approach, through the use of iterative stationary or
Krylov subspace methods up to the combination of direct and iterative techniques
including preconditioned iterative schemes. For the excellent survey on applications,
methods and results on numerical solution of saddle point problems we refer to [5]
and numerous references therein (relevant references will be given later in the text).
Significantly less attention however has been paid so far to the numerical stability
aspects. In this paper we concentrate on the numerical behavior of schemes which
compute separately the unknown vectors x and y: one of them is first obtained from
a reduced system of a smaller dimension and once it has been computed, the other
unknown is obtained by back-substitution solving exactly or inexactly another re-
duced problem. The main representatives of such segregated approach are the Schur
complement reduction method and the null-space projection method. In this paper
we analyze such algorithms which can be interpreted as iterations for the reduced
system but compute the approximate solutions xk and yk to both unknown vectors x
and y simultaneously.

∗Draft of May 18, 2007
†Technical University of Liberec, Department of Modelings of Processes, Hálkova 6, CZ-461 17

Liberec, Czech Republic (pavel.jiranek@tul.cz). The work of this author was supported by the
MSMT CR under the project 1M0554 “Advanced Remedial Technologies”.

‡Institute of Computer Science, Academy of Sciences of the Czech Republic, Pod vodárenskou
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The Schur complement reduction method uses the block factorization in the form

(

A B
BT 0

)

=

(

I 0
BT A−1 I

)(

A B
0 −BT A−1B

)

,

where the matrix −BT A−1B is the Schur complement of A in (1.1). Such decompo-
sition leads to solving the resulting block triangular system

(

A B
0 −BT A−1B

)(

x
y

)

=

(

f
−BT A−1f

)

, (1.2)

which is nothing but a block Gaussian elimination applied to the original system
(1.1). The block triangular system (1.2) is solved by computing the unknown y from
the symmetric positive definite Schur complement system of order m and then by
computing the unknown x from a system of order n with the symmetric positive
definite matrix A. This approach leads to the explicit formula for the unknown vector
x = A−1(f −By). The null-space projection method is based on the projection of the
first equation in (1.1) onto the null-space N(BT ) and onto its orthogonal complement
R(B), respectively. According to the second equation of (1.1) the unknown x belongs
to N(BT ) and therefore we get the block triangular system

(

(I − Π)A(I − Π) 0
BT A BT B

)(

x
y

)

=

(

(I − Π)f
BT f

)

, (1.3)

where Π ≡ B(BT B)−1BT denotes the orthogonal projector onto R(B). This trian-
gular system is solved by back substitution, where we first compute the unknown x
from the projected system of order n with the symmetric positive semi-definite ma-
trix (I − Π)A(I − Π). Once it has been computed, the unknown y is obtained as
y = B†(f − Ax) by solving the least squares problem

‖f − Ax − By‖ = min
v∈Rm

‖f − Ax − Bv‖, (1.4)

where B† denotes the Moore-Penrose pseudoinverse of B. The success of algorithms
for solving the block triangular systems (1.2) or (1.3) depends on the availability of
good approximations to the inverse of the block A or to the pseudoinverse of B, respec-
tively. More precisely, one looks for a cheap approximate solution to the inner systems
with the matrix A and/or to the associated least squares problems with the matrix
B. Numerous inexact schemes have been used and analyzed, see e.g. the analyzes of
inexact Uzawa algorithms [15, 11, 12, 4, 37], inexact null-space methods [30, 35, 36],
multilevel or multigrid methods [10, 9, 36], domain decomposition methods [8], two-
stage iterative processes [27, 16] or inner-outer iterations [19]. These papers contain
mainly the analysis of a convergence delay caused by the inexact solution of inner
systems or least squares problems.

In this paper we concentrate on the question what is the best accuracy we can
get from inexact schemes solving either (1.2) or (1.3) when implemented in finite
precision arithmetic. The fact that the inner solution tolerance strongly influences
the accuracy of computed iterates is known and was studied in several contexts.
The general framework for understanding inexact Krylov subspace methods has been
developed in [31] and [33]. Assuming exact arithmetic, the authors of [31] and [33]
investigated the effect of an approximately computed matrix-vector product in every
iteration on the ultimate accuracy of several solvers and explained the success of
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relaxation strategies for the inner accuracy tolerance from [7, 8, 18]. The developed
theory strongly exploits the particular properties of an iterative method used for
solving the associated system. In the context of saddle point problems this requires a
deep analysis of the outer iteration scheme for solving the reduced Schur complement
or projected system (in particular we refer to [31, Section 8]).

The effects of rounding errors in the Schur complement reduction method and
the null-space projection method have been studied e.g. in [1, 2, 14, 26], where
the maximum attainable accuracy of computed approximate solutions by means of
residuals and errors is estimated depending on the user tolerance specified in the
outer iteration. In this paper we analyze the influence of the inexact solution of inner
systems/least squares problems on the same quantities. Our approach is based on a
standard backward analysis which allows us to take into account both the inexactness
of the inner iteration loops as well as the accompanying rounding errors that occur in
finite precision arithmetic.

The theory developed for the outer iteration process is similar to the analysis
of Greenbaum in [22, 21] who estimated the gap between the true and recursively
updated residual for a general class of iterative methods using coupled two-term re-
cursions. The difference here is that every computed approximate solution of inner
problem is interpreted as an exact solution of a perturbed problem induced by the
actual stopping criterion, while the theory of [22] considered only the rounding errors
associated with a fixed matrix-vector multiplication. In contrast to the theory of in-
exact Krylov methods [31, 33] the bounds for the true residual in the outer iteration
loop are obtained without specifying the solver used for solving the Schur complement
or the projected Hessian system. It appears that the maximum attainable accuracy
level in the outer process is mainly given by the inexactness of solving the inner prob-
lems and it is not further magnified by the associated rounding errors. These results
are thus similar to ones which can be obtained in exact arithmetic.

The situation is different when looking at the numerical behavior of residuals
associated with the original saddle point system, which describe how accurately are
the two block equations of (1.1) satisfied. It is shown that the attainable accuracy of
computed approximate solutions then depends significantly on the back-substitution
formula used for computing the remaining unknowns. Our results show that indepen-
dently of the fact that the inner systems are solved inexactly some back-substitution
schemes lead ultimately to residuals on the roundoff unit level. Indeed, our results
confirm that depending which back-substitution formula is used the computed iter-
ates may satisfy either the first or the second block equation to the working accuracy.
We believe that such results cannot be obtained using the exact arithmetic consider-
ations and are of importance in applications requiring accurate approximations (see
e.g. [20, 17, 13]). On the other hand, we agree that in many applications the saddle
point system comes from a discretisation of certain partial differential equations and
much lower accuracy is sufficient. In any case, our paper gives a theoretical explana-
tion for the behavior which was probably observed or it is already implicitly known.
However, we have not found any explicit references to this issue. The implementations
that we point out as optimal are actually those which are widely used and suggested
in applications.

The organization of the paper is as follows. Section 2 and Section 3 are devoted to
the rounding error analysis of the Schur complement reduction method and the null-
space projection method, respectively. Each section is divided into five subsections
(see the flow-chart on Fig. 1.1). In Subsections 2.1 and 3.1 we analyze the influence
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Subsections 2.1 and 3.1:

The true residual in the outer iteration process

‖ − BT A−1f + BT A−1Bȳk‖ or ‖(I − Π)f − (I − Π)A(I − Π)x̄k‖

↓

Subsections 2.2-2.4 and 3.2-3.4:

True residuals of the original saddle point problem

‖f − Ax̄k − Bȳk‖ and ‖ − BT x̄k‖

↓

Subsections 2.5 and 3.5:

Forward errors of computed approximate solutions

‖x − x̄k‖ and ‖y − ȳk‖

(‖x − x̄k‖A and ‖y − ȳk‖BT A−1B)

Fig. 1.1.

of inexact solution of inner systems or least squares on the maximum attainable
accuracy in the outer iteration process for solving (1.2) or (1.3) and we estimate the
ultimate norms of the true residuals −BT A−1f + BT A−1Bȳk and (I − Π)f − (I −
Π)A(I −Π)x̄k
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2. Schur complement reduction method. In this section we will discuss
algorithms which compute simultaneously approximations xk a yk to the unknowns
x and y and ideally fulfill the first equation of (1.1)

Axk + Byk = f. (2.1)

Our goal here is not to survey all existing schemes based on (2.1) but to analyze the
numerical behavior of three implementations which use different back-substitution for-
mulas for computing the approximate solution xk. More precisely, without specifying
any particular method we assume that we have computed the approximate solution

yk+1 and the residual vector r
(y)
k+1 using the recursions

yk+1 = yk + αkp
(y)
k , (2.2)

r
(y)
k+1 = r

(y)
k + αkBT A−1Bp

(y)
k (2.3)

with r
(y)
0 = −BT A−1(f − By0). We will distinguish between following three mathe-

matically equivalent formulas

xk+1 = xk + αk(−A−1Bp
(y)
k ), (2.4)

xk+1 = A−1(f − Byk+1), (2.5)

xk+1 = xk + A−1(f − Axk − Byk+1). (2.6)

The resulting schemes are summarized in Fig. 2.1. These schemes have been used
and studied in the context of many applications, including various classical Uzawa
algorithms, two-level pressure correction approach or inner-outer iteration method
for solving (1.1); see e.g. the schemes with (2.4) in [28, 3], (2.5) in [15], or (2.6) in
[11, 12, 4, 37], respectively. Because the solves with matrix A in formulas (2.4)-(2.6)
are expensive, these systems are in practice solved only approximately. Our analysis
is based on the assumption that every solution of a symmetric positive definite system
with the matrix A is replaced by an approximate solution produced by an arbitrary
method. The resulting vector is then interpreted as an exact solution of the system
with the same right-hand side vector but with a perturbed matrix A+∆A. We always
require that the relative norm of the perturbation is bounded as ‖∆A‖ ≤ τ‖A‖, where
τ represents a backward error associated with the computed solution vector. We will
always assume that the perturbation ∆A does not exceed the limitation given by the
distance of A to the nearest singular matrix and put restriction in the form τκ(A) ≪ 1.
It follows then from the standard perturbation analysis (see e.g. [23, 6]) that

‖(A + ∆A)−1 − A−1‖ ≤
τκ(A)

1 − τκ(A)
‖A−1‖.

Note that if τ = O(u) then we have a backward stable method for solving the positive
definite system with A. In our numerical experiments, we solve the systems with A
inexactly using the conjugate gradient method or with the Cholesky factorization as
indicated by the notation τ = O(u).

2.1. The attainable accuracy in the Schur complement system. In this
subsection we look at the ultimate accuracy in the outer iteration process by means
of the true residual −BT A−1f + BT A−1Bȳk. It is clear that if we perturb the Schur
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outer iteration

y0, solve Ax0 = f − By0, r
(y)
0 = −BT x0

for k = 0, 1, 2, . . .

yk+1 = yk + αkp
(y)
k

inner iteration / back-substitution

solve Ap
(x)
k = −Bp

(y)
k

A) xk+1 = xk + αkp
(x)
k

B) solve Axk+1 = f − Byk+1

C) solve Auk = f − Axk − Byk+1, xk+1 = xk + uk

r
(y)
k+1 = r

(y)
k − αkBT p

(x)
k

Fig. 2.1. Schur complement reduction: Three different schemes for computing the approximate
solution xk+1 (called in the text the updated approximate solution (A), the approximate solution
computed by a direct substitution (B), and the approximate solution computed by a corrected direct
substitution (C), respectively).

complement system −BT A−1By = −BT A−1f to −BT (A + ∆A)−1Bŷ = −BT A−1f ,
where ‖∆A‖ ≤ τ‖A‖, then the residual associated with ŷ can be bounded as

‖ − BT A−1f + BT A−1Bŷ‖ ≤
τκ(A)

1 − τκ(A)
‖A−1‖‖B‖2‖ŷ‖. (2.7)

We see from (2.7) that there is a limitation to the accuracy of the residual obtained
directly from ŷ and its bound is proportional to τ . Note that these considerations were
made assuming exact arithmetic. The effects of rounding errors on the same quantity
have been studied by Greenbaum [22], who considered a general class of methods for
solving the fixed system of linear equations using two-term recursions given by (2.2)
and (2.3). Using a similar approach we can extend these results and formulate the
following theorem.

Theorem 2.1. The gap between the true residual −BT A−1f + BT A−1Bȳk and

the updated residual r̄
(y)
k can be bounded as

‖ − BTA−1f + BTA−1Bȳk − r̄
(y)
k ‖ ≤

[(2k + 1)τ+O(u)]κ(A)

1 − τκ(A)
‖A−1‖‖B‖(‖f‖+‖B‖Ȳk)

where Ȳk is defined as a maximum norm over all computed approximate solutions

Ȳk ≡ maxi=0,...,k ‖ȳi‖.

Proof. The initial residual r̄
(y)
0 is computed as r̄

(y)
0 = −fl(BT x̄0), where (A +

∆A0)x̄0 = fl(f −By0), ‖∆A0‖ ≤ τ‖A‖. It is easy to see that the statement holds for
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k = 0. The computed approximate solution ȳk+1 and the residual r̄
(y)
k+1 satisfy

ȳk+1 = ȳk + ᾱkp̄
(y)
k + ∆yk+1, ‖∆yk+1‖ ≤ u‖ȳk‖ + (2u + u2)‖ᾱkp̄

(y)
k ‖, (2.8)

r̄
(y)
k+1 = r̄

(y)
k − ᾱkBT p̄

(x)
k + ∆r

(y)
k+1, ‖∆r

(y)
k+1‖ ≤ u‖r̄

(y)
k ‖ + O(u)‖B‖‖ᾱkp̄

(x)
k ‖, (2.9)

where p̄
(x)
k is the exact solution of the perturbed system

(A + ∆Ak)p̄
(x)
k = −fl(Bp̄

(y)
k ), ‖∆Ak‖ ≤ τ‖A‖. (2.10)

Multiplying the equation (2.8) by BT A−1B, substituting (2.10) into the recurrence
(2.9) and subtracting these two equations we get the recurrence

−BT A−1f + BT A−1Bȳk+1 − r̄
(y)
k+1 = −BT A−1f + BT A−1Bȳk − r̄

(y)
k

−ᾱk(BT p̄
(x)
k + BT A−1Bp̄

(y)
k ) + BT A−1B∆yk − ∆r

(y)
k .

The norm of the vector ᾱkp̄
(y)
k can be bounded as ‖ᾱkp̄

(y)
k ‖ ≤ ‖ȳk+1‖+‖ȳk‖+‖∆yk+1‖.

This bound in combination with (2.8) gives ‖∆yk+1‖ ≤ O(u)Ȳk+1 and ‖ᾱkp̄
(y)
k ‖ ≤

3Ȳk+1 which also imply

‖ᾱkp̄
(x)
k ‖ ≤

3‖A−1‖

1 − τκ(A)
‖B‖Ȳk+1. (2.11)

Using (2.10), the bound on ‖ᾱkp̄
(y)
k ‖ and some elementary manipulation we can esti-

mate the term ᾱk(BT p̄
(x)
k + BT A−1Bp̄

(y)
k )

‖ᾱk(BT p̄
(x)
k + BT A−1Bp̄

(y)
k )‖ ≤ ‖ᾱkBT [(A + ∆Ak)−1 − A−1]fl(Bp̄

(y)
k )‖

+‖ᾱkBT A−1[fl(Bp̄
(y)
k ) − Bp̄

(y)
k ]‖ ≤

[τ + O(u)]κ(A)

1 − τκ(A)
‖A−1‖‖B‖2Ȳk+1.

Considering (2.9), (2.11) and the induction assumption on −BT A−1f +BT A−1Bȳk−

r̄
(y)
k (similarly to one used in [22]) we obtain the bound for the error vector ∆r

(y)
k+1 in

the form

‖∆r
(y)
k+1‖ ≤

O(u)κ(A)

1 − τκ(A)
‖A−1‖‖B‖(‖f‖+ ‖B‖Ȳk+1)

which proves the statement of the theorem.

It is a well-known fact that the residual r̄
(y)
k computed recursively via (2.3) usually

converges far below O(u). Using this assumption we can obtain from the estimate

for the gap −BT A−1f + BT A−1Bȳk − r̄
(y)
k the estimate for the maximum attainable

accuracy of the true residual −BT A−1f + BT A−1Bȳk itself. Summarizing, while

the updated residual r̄
(y)
k converges to zero the true residual stagnates at the level

proportional to τ . This is also illustrated in our numerical example, where the Schur
complement system −BT A−1By = −BT A−1f is solved using the steepest descent
method with the initial approximation y0 set to zero. In Fig. 2.2(a) we show the
relative norms of the true residual −BT A−1f + BT A−1Bȳk (solid lines) and the

updated residual r̄
(y)
k (dashed lines).

Similarly to Greenbaum [22] we have shown that the gap between the true and
updated residual is proportional to the maximum norm of approximate solutions
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computed during the whole iteration process. Since the Schur complement system is
symmetric negative definite, the norm of the error or residual converges monotoni-
cally for the most iterative methods like the steepest descent, the conjugate gradient,
conjugate residual method or other error/residual minimizing methods or at least be-
comes orders of magnitude smaller than initial error/residual without exceeding this
limit. In such cases, the quantity Ȳk does not play an important role in the bound,
and it can be usually replaced by ‖y0‖ or a small multiple of ‖y‖. The situation is
more complicated when A is nonsingular and nonsymmetric; see [24].

As we already noted, the main difference with respect to the analysis of Green-
baum is that the floating-point multiplication with the fixed A−1 is replaced by the
step-dependent inexact solution of the system with A such that it can be interpreted as
the exact application of the matrix (A+∆Ak)−1, where the perturbation matrix ∆Ak

changes at every step k. This concept is very similar to the notion of inexact Krylov
subspace methods (see [31] or [33]), which on the other hand does not take into account
the effects of rounding errors. The theory of Greenbaum [22] could be directly applied
only if we have at each iteration ‖fl(BT A−1Bx)−BT A−1Bx‖ ≤ O(u)‖A−1‖‖B‖2‖x‖.
Since in our idealized case fl(BT A−1Bx) = BT (A+∆Ak)−1Bx with ‖∆Ak‖ ≤ τ‖A‖,
we have only

‖fl(BT A−1Bx) − BT A−1Bx‖ ≤
τκ(A)

1 − τκ(A)
‖A−1‖‖B‖2‖x‖.

This bound could be improved if we make a restriction and use a variable tolerance
for inner systems. If we require that every inner system is solved so that the relative
residual of its computed solution needs the tolerance τ , then every inexact application
of the matrix BT A−1B would satisfy the inequality

‖fl(BT A−1Bx) − BT A−1Bx‖ ≤ τ‖A−1‖‖B‖2‖x‖. (2.12)

Then the whole outer process (2.2) and (2.3) together with (2.12) could be interpreted
as a floating-point iteration with the roundoff unit equal to τ . The computation in
this “extended” arithmetic would lead to

‖ − BT A−1f + BT A−1Bȳk − r̄
(y)
k ‖ ≤

O(τ)

1 − τκ(A)
‖A−1‖‖B‖2(‖y‖ + Ȳk).

A thorough rounding analysis of the block LU factorization has been given in [14]
and further developed in the saddle point context in [26]. The approach was quite
converse to the one used in our paper. It is assumed that all inner systems are solved
in a backward stable way and the accuracy of computed approximate solutions is
estimated in terms of the user prescribed tolerance for the outer Schur complement
system. Roughly speaking, the higher stopping tolerance η the higher attainable
accuracy of the true residuals f −Ax̄k −Bȳk and −BT x̄k. This level is magnified by
the quantities that play a similar role as the growth factor in the Gaussian elimination
with partial pivoting (see e.g. [23]). On the other hand, the parameter η giving
the threshold for the backward error cannot be infinitely small. Theorem 2.1 gives
actually its lower bound. Dividing the right-hand side by ‖A−1‖B‖2‖ȳ‖ we end up
with η ≥ O(u)κ(A)/(1 − O(u)κ(A)).

In the following we will estimate the residuals f − Ax̄k − Bȳk and −BT x̄k. We
will show that these quantities depend on the actual implementation of the back-
substitution formula for xk and distinguish between three schemes (2.4), (2.5) and
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Fig. 2.2. Schur complement reduction method: (a) the relative norms of the true residual

−BT A−1f + BT A−1ȳk (solid lines) and the updated residual r̄
(y)
k

(dashed lines) – the updated
solution scheme (2.4); (b) the relative error norms ‖x − x̄k‖A/‖x − x̄0‖A (solid lines) and ‖y −
ȳk‖BT A−1B/‖y − y0‖BT A−1B (dashed lines) – the updated solution scheme (2.4).

(2.6). No matter how we compute the approximations x̄k and ȳk it holds

−BT A−1f + BT A−1Bȳk = −BT x̄k − BT A−1(f − Ax̄k − Bȳk) (2.13)

which gives the mutual relation between the residual −BT A−1f + BT A−1Bȳk in the
Schur complement system and the residuals f−Ax̄k−Bȳk and −BT x̄k associated with
the saddle point system (1.1). According to Theorem 2.1 ‖−BT A−1f +BT A−1Bȳk‖
is ultimately O(τ). Then it is clear from (2.13) that both f −Ax̄k −Bȳk and −BT x̄k

cannot be proportional to the roundoff unit u. We will show that depending on the
chosen back-substitution scheme we can ensure either that f − Ax̄k − Bȳk = O(τ)
with −BT x̄k = O(u) (scheme A (2.4)), or that f −Ax̄k −Bȳk = O(u) with −BT x̄k =
O(τ) (scheme C (2.6)), while the most straightforward scheme B (2.5) leads to both
f − Ax̄k − Bȳk = O(τ) and −BT x̄k = O(τ).

2.2. Scheme A: The updated approximate solution. In this subsection
we analyze the generic update (2.4). It is clear that this scheme requires only one
system solve with A per iteration. Indeed, we compute only the direction vector

p
(x)
k = −A−1Bp

(y)
k , which appears in the recurrence r

(y)
k+1 = r

(y)
k − αkBT p

(x)
k anyway.

As we will see, in finite precision arithmetic this algorithm guarantees that −BT x̄k

will ultimately reach O(u). This happens despite the fact that the systems with the
matrix block A are computed inexactly with the parameter τ frequently much larger
than O(u).

Theorem 2.2. The true residual f − Ax̄k − Bȳk satisfies the bound

‖f − Ax̄k − Bȳk‖ ≤ O(u)(‖f‖ + ‖B‖Ȳk) + [(k + 1)τ + O(u)]‖A‖X̄k. (2.14)

The gap between the residuals −BT x̄k and r̄
(y)
k can be estimated as

‖ − BT x̄k − r̄
(y)
k ‖ ≤ O(u)‖A−1‖‖B‖(‖f‖+ ‖A‖X̄k + ‖B‖Ȳk),

where X̄k is now defined as a maximum norm over all computed approximate solutions

X̄k ≡ maxi=0,...,k ‖x̄i‖.
Proof. The computed approximate solution x̄k+1 satisfies

x̄k+1 = x̄k + ᾱkp̄
(x)
k + ∆xk+1, ‖∆xk+1‖ ≤ u‖x̄k‖ + (2u + u2)‖ᾱkp̄

(x)
k ‖. (2.15)
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Further we use ‖∆xk+1‖ ≤ O(u)X̄k+1 and ‖ᾱkp̄
(x)
k ‖ ≤ 3X̄k+1. Summarizing, we get

the first result. The gap between −BT x̄k+1 and r̄
(y)
k+1 is equal to

−BT x̄k+1 − r̄
(y)
k+1 = −BT x̄k − r̄

(y)
k − BT ∆xk+1 − ∆r

(y)
k+1

and it leads to the expansion containing just the local errors ∆xi+1, ∆yi+1 and the

initial gap −BT x̄0 − r̄
(y)
0

−BT x̄k − r̄
(y)
k = −BT x̄0 − r̄

(y)
0 −

k−1
∑

i=0

BT ∆xi+1 −

k−1
∑

i=0

∆r
(y)
k+1.

Taking norms, considering the bounds on ‖∆xk+1‖, ‖∆yk+1‖, (2.9) and the relation

r̄
(y)
0 = −fl(BT x̄0) we get the second result.

As we will see in the next subsection the bound for the gap −BT x̄k − r̄
(y)
k is

considerably better than for the scheme (2.5). In contrast to (2.18), it does not

depend on τ . Provided that r̄
(y)
k converges to zero, the true residual −BT x̄k will

stagnate at the level proportional to u and the second block equation of (1.1) will be
satisfied to working accuracy.

Figs. 2.3(a), (b) show the norms of the true residual f −Ax̄k −Bȳk and −BT x̄k

(solid lines), respectively, including the norms of the updated residual r̄
(y)
k (dashed

lines). The numerical results are in good agreement with Theorem 2.2. The residual
f −Ax̄k −Bȳk is slightly growing due to the accumulation of errors in inner systems

Ap
(x)
k = −Bp

(y)
k but it essentially remains on the level proportional to τ . The residual

−BT x̄k ultimately stagnates at O(u). The formula (2.4) is suitable whenever the
second equation of (1.1) must be satisfied accurately, no matter how small or big is
the inner tolerance τ .

2.3. Scheme B: The approximate solution computed by a direct substi-
tution. In this subsection we assume that xk is computed by the direct substitution
(2.5). The computed x̄k then satisfies the equality

(A + ∆Ak)x̄k = fl(f − Bȳk), ‖∆Ak‖ ≤ τ‖A‖. (2.16)

The perturbation matrices ∆Ak are different from those defined in Subsection 2.1, but
for simplicity we will keep the same notation. In the following we will show that the

residual r̄
(y)
k is a good approximation for the residual −BT x̄k, provided that they are

above the level given by the bound for −BT x̄k − r̄
(y)
k . This quantity is now however

proportional to τ .
Theorem 2.3. The true residual f − Ax̄k − Bȳk satisfies the bound

‖f − Ax̄k − Bȳk‖ ≤ O(u)(‖f‖ + ‖B‖‖ȳk‖) + τ‖A‖‖x̄k‖. (2.17)

The gap between the residuals −BT x̄k and r̄
(y)
k can be bounded as follows

‖ − BT x̄k − r̄
(y)
k ‖ ≤ O(u)‖A−1‖‖B‖(‖f‖+ ‖B‖Ȳk)

+ [(k + 3)τ + O(u)]κ(A)‖B‖X̄k,
(2.18)

where X̄k is defined as X̄k ≡ maxi=0,...,k−1{‖x̄0‖, ‖x̄k‖, ‖ᾱip̄
(x)
i ‖}.

Proof. The first result follows from (2.16) and the relation for the true residual

f − Ax̄k − Bȳk = f − Bȳk − fl(f − Bȳk) − ∆Akx̄k.
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For the gap between −BT x̄k and r̄
(y)
k we have the identity

−BT x̄k − r̄
(y)
k = −BT A−1f + BT A−1Bȳk − r̄

(y)
k + BT A−1∆Akx̄k

+ BT A−1[fl(f − Bȳk) − (f − Bȳk)].
(2.19)

The statement of Theorem 2.1 together with (2.19) gives the second result (2.18).

Indeed while the residual r̄
(y)
k converges ultimately below O(u), the residual

−BT x̄k will remain proportional to τ . The norm of f −Ax̄k −Bȳk is unconditionally
bounded by the term proportional to τ dominating other terms in (2.17).

Fig. 2.3(d) shows the norms of −BT x̄k (solid lines) and r̄
(y)
k (dashed lines). The

residual f − Ax̄k − Bȳk behaves similarly to that of the scheme (2.4) shown in plot
(a). The residual f − Ax̄k − Bȳk remains almost constant since it is nothing but
the residual of the system Axk = f − Byk solved in each iteration with the uniform
accuracy.

2.4. Scheme C: The approximate solution computed with a corrected
direct substitution. The third back-substitution formula (2.6) can be derived by
a correction of the scheme (2.5) and requires two system solves with A. In this
subsection we show that its numerical behavior is very similar to the behavior of
classical non-stationary iterative methods described and analyzed by Higham [23].
We prove that under certain conditions the true residual f − Ax̄k − Bȳk ultimately
converges to the level proportional to u, which is significantly smaller than those for
previous two schemes.

Theorem 2.4. Assuming for sufficiently large k with ‖ȳk+1 − ȳk‖ ≤ O(u)Ȳk+1,

there exists a step k0 such that the true residual f − Ax̄k − Bȳk is bounded by

‖f − Ax̄k − Bȳk‖ ≤ O(u)(‖f‖ + ‖A‖X̄k + ‖B‖Ȳk) (2.20)

for all steps k ≥ k0. The gap between −BT x̄k and r̄
(y)
k can be estimated as follows

‖ − BT x̄k − r̄
(y)
k ‖ ≤ O(u)‖A−1‖‖B‖(‖f‖+ ‖B‖Ȳk) + [(k + 3)τ + O(u)]κ(A)‖B‖X̄k.

The quantity X̄k is here defined as X̄k ≡ maxi=0,...,k−1{‖x̄0‖, ‖x̄k‖, ‖ᾱip̄
(x)
i ‖}.

Proof. The computed approximate solution x̄k+1 satisfies

x̄k+1 = x̄k + ūk + ∆xk+1, ‖∆xk+1‖ ≤ u(‖x̄k‖ + ‖ūk‖). (2.21)

where the vector ūk is the exact solution of the system

(A + ∆Ak+1)ūk = fl(f − Ax̄k − Bȳk+1), ‖∆Ak+1‖ ≤ τ‖A‖. (2.22)

The residual f − Ax̄k+1 − Bȳk+1 can be expressed using (2.21) and (2.22) as

f − Ax̄k+1 − Bȳk+1 = ∆Ak+1ūk − A∆xk+1

+ fl(f − Ax̄k − Bȳk+1) − (f − Ax̄k − Bȳk+1)

= Gk+1(f − Ax̄k − Bȳk) − Gk+1B(ᾱkp̄
(y)
k ) + hk+1,

(2.23)

where the matrix Gk+1 and the vector hk+1 are defined as Gk+1 ≡ ∆Ak+1(A +
∆Ak+1)

−1 and hk+1 ≡ (I + Gk+1)[fl(f − Ax̄k − Bȳk+1) − (f − Ax̄k − Bȳk+1)] −
A∆xk+1 − Gk+1B∆yk+1. From a recursive use of the formula (2.23) we obtain

f − Ax̄k − Bȳk = Gk · · ·G1(f − Ax̄0 − By0) −

k−1
∑

i=0

Gk · · ·Gi+2(Gi+1Bᾱip̄
(y)
i − hi+1).
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Taking norms, using the relation ‖ᾱip̄
(y)
i ‖ ≤ ‖ȳi+1− ȳi‖+‖∆yi+1‖ and ‖∆Ai‖ ≤ τ‖A‖

we obtain the uniform bound ‖Gi‖ ≤ τκ(A)[1 − τκ(A)]−1 < 1. This leads to the
inequality

‖f − Ax̄k − Bȳk‖ ≤

(

τκ(A)

1 − τκ(A)

)k

‖f − Ax̄0 − By0‖

+
k−1
∑

i=0

(

τκ(A)

1 − τκ(A)

)k−i

‖B‖‖ȳi+1 − ȳi‖

+ k max
i=0,...,k−1

‖hi+1‖ + k max
i=0,...,k−1

‖B‖‖∆yi+1‖.

(2.24)

For the vector hk+1 it further follows that

‖hk+1‖ ≤ O(u)[‖f‖ + ‖A‖(‖x̄k+1‖ + ‖x̄k‖) + ‖B‖Ȳk+1].

It is easy to see that for sufficiently large k the first term in the right-hand side of (2.24)
will decrease far below O(u), while the second term will be at most O(u)‖B‖Ȳk+1 for
all steps k starting from some index k0. Summarizing, for sufficiently large k ≥ k0 we
have the bound

‖f − Ax̄k − Bȳk‖ ≤ O(u)[‖f‖ + ‖A‖(‖x̄k+1‖ + ‖x̄k‖) + ‖B‖Ȳk].

The second statement can be proved considering

−BT x̄k+1 − r̄
(y)
k+1 = −BT A−1f + BT A−1Bȳk+1 − r̄

(y)
k+1

− BT [(A + ∆Ak+1)
−1 − A−1]fl(f − Ax̄k − Bȳk+1)

− BT A−1[fl(f − Ax̄k − Bȳk+1) − (f − Ax̄k − Bȳk+1)].

The first term on the right-hand side can be estimated using Theorem 2.1. Based on
(2.22) we have

‖[(A + ∆Ak+1)
−1 − A−1]fl(f − Ax̄k − Bȳk+1)‖ ≤

τκ(A)

1 − τκ(A)
‖ūk‖

which together with the bound on ‖ūk‖ completes the proof.
In the theorem we assume that ȳk ultimately stagnate so that ‖ȳk+1 − ȳk‖ ≤

O(u)Ȳk+1 for sufficiently large k ≥ k0. It appears that this condition does not repre-

sent a serious restriction. Using (2.8) we have ‖ȳk+1 − ȳk‖ ≤ ‖ᾱkp̄
(y)
k ‖ + O(u)Ȳk+1.

We will show that the norm of ᾱkp̄
(y)
k is much smaller than u for large k, i.e. we can

absorb it into the term O(u)Ȳk+1. Denoting Ŝk ≡ BT (A+∆Ak)−1B, using (2.9) and
(2.10) we have the bound

‖ᾱkp̄
(y)
k ‖ ≤ 2‖Ŝ−1

k ‖(‖r̄
(y)
k+1‖ + ‖r̄

(y)
k ‖) + O(u)‖Ŝ−1

k ‖‖(A + ∆Ak)−1‖‖B‖2‖ᾱkp̄
(y)
k ‖.

Provided that O(u)‖Ŝ−1
k ‖‖(A + ∆Ak)−1‖‖B‖2 < 1 we obtain

‖ᾱkp̄
(y)
k ‖ ≤

2‖Ŝ−1
k ‖(‖r̄

(y)
k+1‖ + ‖r̄

(y)
k ‖)

1 − O(u)‖Ŝ−1
k ‖‖(A + ∆Ak)−1‖‖B‖2

.

Since the norms of updated residuals decrease far below the roundoff unit, the assump-
tion on ‖ȳk+1 − ȳk‖ will be true for sufficiently large k. Note that O(u)‖Ŝ−1

k ‖‖(A +
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∆Ak)−1‖‖B‖2 < 1 is nothing but the restricted assumption of numerical nonsingu-
larity of the Schur complement matrix BT A−1B.

The bound (2.20) is significantly better than its counterparts (2.14) and (2.17).
Theorem 2.4 describes that the residual f − Ax̄k − Bȳk will ultimately reach the
roundoff unit level provided that the matrix GkGk−1 · · ·G1 converges to zero for
k → ∞. As soon as iterates ȳk start to stagnate at their limiting accuracy level, the
rate of convergence of this non-stationary iteration process is bounded by the factor
τκ(A)[1− τκ(A)]−1. The behavior of −BT x̄k is similar to that of scheme 2.5. Indeed

when r̄
(y)
k converges ultimately below O(u), the residual −BT x̄k remains proportional

to τ . Fig. 2.3(c) shows the norms of the residual f −Ax̄k −Bȳk. The plot for −BT x̄k

(not reported) is similar to the plot (d) for the scheme (2.5). It is clear that in our well
conditioned case the stationary method converges very fast and the rate of decrease of
f −Ax̄k−Bȳk is essentially comparable to the convergence rate of the outer iteration.

2.5. Forward error analysis. In this subsection we estimate the maximum
attainable accuracy in terms of the errors x − x̄k and y − ȳk. First we formulate
the bounds in the 2-norm and then in the A-norm of the error x − x̄k and in the
BT A−1B-norm of the error y − ȳk. The errors x − x̄k and y − ȳk, and the residuals
f − Ax̄k − Bȳk and −BT x̄k satisfy

(

A B
BT 0

)(

x − x̄k

y − ȳk

)

=

(

f − Ax̄k − Bȳk

−BT x̄k

)

. (2.25)

We have the explicit expression for the inverse of the saddle point matrix

(

A B
BT 0

)−1

=

(

(I − Π)A−1 −ΠB(BT B)−1

−(BT B)−1BT ΠT −(BT A−1B)−1

)

,

where Π ≡ A−1B(BT A−1B)−1BT represents the oblique projector onto range of
R(B) along N(BT ). Considering (2.25), the inequalities ‖(I − Π)A−1‖ ≤ ‖A−1‖ and
‖A−1B(BT A−1B)−1‖ = ‖ΠB(BT B)−1‖ ≤ ‖(BT B)−1‖1/2 we obtain the bounds

‖x − x̄k‖ ≤ γ1‖f − Ax̄k − Bȳk‖ + γ2‖ − BT x̄k‖, (2.26)

‖y − ȳk‖ ≤ γ2‖f − Ax̄k − Bȳk‖ + γ3‖ − BT x̄k‖, (2.27)

where γ1 ≡ σ−1
min(A), γ2 ≡ σ−1

min(B) and γ3 ≡ σ−1
min(BT A−1B) are constants inde-

pendent of the iteration step k. It is clear from (2.26), (2.27), Theorems 2.2, 2.3 and
2.4 that ‖x − x̄k‖ and ‖y − ȳk‖ will be O(τ) for all back-substitution schemes. In
contrast to our numerical example, the saddle point systems that arise in practice can
be ill-conditioned. In such cases the constants γ1, γ2 and γ3 may play an important
role.

In exact arithmetic we have ‖x−xk‖A = ‖y−yk‖BT A−1B. Since in finite precision
arithmetic the residual f − Ax̄k − Bȳk is no longer zero, instead of this identity we
get

|‖x − x̄k‖A − ‖y − ȳk‖BT A−1B| ≤ γ
1/2
1 ‖f − Ax̄k − Bȳk‖. (2.28)

We can also formulate the proposition, which gives bounds for the errors in terms of
the residuals f − Ax̄k − Bȳk and −BT A−1f + BT A−1Bȳk.
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Theorem 2.5. The A-norm of the error x − x̄k and the BT A−1B-norm of the

error y − ȳk can be bounded as

‖x − x̄k‖A ≤ γ
1/2
1 ‖f − Ax̄k − Bȳk‖ + γ

1/2
3 ‖ − BT A−1f + BT A−1Bȳk‖, (2.29)

‖y − ȳk‖BT A−1B ≤ γ
1/2
3 ‖ − BT A−1f + BT A−1Bȳk‖. (2.30)

Proof. It follows from (2.28) that

‖x − x̄k‖A ≤ ‖y − ȳk‖BT A−1B + |‖x − x̄k‖A − ‖y − ȳk‖BT A−1B |

≤ ‖y − ȳk‖BT A−1B + σ
−1/2
min (A)‖f − Ax̄k − Bȳk‖.

(2.31)

For the BT A−1B-norm of the error y − ȳk we have

‖y − ȳk‖BT A−1B = ‖BT A−1f − BT A−1Bȳk‖(BT A−1B)−1 , (2.32)

which completes the proof.
The first term on the right-hand side of (2.29) should be zero in exact arithmetic

and it describes how well the computed x̄k and ȳk satisfy the equation (2.1). The
second term is related to the Schur complement residual which in exact arithmetic

should converge to zero. The recursively computed residual r̄
(y)
k is a good approxima-

tion to −BT A−1f +BT A−1Bȳk, provided they are above the level given by Theorem
2.1. Therefore its norm represents an easily computable quantity for the second term
on the right-hand side of (2.29). The residual f−Ax̄k−Bȳk depends on the computed
x̄k and we distinguished between three schemes with (2.4), (2.5) or (2.6), respectively.
We can see that, no matter which implementation we use, −BT A−1f +BT A−1Bȳk is
a dominating quantity in (2.29). Therefore, ‖x− x̄k‖A can be thus well approximated

during the convergence by the quantity γ
1/2
3 ‖r̄

(y)
k ‖ or its estimate. Similar can be said

also for ‖y − ȳk‖BT A−1B , see (2.30).
The errors x − x̄k and y − ȳk can be estimated with more sophisticated but

easily computable bounds (without explicit use of residuals and conditioning). As
an example we refer to the rounding error analysis of the conjugate gradient method
and various mathematically equivalent formulas for estimating ‖x − x̄k‖A [32]. It
appears that although many existing bounds were developed using exact arithmetic
considerations, they estimate successfully the energy error using computed quantities
which can be orders of magnitude different from their exact precision counterparts.
Therefore despite that we assume that A−1 is performed inexactly, it is feasible to
estimate the BT A−1B-norm of the error y − ȳk.

In Fig. 2.2(b) we report the relative error norms ‖x− x̄k‖A/‖x− x̄0‖A and ‖y −
ȳk‖BT A−1B/‖y− y0‖BT A−1B. The inverse of A in the computation of BT A−1B-norm
is computed by a direct solver. In agreement with (2.29) and (2.30) and Theorems
2.2, 2.3 and 2.4 (see also Fig. 2.3), the relative A-norm of the error x− x̄k and also the
relative BT A−1B-norm of the error y− ȳk begin to stagnate at the level proportional
to τ . Since the behavior of these quantities for all implementations is similar, we
present only the results for the scheme (2.5). The slight difference is visible only in
the gap between both error norms given by the estimate (2.28).

3. Null-space projection method. In this section we deal with algorithms
which compute approximations xk and yk such that xk satisfies BT xk = 0 and yk

solves the least squares problem minimizing the residual f − Axk − Byk, i.e.

‖f − Axk − Byk‖ = min
v∈Rm

‖f − Axk − Bv‖. (3.1)



16

We will denote (3.1) by Byk ≈ f − Axk and assume that the approximate solution

xk+1 and the residual vector r
(x)
k+1 are computed using

xk+1 = xk + αkp
(x)
k , (3.2)

r
(x)
k+1 = r

(x)
k − αkAp

(x)
k − Bp

(y)
k , (3.3)

where r
(x)
0 = B†(f − Ax0). The vectors x0 and p

(x)
k belong to N(B
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outer iteration

x0, solve By0 ≈ f − Ax0, r
(x)
0 = f − Ax0 − By0

for k = 0, 1, 2, . . .

xk+1 = xk + αkp
(x)
k

inner iteration / back-substitution

solve Bp
(y)
k ≈ r

(x)
k − αkAp

(x)
k

A) yk+1 = yk + p
(y)
k

B) solve Byk+1 ≈ f − Axk+1

C) solve Bqk ≈ f − Axk+1 − Byk, yk+1 = yk + qk

r
(x)
k+1 = r

(x)
k − αkAp

(x)
k − Bp

(y)
k

Fig. 3.1. Null-space projection method: Three different schemes for computing the approximate
solution yk+1 (called in the text the updated approximate solution (A), the approximate solution
computed by a direct substitution (B), the approximate solution computed by a corrected direct
substitution (C), respectively).

where Π̂ = (B + ∆B)(B + ∆B)† such that ‖∆B‖ ≤ τ‖B‖. The residual associated
with the solution of (3.7) can be written as

(I − Π)f − (I − Π)A(I − Π)x̂ = (Π̂ − Π)f + (I − Π̂)A(Π − Π̂)x̂ + (Π − Π̂)A(I − Π)x̂

and due to ‖Π̂ − Π‖ ≤ ‖∆B‖min{‖B†‖, ‖(B + ∆B)†‖} ([23, Lemma 19.8]) we have

‖(I − Π)f − (I − Π)A(I − Π)x̂‖ ≤
2τκ(B)

1 − τκ(B)
(‖f‖ + ‖A‖‖x̂‖).

Indeed, even if we assume exact arithmetic, the residual obtained directly from x̂ is
proportional to the parameter τ . In addition, we ideally have (B +∆B)T x̂ = 0 which
implies ‖−BT x̂‖ ≤ τ‖B‖‖x̂‖. Therefore we can expect that also the residual −BT x̄k

associated with the computed approximate solution x̄k will be proportional to τ . Such
analysis is dependent on the choice of a particular method with the recurrences (3.2)
and (3.3), and therefore we do not give it here. In accordance with [22] it seems
reasonable that the bound for −BT x̄k is proportional to the factor X̄k. Moreover,
the error in the projection of an arbitrary vector is represented in the bounds by
τκ(B)/[1 − τκ(B)]. Therefore −BT x̄k and Πx̄k can be expected to have the form

‖ − BT x̄k‖ ≤
O(τ)‖B‖

1 − τκ(B)
X̄k, ‖Πx̄k‖ ≤

O(τ)κ(B)

1 − τκ(B)
X̄k. (3.8)

The following Theorem 3.1 shows that the true residual (I −Π)f − (I −Π)A(I −Π)x̄k

is ultimately proportional to τ , while its projection onto N(BT ) will finally reach the

level O(u) provided that the updated residual r̄
(x)
k converges far below that level.
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Theorem 3.1. The gap between the true residual (I −Π)f − (I −Π)A(I −Π)x̄k

and the projection of the updated residual (I − Π)r̄
(x)
k can be bounded by

‖(I − Π)f − (I − Π)A(I − Π)x̄k − (I − Π)r̄
(x)
k ‖ ≤

O(τ)κ(B)

1 − τκ(B)
(‖f‖ + ‖A‖X̄k).

where X̄k ≡ maxi=0,...,k ‖x̄i‖.
Proof. The computed approximation x̄k+1 satisfies the relations

x̄k+1 = x̄k + ᾱkp̄
(x)
k + ∆xk+1, ‖∆xk+1‖ ≤ u‖x̄k‖ + (2u + u2)‖ᾱkp̄

(x)
k ‖, (3.9)

The inequality ‖ᾱkp̄
(x)
k ‖ ≤ ‖x̄k+1‖ + ‖x̄k‖ + ‖∆xk+1‖ gives ‖ᾱkp̄

(x)
k ‖ ≤ 3X̄k+1 and

‖∆xk+1‖ ≤ O(u)X̄k+1. The vectors ȳ0 and p̄
(y)
k satisfy (B + ∆B0)ȳ0 ≈ fl(f − Ax0) +

∆c0 with ‖∆B0‖ ≤ τ‖B‖, ‖∆c0‖ ≤ τ‖fl(f − Ax0)‖ and

(B + ∆Bk)p̄
(y)
k ≈ fl(r̄

(x)
k − ᾱkAp̄

(x)
k ) + ∆ck, (3.10)

‖∆Bk‖ ≤ τ‖B‖, ‖∆ck‖ ≤ τ‖fl(r̄
(x)
k − ᾱkAp̄

(x)
k )‖. (3.11)

For updated residuals we have r̄
(x)
0 = fl(f − Ax0 − Bȳ0) and

r̄
(x)
k+1 = r̄

(x)
k − ᾱkAp̄

(x)
k − Bp̄

(y)
k + ∆r

(x)
k+1, (3.12)

‖∆r
(x)
k+1‖ ≤ O(u)(‖r̄

(x)
k ‖ + ‖A‖‖ᾱkp̄

(x)
k ‖ + ‖B‖‖p̄

(y)
k ‖). (3.13)

The recursive use of (3.9) and (3.12) leads to the expression for the gap between the

projections of f − Ax̄k and r̄
(x)
k

(I − Π)(f − Ax̄k − r̄
(x)
k ) = (I − Π)(f − Ax̄0 − r̄

(x)
0 ) −

k−1
∑

i=0

(I − Π)(A∆xi+1 + ∆r
(x)
i+1),

Taking norms and corresponding bounds we get after some manipulation

‖(I − Π)(f − Ax̄k − r̄
(x)
k )‖ ≤

O(u)κ(B)

1 − τκ(B)

(

‖f‖ + ‖A‖X̄k

)

. (3.14)

Here we have used that ‖r̄
(x)
k ‖ ≤ ‖r̄

(x)
0 ‖ for k = 0, 1, . . . which seems reasonable when

solving the positive semi-definite problem. For the gap between (I − Π)f − (I −

Π)A(I − Π)x̄k and (I − Π)r̄
(x)
k we can write

‖(I−Π)f−(I−Π)A(I−Π)x̄k−(I−Π)r̄
(x)
k ‖ ≤ ‖(I−Π)(f−Ax̄k−r̄

(x)
k )‖+‖(I−Π)AΠx̄k‖.

Considering (3.14) and (3.8) we get the statement.
In Fig. 3.2(a) we report the relative norms of the true residual (I − Π)f − (I −

Π)A(I−Π)x̄k (solid lines) and the updated residual r̄
(x)
k (dashed lines). The numerical

results confirm that the residual f − Ax̄k is within N(BT ) approximated by r̄
(x)
k to

the working precision u. However, this is not true for the residual (I − Π)f − (I −
Π)A(I −Π)x̄k which is ultimately O(τ) as it follows from Theorem 3.1. The residual
−BT x̄k obviously does not depend on the back-substitution scheme; see Fig. 3.3(d).

In contrast to the Schur complement reduction method, the inexactness is con-
nected with the matrix B instead of A. In practice, the sequential application of the
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Fig. 3.2. Null-space projection method: (a) the relative norms of the true residual (I − Π)f −

(I −Π)A(I −Π)x̄k of the projected system (solid lines) and the updated residual r̄
(x)
k

(dashed lines)
– the updated solution scheme (3.4); the relative norms of the errors ‖x − x̄k‖A/‖x − x0‖A (solid
lines) and ‖y − ȳk‖BT A−1B/‖y − ȳ0‖BT A−1B (dashed lines) – the update solution scheme (3.4).

matrix (I−Π)A(I−Π) does not represent a symmetric operator. This is also reflected
in the fact that we assume a general framework for computing the vector xk and ana-

lyze another projection of residuals f −Ax̄k −Bȳk and r̄
(x)
k . Ideally at every iteration

step we apply the matrix-vector product with the matrix (I − Π̂)A(I − Π̂), where Π̂
represents the orthogonal projector Π̂ = (B +∆B)(B +∆B)† with ‖∆B‖ ≤ τ‖B‖. A
question similar to one in Subsection 2.1 arises whether we can apply the results of [22]
directly to the system (I − Π̂)A(I − Π̂)x̂ = (I − Π̂)f . Theorem 3.1 shows that in finite
precision arithmetic the residual (I−Π)f−(I−Π)A(I−Π)x̄k will remain proportional
to the parameter τ . The theory of Greenbaum can be directly applied only if the mul-
tiplication by (I −Π)A(I −Π) satisfies ‖fl[(I −Π)A(I −Π)x]− (I −Π)A(I −Π)x‖ ≤
O(u)‖(I −Π)A(I −Π)‖‖x‖ which is obviously not the case here. In the idealized case
we have fl[(I − Π)A(I − Π)x] = (I − Π̂)A(I − Π̂)x and hence

‖fl[(I − Π)A(I − Π)x] − (I − Π)A(I − Π)x‖ ≤
O(τ)κ(B)

1 − τκ(B)
‖A‖‖x‖.

If we could improve this bound to satisfy ‖fl[(I−Π)A(I −Π)x]− (I −Π)A(I −Π)x‖ ≤
τ‖A‖‖x‖, the outer iteration process could be viewed as an iteration in finite precision
arithmetic with the roundoff unit equal to τ and the theory of Greenbaum would lead
to the estimate

‖(I − Π)f − (I − Π)A(I − Π)x̄k − r̄
(x)
k ‖ ≤

O(τ)

1 − τκ(B)
‖A‖(‖x‖ + X̄k).

The numerical behavior of the null-space projection method was studied also in
[1, 2], where the inner least squares are solved by the QR or LU factorization with
τ = O(u) and the projected system is solved inexactly with the parameter η. Our
Theorem 3.1 thus gives an answer to the question how small can the parameter η be
in the outer iteration. Roughly speaking, when using the error or residual minimizing
method for solving the projected Hessian system the backward error associated with
the iterate x̄k cannot be smaller than O(u)κ(B)/[1 − O(u)κ(B)].

It is clear that no matter how we compute x̄k and ȳk we have the following relation
between (I − Π)f − (I − Π)A(I − Π)x̄k, f − Ax̄k − Bȳk and −BT x̄k

(I − Π)f − (I − Π)A(I − Π)x̄k = (I − Π)(f − Ax̄k − Bȳk) + (I − Π)AΠx̄k . (3.15)
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where Ȳk ≡ maxi=0,...,k ‖ȳi‖. The statement of the theorem remains true if we replace

Ȳk by max{‖y0‖, ‖p
(y)
i ‖, i = 0, 1, . . . , k − 1}.

Proof. The vector x̄k+1 satisfies (3.9) with ‖∆xk+1‖ ≤ O(u)X̄k+1 and similarly
for ȳk+1 we have

ȳk+1 = ȳk + p̄
(y)
k + ∆yk+1, ‖∆yk+1‖ ≤ u‖ȳk‖ + (2u + u2)‖p̄

(y)
k ‖

with ‖∆yk+1‖ ≤ O(u)Ȳk+1. The residual r̄
(x)
k+1 satisfies (3.12) and thus ‖∆r

(x)
k+1‖ ≤

O(u)(‖r̄
(x)
k ‖+‖A‖X̄k+1+‖B‖Ȳk+1). Using the above relations we obtain the recursive

formula

f − Ax̄k+1 − Bȳk+1 − r̄
(x)
k+1 = f − Ax̄k − Bȳk − r̄

(x)
k − A∆xk+1 − B∆yk+1 − ∆r

(x)
k+1.

Taking the norms we get after some manipulation

‖f − Ax̄k − Bȳk − r̄
(x)
k ‖ ≤ O(u)

(

‖f‖ + ‖A‖X̄k + ‖B‖Ȳk +

k−1
∑

i=0

‖r̄
(x)
i ‖

)

.

The statement can be now proved by induction on k.

We have shown that r̄
(x)
k is a good approximation to f−Ax̄k−Bȳk independently

of the fact that p̄
(y)
k are computed inexactly. Note that Theorem 3.1 can be derived

using Theorem 3.2 due to ‖(I−Π)(f−Ax̄k−r̄
(x)
k )‖ = ‖(I−Π)(f−Ax̄k−Bȳk−r̄

(x)
k )‖ ≤

‖f −Ax̄k −Bȳk − r̄
(x)
k ‖. In Fig. 3.3(a) we show the relative norms of f −Ax̄k −Bȳk

(solid lines) and r̄
(x)
k (dashed lines). The results of our numerical experiment are in a

good agreement with Theorem 3.2.

3.3. Scheme B: The approximate solution computed by a direct sub-
stitution. In this subsection we analyze the scheme (3.5), which uses the directly
computed right-hand side vector f −Axk. The computed ȳk is then a solution of the
perturbed problem

(B + ∆Bk)ȳk ≈ fl(f − Ax̄k) + ∆ck (3.16)

with ‖∆Bk‖ ≤ τ‖B‖ and ‖∆ck‖ ≤ τ‖fl(f −Ax̄k)‖. We will show that (I −Π)r̄
(x)
k is a

good approximation of f − Ax̄k − Bȳk provided that both they are above their level
of maximum attainable accuracy.

Theorem 3.3. The gap between the residuals f −Ax̄k −Bȳk and (I −Π)r̄
(x)
k can

be bounded by

‖f − Ax̄k − Bȳk − (I − Π)r̄
(x)
k ‖ ≤

5τκ(B)

1 − τκ(B)
(‖f‖ + ‖A‖‖x̄k‖)

+ O(u)(‖f‖ + ‖A‖X̄k + ‖B‖Ȳk).

Proof. Considering (3.16) it follows for the true residual that

f − Ax̄k − Bȳk = f − Ax̄k − B(B + ∆Bk)†[fl(f − Ax̄k) + ∆ck]

= (I − Π)(f − Ax̄k) + B[B† − (B + ∆Bk)†]fl(f − Ax̄k)

+ BB†[fl(f − Ax̄k) − (f − Ax̄k)] − B(B + ∆Bk)†∆ck.
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Taking (3.16), the bounds on B[B† − (B + ∆Bk)†], (B + ∆Bk)† and Theorem 3.1 we
get the desired result.

When using the formula (3.5) the residual f−Ax̄k−Bȳk will not decrease below a

level proportional to τ , while (I−Π)r̄
(x)
k converges beyond the level O(u). This result

is illustrated by our numerical experiment. In Fig. 3.3(b) we plotted the relative

norms of f − Ax̄k − Bȳk (solid lines) and r̄
(x)
k (dashed lines).

3.4. Scheme C: The approximate solution computed with a corrected
direct substitution. In this subsection we analyze the scheme (3.6) requiring a
solution of two least squares problems with B. We show that its behavior is similar to
the algorithm using the update (3.4). We prove that under certain assumptions the
true residual f − Ax̄k − Bȳk converges ultimately to the O(u) level. The difference
is here that while Theorem 3.2 holds without any additional conditions, here we have
a situation analogous to the behavior of non-stationary iterative methods (see [23,
Chapter 16]).

Theorem 3.4. Provided that for sufficiently large step k the computed vector x̄k

stagnates, i.e. we have ‖x̄k+1 − x̄k‖ ≤ O(u)X̄k+1, there exists some iteration step k0

such that

‖f − Ax̄k − Bȳk − (I − Π)r̄
(x)
k ‖ ≤ O(u)(‖f‖ + ‖A‖X̄k + ‖B‖Ȳk) (3.17)

holds for all k ≥ k0.

Proof. The vector ȳk+1 satisfies ȳk+1 = ȳk + q̄
(y)
k + ∆yk+1 and ‖∆yk+1‖ ≤

O(u)Ȳk+1, where q̄
(y)
k is the solution of the problem (B + ∆Bk)q̄

(y)
k ≈ fl(f −Ax̄k+1 −

Bȳk) + ∆ck with ‖∆Bk‖ ≤ τ‖B‖ and ‖∆ck‖ ≤ τ‖fl(f − Ax̄k+1 − Bȳk)‖. For f −
Ax̄k+1 − Bȳk+1 we can then write

f − Ax̄k+1 − Bȳk+1 = (I − Π)(f − Ax̄k+1) + Gk(f − Ax̄k+1 − Bȳk)

− B(B + ∆Bk)†∆ck + hk,

where Gk = B[B† − (B + ∆Bk)†] and hk = −B(B + ∆Bk)†[fl(f − Ax̄k+1 − Bȳk) −
(f −Ax̄k+1 −Bȳk)]−B∆yk+1. Projecting f −Ax̄k+1 −Bȳk+1 onto R(B) and taking
norms we obtain

‖Π(f − Ax̄k+1 − Bȳk+1)‖ ≤
[

‖Gk‖ + τ‖B(B + ∆Bk)†‖
]

‖f − Ax̄k+1 − Bȳk‖

+τ‖B(B + ∆Bk)†‖‖fl(f − Ax̄k+1 − Bȳk) − (f − Ax̄k+1 − Bȳk)‖ + ‖hk‖.

The term ‖f − Ax̄k+1 − Bȳk‖ can be further bounded by

‖f −Ax̄k+1 −Bȳk‖ ≤ ‖(I −Π)(f −Ax̄k+1)‖+ ‖Π(f −Ax̄k −Bȳk)‖+ ‖A(x̄k+1 − x̄k)‖

which together with the bound on ‖Gk‖, ‖hk‖ ≤ O(u)(‖f‖ + ‖A‖X̄k+1 + ‖B‖Ȳk+1)
and τ‖B(B + ∆Bk)†‖ ≤ τκ(B)[1 − τκ(B)]−1 < 1 leads to

‖Π(f − Ax̄k+1 − Bȳk+1)‖ ≤
3τκ(B)

1 − τκ(B)
[‖Π(f − Ax̄k − Bȳk)‖

+‖(I − Π)(f − Ax̄k+1)‖ + ‖A‖‖x̄k+1 − x̄k‖] + O(u)(‖f‖ + ‖A‖X̄k+1 + ‖B‖Ȳk+1).
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After the recursive use of previous inequality we obtain

‖Π(f − Ax̄k − Bȳk)‖ ≤

(

3τκ(B)

1 − τκ(B)

)k

‖f − Ax̄0 − Bȳ0‖

+

k−1
∑

i=0

(

3τκ(B)

1 − τκ(B)

)k−i

[‖(I − Π)(f − Ax̄i+1)‖ + ‖A‖‖x̄i+1 − x̄i‖]

+ O(u)(‖f‖ + ‖A‖X̄k + ‖B‖Ȳk).

(3.18)

Under the assumption on the stagnation of iterates there exist some index k0 such
that the second term on the right-hand side of (3.18) will be of order O(u)(‖f‖ +
‖A‖X̄k + ‖B‖Ȳk) for all iteration steps k ≥ k0. Finally, from Theorem 3.2 we have

‖(I − Π)(f − Ax̄k) − (I − Π)r̄
(x)
k ‖ ≤ O(u)(‖f‖ + ‖A‖X̄k + ‖B‖Ȳk).

Theorem 3.4 shows that f − Ax̄k − Bȳk will ultimately reach the O(u) level. As
soon as the approximate solutions x̄k stagnate with ‖x̄k+1−x̄k‖ ≤ O(u)X̄k+1, the rate
of convergence of this process is roughly given by the factor 3τκ(B)[1−τκ(B)]−1. Note
that similarly to Subsection 2.4 the assumption on the stagnation is not restrictive.
The numerical results on a model example are shown in Fig. 3.3(c) which reports the

relative norms of f − Ax̄k − Bȳk (solid lines) and r̄
(x)
k (dashed lines). They are in a

good agreement with Theorem 3.4.

3.5. Forward error analysis. In this subsection we look at the maximum at-
tainable accuracy measured by errors x − x̄k and y − ȳk. The analysis is very similar
to the Schur complement reduction method and therefore we focus only on issues
particular to the null-space projection method. We recall that relation (2.25) gives
the universal bounds (2.26), (2.27) and (2.28). Independently of the back-substitution
scheme used for computing ȳk, the terms γ2‖−BT x̄k‖ and γ3‖−BT x̄k‖ on the right-
hand side of (2.26) and (2.27), respectively, are always proportional to τ . The terms
with f − Ax̄k − Bȳk depend on the back-substitution formula and their final magni-
tude will be at most O(τ), leading to similar conclusions on errors as in Subsection
2.5. The estimate for ‖x − x̄k‖A is given in the following proposition.

Theorem 3.5. The A-norm of the error x − x̄k can be bounded as

‖x − x̄k‖A ≤ δ1‖ − BT x̄k‖ + δ2‖(I − Π)(f − Ax̄k)‖. (3.19)

where δ1 ≡ ‖A‖1/2/σmin(B) and δ2 ≡ σ
−1/2
min (A) are constants independent of the

iteration step k.

Proof. Since (I −Π)A(x− x̄k) = (I −Π)(f −Ax̄k), BT x = 0 and ‖B(BT B)−1‖ =
σ−1

min(B), ‖x − x̄k‖
2
A can be written as

‖x − x̄k‖
2
A = (Π(x − x̄k), A(x − x̄k)) + ((I − Π)A(x − x̄k), x − x̄k)

≤ ‖A1/2‖‖x− x̄k‖A(‖B(BT B)−1‖‖BT (x − x̄k)‖ + ‖(I − Π)(f − Ax̄k)‖). (3.20)

Dividing both sides by ‖x − x̄k‖A gives the statement (3.19).
The first term on the right-hand side of (3.19) should be zero in exact arithmetic.

The computed x̄k however does not fulfill −BT x̄k = 0 and its departure from N(BT )
was discussed in (3.8). The second term converges to zero in exact arithmetic and it
is related to the projected residual (I − Π)(f − Ax̄k), see Theorem 3.14. The result

for y − ȳk can be obtained from (3.19) using (2.28). Provided that r̄
(x)
k is larger than

O(τ), ‖x − x̄k‖A is then well approximated by δ2‖(I − Π)r̄
(x)
k ‖.
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4. Conclusions. In this paper we have looked at the numerical behavior of cer-
tain inexact saddle point solvers. In particular, for several mathematically equivalent
implementations we studied the influence of inexact solving the inner systems and
estimated their maximum attainable accuracy. When considering the outer iteration
process our rounding error analysis has led to results similar to ones which can be
obtained assuming exact arithmetic. The situation was different when we looked at
the residuals in the saddle point system. We have shown that some implementations
lead ultimately to residuals on the the roundoff unit level independently of the fact
that the inner systems were solved inexactly on a much higher level τ . Indeed, our
results confirmed that the generic and actually the cheapest implementations deliver
the approximate solutions which satisfy either the second or the first block equation
to the working accuracy. In addition, the schemes with the corrected direct substi-
tution are also very attractive. We gave a theoretical explanation for the behavior
which was probably observed or it is already tacitly known. The implementations
that we pointed out as optimal are actually those which are widely used and sug-
gested in applications. It appears that, when measured in terms of the errors, the
maximum attainable accuracy level is similar for all considered implementations and
is proportional to the parameter which measures the inexactness in solving the inner
systems.
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[26] J. Maryška, M. Rozložńık, and M. Tůma, Schur complement reduction in the mixed-hybrid

approximation of Darcy’s law: rounding error analysis, J. Comp. Appl. Math., (2000),
pp. 159–173.

[27] N. K. Nichols, On the convergence of two-stage iterative processes for solving linear equations,
SIAM J. Numer. Anal., 10 (1973), pp. 460–469.

[28] A. Ramage and A. J. Wathen, Iterative solution techniques for the Stokes and Navier-Stokes
equations, Int. J. Numer. Meth. Fluids, 19 (1994), pp. 67–83.
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