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1. Introduction

Reliability of measurement is a measure of its reproducibil-
ity under replicate conditions. The most widely used esti-
mator of reliability is Cronbach’s alpha. Nevertheless, there
is an ongoing debate about the usefulness of alpha [1]. In
tests composed of dichotomously scored items, the use
of alpha is doubtful because it assumes that the item re-
sponses are continuous.
This paper presents incorporation of generalized linear
models into a definition of reliability, which empowers the
study of properties of various reliability estimates for tests
with binary items.

2. Generalized definition of reliability

In the context of the classical test theory (CTT) the mea-
surement Y is assumed to be composed out of two inde-
pendent variables – the true value T and the error term ε

Y = T + ε, T ∼ (µ, σ2T ), ε ∼ (0, σ2). (1)

The reliability of measurement Y can be defined as the ra-
tio of variance of the true score and the variance of the
observed score

reli(Y ) =
var(T )

var(Y )
=

σ2T
σ2T + σ2

. (2)

However, the model (1) is not appropriate when Y takes
only values of 0 or 1 since in such a situation Y cannot be
expressed as a sum of two independent variables. Instead,
the model is usually defined through conditional mean val-
ues E(Y |T ).
One of the often used models is a generalized linear model
of logistic regression, the so called Rasch model

E(Yij|Ti) =
exp(Ti + βj)

1 + exp(Ti + βj)
, i = 1, . . . , n, j = 1, . . . ,m, (3)

where n denotes the number of subjects who answered to
m items with item difficulties β1, . . . , βm.
Such models do not allow for rewriting the reliability as
in (2). Hence, in [2] we proposed to use decomposition
of var(Y ) by means of conditional variance and conditional
mean value as

var(Y ) = E(var(Y |T )) + var(E(Y |T )), (4)

where the first term is the intraclass variance (that is the
part of the variance, which is not due to the variability of T )
and the second term is the interclass variance (the part of
total variance which is due to the variability of T ).
Using the variance decomposition formula (4) and following
the CTT definition of reliability (2), we proposed a general-
ized definition of reliability

reli(Y ) =
var[E(Y |T )]

var(Y )
=

var[E(Y |T )]
E[var(Y |T )] + var[E(Y |T )]

. (5)

Since for the CTT model (1) holds that

E(Y |T ) = E(T + ε|T ) = T,

in CTT, the definition (5) coincides with the classical defini-
tion (2).
In [3] we derived that for the composite measurement Y• =∑m
j=1 Yj with essentially tau-equivalent items obeying the

Rasch model, the reliability can be written as

reli(Y•) =

∑m
j=1
∑m
t=1(Cjt −DjDt)∑m

j=1
∑m
t=1(Cjt −DjDt) +

∑m
j=1Bj

, (6)

where

Bj = ET
eT+βj(

1 + eT+βj
)2, Dj = ET

eT+βj

1 + eT+βj

Cjt = ET
eT+βj

1 + eT+βj

eT+βt

1 + eT+βt
.

These integrals cannot be evaluated explicitly, nevertheless
they can be evaluated numerically.
Hence, generalized definition (5), and formula (6) for the
Rasch model, allow us to compute the true value of reliabil-
ity for a given testing situation (given distribution of true val-
ues T , number of items m and item difficulties β1, . . . , βm).
Further, we are able to compare the properties of different
reliability estimators in tests with binary items.
In the following sections we present examples of simulation
studies empowered by the generalized definition (5).

3. Cronbach’s alpha versus KR-21

The most widely used estimator of the reliability of compos-
ite measurement Y• is Cronbach’s alpha

α =
m

m− 1

var(Y•)−
∑m
j=1 var(Yj)

var(Y•)
. (7)

For binary data, the alpha coincides with Kuder-
Richardson formula 20

KR-20 =
m

m− 1

[
1−

∑m
j=1 πj(1− πj)
var(Y•)

]
, (8)

where πj is the probability of a correct answer to item j.
For tests with equally difficult items, Kuder and Richardson
developed formula-21 [4], which is defined as

KR-21 =
m

m− 1

[
1− E(Y•)(m− E(Y•))

mvar(Y•)

]
. (9)

Assuming the Rasch model (3) and using a generalized def-
inition of reliability (5), (6) we compared KR-20 and KR-21
in a simulation study. The simulations were conducted in R,
various input conditions were considered – various com-
binations of number of subjects n and number of essen-
tially tau-equivalent items m. Moreover, we considered two
different sets of item difficulties: β1, . . . , βm were chosen
equidistant from interval (−0.1, 0.1) or (−3, 3).
In the case of small differences among the item difficulties
(βj ∈ (−0.1, 0.1)) and when the number of subjects was big-
ger than the number of items, Cronbach’s alpha and KR-21
almost coincided, KR-21 gave slightly better results (lower
bias) than alpha. This result is in accordance with [5].

Fig. 1: Bias of two estimators of reliability, item difficulties
from (-0.1,0.1). Number of students n=50, number of items
m=5, number of simulations 500.

In the case of large differences among item difficulties
(βj ∈ (−3, 3)), the KR-21 provided more biased results than
Cronbach’s alpha. This is not surprising considering that
KR-21 was proposed for equally difficult items.

Fig. 2: Bias of two estimators of reliability, item difficul-
ties from (-3,3). Number of students n=50, number of items
m=5, number of simulations 500.

In accordance with theory, both estimators underestimated
the true reliability.

4. Logistic alpha

The generalized definition of reliability (5) was originally
proposed to study properties of the newly proposed esti-
mate of reliability, the so called logistic alpha [3]. Motiva-
tion for it is as follows.
Considering 2-way ANOVA mixed effects model

Yij = Ti + βj + εij, (10)

and adding the assumptions of normality (Ti ∼ N(µ, σ2T ),
εij ∼ N(0, σ2)), the Cronbach’s alpha (7) can be expressed
as

α =
mσ2T

mσ2T + σ2
=

EMSA − EMSE
EMSA

, (11)

where

EMSA = mσ2T + σ2,

EMSE = σ2

are the expectations of mean squares from ANOVA model.
Hence, the Cronbach’s alpha (11) can be estimated as

α̂ =
MSA −MSE

MSA
= 1−MSE

MSA
= 1− 1

FT
, (12)

where FT is the statistic used for testing the submodel with
no subject effect i in the full model (10). The FT statistic is
best suited for normally distributed data. For dichotomous
data we might think of replacing FT by an analogous statis-
tic from logistic regression. In the fixed effects model of
logistic regression, the appropriate statistic is the difference
of deviances in the submodel and in the model

X2 = D(B)−D(A +B).

This statistic has under the null hypothesis asymptotically
(for n fixed and m approaching infinity) the χ2 distribution
with (n − 1) degrees of freedom. Hence, the proposed
estimate of reliability for composite dichotomous measure-
ments, logistic alpha [3], is

α̂log = 1− n− 1

X2
. (13)

In the simulation study, logistic alpha had a lower bias than
Cronbach’s alpha for small differences between n and m
and for true reliability not close to one. In all explored cases
the curves of the bias of both estimates crossed in the right
side of the graph.

Fig. 3: Bias for two estimates of reliability, item difficulties
from (-0.1,0.1). Number of students n=20, number of items
m=10, number of simulations 500.

Inferior results of the logistic alpha were obtained for true
reliability close to 1 and when the number of students was
high in proportion to the number of items.

5. Conclusion and discussion

We proposed the generalized definition of reliability which
coincides with classical definition in the CTT and moreover
is appropriate for tests composed of binary items.
We demonstrated usage of generalized reliability for com-
parison of different reliability estimators: Cronbach’s alpha,
KR-21 and the newly proposed estimate logistic alpha. We
demonstrated that KR-21 is not appropriate for the items
with unequal difficulties. The new estimate logistic alpha
provided interesting results and it would be worthwhile to
explore the possibilities of its correction with the aim to
lower the bias also for reliability close to 1.
The concept can be used to study properties of various
reliability estimates in tests composed of binary items. In
this paper, items were assumed to be essentially tau-
equivalent, further research might concentrate on more
complicated testing schemes.
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