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The Main Question

Are basic Godel modal logics with crisp / fuzzy frames decidable?
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(Yes, and so is the one-variable fragment of first-order Gédel logic.)
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A Side Question

What does it mean for a logic to have a finite model property?
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A Language

Modal formulas in Fmp, are built using connectives
AV, —, L, T, 0, and O.

We also define ~¢ =4 ¢ — L and the length of a formula ¢ as ¢(y).
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Frames

For a non-empty set of worlds W, the ordered pair (W, R) is called
@ a (crisp) Kripke frame if RC W x W

@ a fuzzy Kripke frame if R: W x W — [0,1].
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GK-models

A GK-model (W, R, V) consists of a fuzzy Kripke frame (W, R) and a
function V: Fmgy x W — [0, 1] satisfying
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GK-models

A GK-model (W, R, V) consists of a fuzzy Kripke frame (W, R) and a
function V: Fmgy x W — [0, 1] satisfying

V(L,x) = 0
V(T,x) = 1
V(e Ay, x) = min(V(e, x), V(¢, X))
V(eVi,x) = max(V(e,x), V(, X))
1 if V(p,x) < V(¢,x)
Ve =v,x) { (¥, x) othe:/vise
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GK-models

and for the modal connectives:

V(D(p,X) = /\ (ny —G V(‘P7y))
yew

V(Op,x) = \/ (min(Rxy, V(¢,¥))).
yeWw
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GKC-models

If (W, R) is crisp, then (W, R, V) is called a GK®-model and

V(Oe,x) = N\ V(e
(x,y)eR

V(Op,X) = \/ V(e,y).
(x,y)eR
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Validity

A formula ¢ € Fmpy is

@ valid in a GK-model (W, R, V) if V(p,x) =1forall x ¢ W
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Validity

A formula ¢ € Fmpy is
@ valid in a GK-model (W, R, V) if V(p,x) =1forall x ¢ W
@ GK-valid if ¢ is valid in all GK-models, written =gk ¢
@ GKC-valid if ¢ is valid in all GK®-models, written =gxc -

In fact, we can consider just GK-tree-models of finite height.
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GKg and GKy, the box and diamond fragments of GK are
axiomatized as extensions of Gédel logic with, respectively
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GKg and GKy, the box and diamond fragments of GK are
axiomatized as extensions of Gédel logic with, respectively

O@p =) = (Op—0y)  and O V) = (Op VoY)
——Up — O-—gp O — 0P
¢/ Op -OL

o=/ Op — O
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GKg and GKy, the box and diamond fragments of GK are
axiomatized as extensions of Gédel logic with, respectively

O —v) = (He—0yp)  and  O(p V) — (Op VoY)

@ /O 0L
o= [ Op— 0.

GKE and GK coincide; GKS is axiomatized by extending GK., with

xV(e =)/ OxV(Op — O).

X. Caicedo and R. Rodriguez. Standard Gédel modal logics.
Studia Logica, 94(2):189-214, 2010.

George Metcalfe (University of Bern) September 2013 10/23



Axiomatizing GK

An axiomatization of the full logic GK is obtained by adding to the
axiomatizations of the fragments, the Fischer Servi axioms

Ol = ) = (Hp — O0)
(O — 0Oy) = O(p — 7)),

or by adding prelinearity to the intuitionistic modal logic IK.

X. Caicedo and R. Rodriguez. Bi-modal Gédel logic over [0,1]-valued Kripke frames.
Journal of Logic and Computation, to appear.
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Axiomatizing GK

An axiomatization of the full logic GK is obtained by adding to the
axiomatizations of the fragments, the Fischer Servi axioms

Ol = ) = (Hp — O0)
(O — 0Oy) = O(p — 7)),

or by adding prelinearity to the intuitionistic modal logic IK.

X. Caicedo and R. Rodriguez. Bi-modal Gédel logic over [0,1]-valued Kripke frames.
Journal of Logic and Computation, to appear.

No axiomatization has yet been found for the full logic GKC.
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Decidability?

Decidability and PSPACE-completeness has been established for the
fragments GK, GK,,, and GKg using Gentzen-style proof systems in

G. Metcalfe and N. Olivetti. Towards a proof theory of Gddel modal logics.
Logical Methods in Computer Science 7(2):1-27, 2011.
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Decidability?

Decidability and PSPACE-completeness has been established for the
fragments GK, GK,,, and GKg using Gentzen-style proof systems in

G. Metcalfe and N. Olivetti. Towards a proof theory of Gddel modal logics.
Logical Methods in Computer Science 7(2):1-27, 2011.

But developing suitable systems for the full logics GK and GK® seems
to be more difficult. . .

George Metcalfe (University of Bern) September 2013 12/23



Failure of the Finite Model Property

The following formula is valid in all finite GK-models

|:|—|ﬂp — —\—|Dp
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Failure of the Finite Model Property

The following formula is valid in all finite GK-models
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but not in the infinite GKC-model (N, N2, V) with

V(p,x) = (x € N).

X+ 1
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Failure of the Finite Model Property

The following formula is valid in all finite GK-models
Dﬁﬂp — —\—||:’p

but not in the infinite GKC-model (N, N2, V) with

Vip.x)= = (xeN).
Just note that:
V(0-—p—--0p,0) = (A V(=p X)) —=ac(— A V(p,x))
xXeN xeN
= (A1) —=c (A 5)
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Failure of the Finite Model Property

The following formula is valid in all finite GK-models
Dﬁﬂp — —\—||:’p

but not in the infinite GKC-model (N, N2, V) with

V(p, x) =

T (x € N).

Just note that:

V(O-=p—--0p,0) = (A V(==p,x)) =a (== A V(p,x))

xeN xeN

= (AN —=c(=Axm)

xeN XeN

= 1—>GO:O.
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Fuzzy Frames Revisited

Consider fuzzy frames (W, R) augmented with a function
T: W—P.,(0,1])

mapping worlds to finite subsets of [0, 1] containing 0 and 1.
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GFK-models

A GFK-model (W, R, T, V) adds a valuation function V defined as
before except that
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before except that

V(Op,x) = max{re T(x):r< N\ (Rxy =g V(e,¥))}
yew

V(Op,x) = min{re T(x):r>\/ min(Rxy, V(¢,y))}.
yew

George Metcalfe (University of Bern) September 2013 15/23



GFK-models

A GFK-model (W, R, T, V) adds a valuation function V defined as
before except that

V(Op,x) = max{re T(x):r< N\ (Rxy =g V(e,¥))}
yew

V(Op,x) = min{re T(x):r>\/ min(Rxy, V(¢,y))}.
yew

(W,R, T, V) is called a GFK®-model if (W, R) is crisp.
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A Finite Counter Model

The formula O-—-p — ——Op is not valid in the finite GFKC-model

({a},{(a,a)},T,V)  where V(p,a)=3 and T(a)={0,1}.
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A Finite Counter Model

The formula O-—-p — ——Op is not valid in the finite GFKC-model
({a}.{(a,@)},T.V)  where V(p,a)=; and T(a)={0,1}.

Just observe that:

V(O-—-p,a) = max{reT(a):r<V(-—p,a} =1
V(-—Op,a) = -—max{reT(a):r<V(p,a} =0
V(O-—p—--0Op,a) = 1—-g0 =0.
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A First Tricky Lemma

Lemma

Let(W,R,T,V) be a GFK-tree-model with root xo. Then there exists
a GK-tree-model <W R, V) with root Xo satisfying for each ¢ € Fmpy:

V(e, %) = V(o, X0)-

Moreover, if (W, R) is crisp, then so is (W, I/?\>
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A Second Tricky Lemma

Lemma

Let (W, R, V) be a GK-tree-model with root x and let ¢ € Fmpy.
Then there exists a GFK-tree-model (W, R, T, V) satisfying

e (W,R)C (W,R)andxy € W

® V(g X0) = V(¢ X0)
o [W| < ((p)1e).

George Metcalfe (University of Bern) September 2013 18/23



The Main Theorems

The following are equivalent:

(1) Fak ¥
(2) o is valid in all GFK-models (W, R, T, V) with |W| < {(p)"¥),

The same holds also for GKC-validity and GFKC-models.
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(2) o is valid in all GFK-models (W, R, T, V) with |W| < {(p)"¥),

The same holds also for GKC-validity and GFKC-models.

GK-validity and GKC-validity are decidable.
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A Godel S5 Logic

A GS5C-model is a GKC-model where R is an equivalence relation.
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A Godel S5 Logic

A GS5C-model is a GKC-model where R is an equivalence relation.

In fact we can restrict to universal GS5¢-models (W, V) with

V(Op,x)= \ Vle,y) and  V(0p,x)=\/ V(p,y
yew yew

Moreover, GS5C can be interpreted as the one-variable fragment of
first-order Godel logic.
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The New Semantics

A universal GFS5-model (W, T, V) is a universal GS5°-model
(W, V) with a finite set T satisfying {0,1} C T C [0, 1], and

V(Op,x) = max{re T:r< A V(e,y)}
yew

V(Op,x) = min{re T:r>\/ V(e,y)}
yew
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Finite Model Property and Decidability

The following are equivalent:

(1) Fassc ¥
(2) o is valid in all universal GFS5¢-models (W,T,V) with |W| < {(y).
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Finite Model Property and Decidability

The following are equivalent:

(1) Fassc ¥
(2) o is valid in all universal GFS5¢-models (W,T,V) with |W| < {(y).

GS5C-validity and validity in the one-variable fragment of first-order
Godel logic are decidable and indeed co-NP-complete.
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Final Questions

We have established decidability for GK and GKC, and also co-NP
completeness for the one-variable fragment of first-order Gédel logic.
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Final Questions

We have established decidability for GK and GKC, and also co-NP
completeness for the one-variable fragment of first-order Gédel logic.

However, intriguing questions remain:

@ What is the complexity of GK and GKC? Proof systems?
@ Do these techniques extend to other modal Gédel logics?
@ Which first-order logics have a decidable one-variable fragment?

@ Is the two-variable fragment of first-order Gddel logic decidable?
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